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How to Use This Daily Log 4

I How to Use This Daily Log N

This document is our primary reference for the course. It contains all of the material that

we discuss in class along with some supplementary remarks that may not be mentioned in

a class meeting. Each individual day has references, when applicable, to relevant material

from the text Basic Partial Differential Equations by David Bleecker and George Csordas.
This log contains three classes of problems.

(!) Problems marked (!) are meant to be attempted immediately. They will directly address
or reinforce something that we covered (or perhaps omitted) in class. It will be to your great
benefit to pause and work (!)-problems as you encounter them. You should attempt, and be
able to complete, all (!)-problems whether or not they are assigned for problem sets.

(%) Problems marked (%) are intentionally more challenging and deeper than (!)-problems.
The (x)-problems will summarize and generalize ideas that we have discussed in class and give
you broader, possibly more abstract perspectives. You should attempt the (x)-problems on a
second rereading of the lecture notes, after you have completed the (!)-problems. Completing
all of the (x)-problems constitutes the minimal preparation for exams.

(4) Problems marked (+) are candidates for the portfolio project. These are meant to be
more challenging than the (!)- and (x)-problems and will take you deeper into calculations and
proofs and make connections to concepts across and beyond the course. Some (+)-problems
do presume knowledge of other classes (e.g., linear algebra, ODE, real or complex analysis,
topology), but the majority do not. It is not necessary to do all (+)-problems in preparation
for an exam; instead, you should look out for (+)-problems that you find interesting and
exciting, as that will make the portfolio project more meaningful (and palatable) for you.
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Day 1: Monday, January 6.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Section 1.2 has a broad overview of the subject and some important terms (like linear
PDE and superposition). You definitely don’t have to understand everything in here,
but it gives a good vision of the subject and some important examples. We will revisit
some of this material throughout the term.

Broadly, we care about PDE (which we use as both a singular and a plural noun, de-
pending on context) because many interesting quantities in life depend on more than one
variable and because the study of PDE employs and motivates many interesting concepts
in mathematics. In this course, we will usually study functions of two variables, typically
one for space and one for time (or sometimes both for two-dimensional space), and usually
the unknown function in our equations will be u; we will write u = wu(z,t) to emphasize
that u depends on x and ¢, and = will denote space and t time. Major challenge of PDE
involve data and geometry: when the domain of our unknown function is two-dimensional
(or higher-dimensional), we must keep track of much more data from the inputs, and there
are many more options available for the domain’s geometry as a subset of R? (or R"). We
will avoid these challenges by taking fairly banal domains when working with one spatial
variable and one temporal variable; there, each variable will belong to some subinterval of
R, possibly infinite, possibly closed and bounded.

This course will provide many opportunities to revisit topics from single and multivariable
calculus; we will become stronger students of familiar calculus because of these opportunities,
and we will develop new appreciation for things that we previously learned, most especially
the integral. We will also have many opportunities to ask, but not fully answer, questions
that connect PDE to other courses—in particular real and complex analysis, linear algebra,
and topology. Questions from PDE motivate many of the rigorous results from those courses
that we will not prove, fully or even partially, here. But we will prove many results here;
after all, a proof is just an argument that we are correct about something.

We will devote significant attention to the following four canonical linear PDE:

U +u, =0 Transport equation
uy — Uz, = 0 Heat equation
Uy — Uz = 0 Wave equation
uy + ug, = 0 Laplace’s equation.

It turns out that we can represent all solutions to the transport equation very explicitly and
compactly, and so that PDE will be a great “lab rat” as we develop new techniques—we can
always see how something new compares to what we know about transport. In fact, once we
know how to solve the transport equation as written above, a versatile “rescaling” technique
will allow us to solve

au; + buy =0

for any choice of a, b € R. And, thanks to a clever “factoring” technique, we will be able to
import many ideas from the transport equation to the wave equation, and so transport and
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wave morally belong to the same “class” of PDE. But heat and Laplace are totally different,
both from each other and from the transport /wave class. In particular, the difference between
wave and Laplace, which is just the choice of 4, is remarkable—a banal change in the
algebraic structure of the PDE produces a profound change in the behavior of solutions and
in the mathematical techniques and tools necessary for their analysis.

All four PDE are LINEAR AND HOMOGENEOUS in the sense that if © and v are solutions
and ¢, co € R, then cqu + cyv is also a solution.

1.1 Problem (!). Prove that.

This phenomenon is sometimes gussied up with the term SUPERPOSITION, which fails
for nonlinear problems. Here are two nonlinear equations that we will eventually study:

up + uuy, =0 Burgers’s equation
U + Uggy + uuy =0 Korteweg—de Vries (KdV) equation.

1.2 Problem (!). If u and v solve Burgers’s equation, what goes wrong if you try to show
that ciu + cov is also a solution for ¢, ¢y € R?

Here are some things that we will not do. Lawrence C. Evans, in his magisterial graduate-
level text Partial Differential Equations, captures the challenge and the orientation of PDE
study quite evocatively:

“There is no general theory concerning the solvability of all partial differ-
ential equations. Such a theory is extremely unlikely to exist, given the
rich variety of physical, geometric, and probabilistic phenomena which can
be modeled by PDE. Instead, research focuses on various particular partial
differential equations that are important for applications within and outside
of mathematics, with the hope that insight from the origins of these PDE
can give clues as to their solutions.”

Peter Olver’s book Introduction to Partial Differential Equations gives the following as a
mission statement for a first undergraduate course in PDE, and I agree with it fully:

“[T]he primary purpose of a course in partial differential equations is to
learn the principal solution techniques and to understand the underlying
mathematical analysis.”

We will focus rather less on deriving PDE from models and physical principles and rather
more on the solution techniques and mathematical analysis.

Two of our major tools in this course will be integrals (definite and improper) and fun-
damental results from ODE. We will start by reviewing essential properties of the definite
integral and then applying them to redevelop familiar results from ODE at a more abstract
level (and more rapid pace). Throughout the course, we will see that integrals fundamentally
measure and/or extract useful data about functions (and all the cool kids want to be data
scientists these days) and also represent functions in convenient and/or meaningful ways.
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We know this from calculus: the number

b
bia/ f(z) dx

gives a good measure of the “average value” that the function f takes on the interval [a, b],

while the function
/f

is an antiderivative of f in the sense that F'(z) = f(z). Eventually we will see that integrals

like
/ @) e and (/ @ i)

are good measures of “size” for f (that is, they are integral NORMS). We will also find repre-
senting functions via (inverse) Fourier transforms, which are defined via improper integrals,
particularly convenient.

But to get anywhere, we need to be comfortable with how integrals work. We only need
four properties of integrals in order to get the fundamental theorem of calculus (FTC), and
all of those properties have geometric motivations (there are other motivations, too, but
geometry /area is probably the most universally accessible). For simplicity (and to annoy

1/2

the calculus professors), we will write f Z f most of the time, and we will agree that the
dummy variable of integration does not matter:

K%Zfﬂ@m:lﬂwwzl%@%ZLw@ﬁzfﬂﬂﬁ

That last dummy variable T is the Greek letter “tau.”
Here are those properties.

(/1) First, the integral of a function f: [a,b] C R — R should somehow measure the net
area of the region between the graph of f and the interval [a, b]. Since the most fundamental
area is the area of a rectangle, we should expect

b
/ 1dt=b-—a.

([2) If we divide the region between the graph of f and the interval [a,b] into multiple
components, measure the net area of those components, and add those net areas together,
we should get the total net area of the region between the graph of f and the interval
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[a,b]. There are many such ways to accomplish this division, but perhaps one of the most
straightforward is to split [a, b] up into two or more subintervals and consider the net areas of
the regions between the graph of f and those subintervals. So, we expect that if a < ¢ < b,

e /acf(t) dt + /be(t) dt = /abf(t) dt.
t)

A

i)

®
I
[

a

S1—--9

®
I N

| 4 t
b

([3) If f is nonnegative, the net area of the region between the graph of f and the interval
la, b] should be the genuine area of the region between the graph of f and the interval [a, 0],
and this should be a positive quantity. So, we expect that if 0 < f(¢) on [a, b], then

og/:f(t) dt.

(f4) Adding two functions f, g: [a,b] € R — R should “stack” the graphs of f and g on top
of each other. Then the region between the graph of f and the interval [a, b] gets “stacked”
on top of region between the graph of g and the interval [a, b]. Consequently, the net area of
the region between the graph of f + g and the interval [a, b] should just be the sum of these
two areas: ,

b b
/f(t) dt+/ g(t) dt:/ [f(t) + g(t)] dt.

+f(t) +9(t) +f () + 9(t)
[} I
_I_ 1 1 E E
—o : : : :
: } L : } L : } -
v a b ~ a b ~ a b

Next, multiplying a function f: [a,b] C R — R by a constant a € R should somehow
“scale” the net area of the region between the graph of f and the interval [a, b] by that factor
«. For example, the area under the graph of 2f over [a, b] should be double the area under
the graph. Consequently, the net area of the region between the graph of o f and the interval

la, b] should be the product
b b
/ af(t) dt = a/ f(t) dt.
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f() L2 (1)
1 1
2 . — = | |
: { ] : { ]
w a b w a b

It turns out that these four properties are all that we need to prove the fundamental
theorem of calculus, which we will.

Day 2: Wednesday, January 8.

Here is a more formal and less geometric approach to the integral. Let I C R be an interval
(for the rest of today, I is always an interval). Denote by C(I) the set of all continuous
real-valued functions on I. We should be able to integrate every f € C(I), and we can.

2.1 Theorem. Let I C R be an interval and denote by C(I) the set of all continuous
functions from I to R. There exists a map

b
/; {(fa,0) | feC), a,be I} - R: (f,a,b)»—>/ I
with the following properties.

(f1) [Constants| Ifa, b€ I, then

b
/ 1=0b—a.

([2) [Additivity of the domain] If f € C(I) and a, b, ¢ € I, then

N2
[o+]1=]

([3) [Monotonicity] If f € C(I) and a, b € I with a <b and 0 < f(t) for allt € [a,b],

then )
0< / f.

If in particular 0 < f(t) for all t € [a,b] and if a < b, then

O</abf.
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([4) [Linearity in the integrand] If f, g € C(I), a, b€ I, and o € R, then

/ab<f+g>=/abf+/abg and /abafza/abf.

b .
The number [ ,J s the DEFINITE INTEGRAL OF [ FROM a TO b.

Properties ( f 4) encodes the linearity of the integral as an operator on the integrand with
the limits of integration fixed, while property ( [2) is its ADDITIVITY over subintervals with
the integrand fixed. Property ([3) encodes the idea that a nonnegative function should have
a nonnegative integral, while property (/1) defines the one value of the integral that it most
certainly should have from the point of view of area.

Specifically, we can express the definite integral as a limit of Riemann sums—among them,
the right-endpoint sums:

bf:limb_aif<a+@). (2.1)
pu

n—oo n

That this limit exists is a fundamental result about continuous functions, which we will
not prove. From (2.1) we can prove properties ([1), ([3), and ([4) quite easily. Property
(J2) is not so obvious from (2.1), and in fact this property hinges on expressing [ Z f as a
“limit” of several kinds of Riemann sums, not just the right-endpoint sum. And then there
is still the challenge of ensuring that limits of all sorts of “well-behaved” Riemann sums for
f (including, but not limited to, left and right endpoint and midpoint sums) all converge to
the same number. Moreover, it is plausible that one might want to integrate functions that
are not continuous. (We will eventually have to handle this.)

2.2 Problem (x). Let I C R be an interval and f, g: I — R be continuous. Let a, b,
c € I and a € R. Using only Theorem 2.1, prove the following. You should not use the
Riemann sum formula (2.1) at all. The goal is to see how other properties of the integral
follow directly from the essential features of Theorem 2.1.

(i) |Generalization of ([1)] /aba =a(b—a)
G [ r=o
@ [r=- [

2.3 Problem (+4). Use induction to generalize additivity as follows. Let I C R be an
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interval and f: I — C be continuous. If ¢y, ...,t, € I, then
tn n tk
/ f= Z/ f.
to k=1 Y lk—1

2.4 Problem (x). Let I C R be an interval.

(i) Suppose that f, g: I — R are continuous and a, b € R with a < b. If f(t) < g(t) for

all t € [a, b, show that
b b
[r<[a 2.2

(ii) Continue to assume a, b € I with a < b. Prove the TRIANGLE INEQUALITY

/:f s/:\fr.

[Hint: recall that if x, r € R with r > 0, then —|z| < x < |z| and |z| < r if and only if
—r <z <r. Use this to estimate f(t) in terms of £|f(t)| and then apply part (i).]

(iii) Continue to assume a, b € I with a < b. Suppose that f: I — R is continuous and
there are m, M € R such that m < f(t) < M for all ¢ € [a,b]. Show that

m(b—a)g/ f< Mb-a). (2.3)

(iv) Show that if we remove the hypothesis a < b, then the triangle inequality becomes

/abf /ab|f|'~

Why is the extra absolute value on the right necessary here?

<

We now have only a handful of results about the definite integral, and yet they are enough
to prove the fundamental theorem of calculus. (Conversely, by themselves, they do not help

us evaluate integrals more complicated than [ Zoz for a € C!) This is our first rigorous
verification that an integral gives a meaningful representation of a function. Specifically,
integrals represent antiderivatives.

2.5 Theorem (FTC1). Let f: I — C be continuous and fix a € I. Define

t
F:I—>(C:tl—>/f

Then F' is an antiderivative of f on I.
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Proof. Fix t € I. We need to show that F is differentiable at ¢t with F'(t) = f(¢). That is,
we want

ol h})l P _

h—0

equivalently,
iy LG R) = F() = hf(t) _
h—0 h

F(t+h)— / /f
:/at+hf+/taf
[

The first two terms of the numerator of the difference quotient have now collapsed into a
single integral, so it would be nice if that third term, —hf(t), were also an integral. First we

cleverly rewrite h:
t+h
(t+h)—t— / 3
t

Then we use linearity of the integral to compute

—ft)/tt+h1=/tt+hf<t>

It may help at this point to introduce a variable of integration. Recall that t has been
fixed throughout this proof, so we should not overwork it. Instead, we use T, and so we have
We then have

Flt+h) — / flx dT—/ £(#) dr_/h[fm—f(t)]dr.

We first compute

h

It therefore suffices to show that

lim — / f(t)] dr=0, (2.4)

h—0 h

and we do that in the following lemma. [

2.6 Problem (!). Reread, and maybe rewrite, the preceding proof. Identify explicitly each
property of or result about integrals that was used without reference.
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This is a specific instance of a more general phenomenon in manipulating difference quo-
tients and doing “derivatives by definition.” The difference quotient has h in the denominator,
and we are sending h — 0, so the denominator is small. A quotient of the form 1/h with
h =~ 0 is large, and large numbers are problematic in analysis. The limit as h — 0 of
the difference quotient exists because the numerator is sufficiently small compared to the
denominator for the numerator to “cancel out” the effects of that h. In particular, to show

Lo F(t+h) = F(t) = h ()

h—0 h =0,

we want the numerator F'(t + h) — F(t) — hf(t) to be even smaller than the denominator.
The answer to small denominators is smaller numerators.

2.7 Lemma. Let I CR be an interval and let f: I — C be continuous. Then

m%/t [F(7) = £(8)] dr=0

foranyt e I.

Proof. We use the squeeze theorem. The triangle inequality implies

1 t+h 1
o[ = 0] a) < el s (=) ) 0] = gu £ sh) - o).
We now need to show that
limg max |f(t+ sh) — f(t)] = 0.
This will involve the definition of continuity.
Let € > 0, so our goal is to find 6 > 0 such that if 0 < |h| < §, then
max |f(t+sh)— f(t)] <e. (2.5)

Since f is continuous at ¢, there is 6 > 0 such that if |t — 1| < 6, then [f(T) — f(¢)| < e.
Suppose 0 < |h| < §. Then if 0 < s < 1, we have

|(t + sh) —t| = |sh| < |h| <0,

thus (2.5) holds. |

2.8 Problem (x). Prove that the left limit in (2.5) holds. What specific changes are needed
when h < 07

2.9 Problem (%). Prove the following “averaging” identity. Let I C R be an interval,
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x €T, and f € C(I). Then

xr—r
This says that the value of f at at point z is the limit of the average values of f on intervals
centered at z as the width of those intervals shrinks to 0. [Hint: with x fized, put

Fu(r) ;:/wa and Ei(r) ;:/wa

2%/+f B % (Fl(r) —Fi(0)  Fy(r) —FQ(O)) |

and show that

r r

Now think about difference quotients. How does this help?|

With FTC1, we can prove a second version that facilitates the computation of integrals
via antiderivatives, but first we need to review the mean value theorem, which we state but
do not prove.

2.10 Theorem (Mean value). Leta, b € R witha < b and let f: [a,b] — R be continuous
with f differentiable on (a,b). Then there is ¢ € (a,b) such that

f(b) — f(a)

=10 _ o)

2.11 Problem (%). (i) Let I C R be an interval. Suppose that f: I — R is differentiable
with f'(t) = 0 for all ¢t € I. Show that f is constant on I. [Hint: fiz tx € I and let
t € I'\{to}. Assuming that t > ty, use the mean value theorem to express the difference
quotient (f(t) — f(to))/(t —to) as a derivative, which must be 0. What happens if t <ty

(ii) Give an example of a function f defined on the set [—1,1] \ {0} that is differentiable
with f'(¢) = 0 for all ¢ but f is not constant. [Hint: go piecewise.]

2.12 Problem (x). Suppose that y solves the ODE 3y’ = ry for some r # 0 on some interval
I CR. That is, 3/(t) = ry(t) for all t € I. Prove that u(t) := y(t)e™"" is constant. Explain
why this justifies (what is hopefully!) our expectation that all solutions to this ODE are
multiples of an exponential.

2.13 Corollary (FTC2). Let I C R be an interval and let f: I — C be continuous. If F

15 any antiderivative of f on I, then

b
| 1=F0) - F@
foralla, bel.
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Proof. Let G(t) := fif, so G is an antiderivative of f by FTC1. Put H=G—F,soh/ =0
on I. Since I is an interval, the mean value theorem mplies that H is constant. The most
important inputs here are a and b, so we note that H(a) = H(b), and so

G(a) — F(a) = G(b) — F(b).
But G(a) = [?f =0, so this rearranges to
G(b) = F(b) = F(a),
and G(b) = [*f. |

The fundamental theorems of calculus are, of course, the keys to both substitution and
integration by parts, two of the most general techniques for evaluating integrals in terms of
simpler functions. Recall that substitution involves turning the more complicated integral
fo(gp(t))gp’(t) dt into the simpler integral fzgz))f(u) du. For this to make sense, the function
¢ should be defined and continuous on an interval containing a and b, and f should be
defined and continuous on an interval containing ¢(a) and ¢(b), and also ¢ should map the
interval containing a and b to the domain of f, so f o ¢ is defined and continuous. Also, the
product (f o ¢)¢" should be continuous, and that requires ¢’ to be continuous on I.

2.14 Definition. Let I C R be an interval. A function p: I — R is CONTINUOUSLY
DIFFERENTIABLE if ¢ is differentiable on I (and thus continuous itself on I) and if also
' 1s continuous on I. We denote the set of all continuously differentiable functions on I

by CH(I).

2.15 Theorem (Substitution). Let I, J C R be intervals with a, b € I. Let ¢ € C*(I)
and f € C(J) with ¢(t) € J for allt € I. Then

b o (b)
/ (fop)y = f.

o(a)

Proof. Let F(t) := f;(a)f. The chain rule implies that F oy is an antiderivative of (fop)¢';
indeed, by FTCI,

(Fop) =(Fop)p =(fop)y
Then FTC2 implies

b »(b) (a) @(b)
o "= F(o(b)) — F(p(a)) = — = . u
/a (f o 0)e = F(o(b)) — F(io(a)) / " / o / "

A recurring theme of our subsequent applications of integrals will be that we are trying
to estimate or control some kind of difference (this is roughly 90% of analysis), and it turns
out to be possible to rewrite that difference in a tractable way by introducing an integral.
It may be possible to manipulate further terms under consideration by rewriting them as
integrals, too. The fundamental identity that we will use in the future is (2.6) below.
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2.16 Example. FTC2 allows us to rewrite a functional difference as an integral. When

we incorporate substitution, we can get a very simple formula for that difference. Suppose
that I C R is an interval, f € C'(I), and a, b € I. Then

b
£(b) — f(a) = / I3

We will reverse engineer substitution and make the limits of integration simpler and the
integrand more complicated. (This turns out to be a good idea.)
Define
e: [0,1] > R:t— (1 —tha+th=a+ (b—a)t.

Then ¢(0) = a, ¢(1) = b, and a < p(t) < bforall t if a < b, and otherwise b < p(t) < a for
all ¢t if b < a. (Here is a proof of the first case, assuming @ < b. Then b —a > 0 and t > 0,
so (b—a)t >0, thus a < a+ (b—a)t. But also (1—t)a < (1 —t)bsince 1 —t > 0 and a < b,
thus (1 —t)a +tb < (1 —t)b+tb = b.) In other words, we think of ¢ as “parametrizing”
the line segment between the points a and b on the real line.

Substitution implies

b 1
[ r=[ rewyoa
a 0
and we calculate ¢'(t) = b — a. Thus

LU%:@—@Kffm+@—amdt

In conclusion, if f € C*(I) and a, b € I, then

10 = @ = =) [ Flat(4=a) . (2.6)

This represents explicitly how f(b) — f(a) depends on the quantity b — a; if we know how
to control f' (maybe f’ is bounded on an interval containing a and b), then we have an
estimate for the size of f(b) — f(a) in terms of b — a. While the mean value theorem would
allow us to rewrite (f(b) — f(a))/(b — a) in terms of f’, that result is existential and not
nearly as explicit as (2.6).

2.17 Problem (!). Prove the following variant of Example 2.16: if I C R is an interval,
fec(I),and t,t+ h € I, then

f@+m—ﬂw—h47ﬁ+ﬂnm.

2.18 Problem (x). Suppose that f: R — R is continuous and p-PERIODIC for some
p € R, in the sense that f(t + p) = f(t) for all ¢ € R. Then the integral of f over any
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/anrp f _ /Op f

for all a € R. Give two proofs of this identity as follows.

interval of length p is the same:

(i) Define
a+p
F:R—)R:a%/ f

and use FTC1 and the p-periodicity of f to show that F”(a) = 0 for all a. Since F is also
defined on an interval (the interval here is R), F' must be constant.

(o e[ )

Then substitute u =t — p to show

waafﬂwmﬁ

(ii) First explain why

and use the p-periodicity of f.

2.19 Problem (!). Let I C R be an interval and f, g € C*(I) and a, b € I. Prove the
INTEGRATION BY PARTS identity

b b
/fdzf@ﬂ@—ﬂ@ﬂ@—//@- @.7)

[Hint: this is equivalent to an identity for [ Z( f'g + fqg') and that integrand is a perfect
derivative by the product rule.]

2.20 Problem (x). Let f € C*(R) with f(0) = 0. Prove that

flx+y) - f(z) - —$y//f"sx+ty ) ds dt

for all z, y € R. What happens in the case f(1) =

2.21 Problem (4). Suppose that f € C*(R). Suppose also that f/(0) = 0 and there is
M > 0 such that
\f”(t)\ < M for all t € R.
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Show that
|f(z) — fy)| < M(|z] + |y])|z — yl-

By considering the special case f(x) = 2?, explain why we might call this a “difference
of squares” estimate. [Hint: use Example 2.16 to rewrite the difference f(x) — f(y) as an
integral involving ' and expose the factor x —y. That is, f(z) — f(y) = (z — y)Z(z,y),
where Z(x,y) represents this integral. Since f'(0) = 0, we have I(x,y) = Z(z,y) — (x —
y)f(l)f/(()) dt Rewrite this difference as an integral from 0 to 1 of some integrand (which
involves ') and apply Example 2.16 again to that integrand so that, in the end, Z(x,y) is
a double integral involving f".]

Day 3: Friday, January 10.

No class due to weather. You should read the material below on your own and work through
it line by line.

We have now built enough machinery to study elementary ODE, all of which will reappear
in our study of genuine PDE. It will We proceed through three kinds of first-order problems—
specifically, all are initial value problems (IVP).

The first is the DIRECT INTEGRATION problem

{y:f@LteI
y(O) = Yo-

Here I C R is an interval with 0 € I, f € C([) is a given function, and yo € R is also
specified. The goal is to find a differentiable function y on I such that y'(t) = f(t) for all
t € I. (In general, when solving an ODE, one wants a differentiable function y defined on
an interval that “makes the ODE true” when values from that interval are substituted in.
Also, the domain of a solution should be an interval to reflect the physical ideal that time
should be “unbroken™—and because it makes things nice mathematically. In particular, the
interval should contain 0 so that we can evaluate y(0) and find y(0) = yo. Last, the derivative
should be continuous to reflect the physical ideal that the rates of change do not vary too
much—and because it makes things nice mathematically.)

We work backwards. Assume that the problem has a solution y, so y'(t) = f(t) for all
t € I. For t € I fixed, integrate both sides of this equality from 0 to ¢ to find

/Oty’('t) dt = /Otf('r) dr.

Be very careful to change the variable of integration from ¢ to T (or anything other than ¢),
since t is now in the limit of integration. We cannot do anything more for the integral on
the right, but on the left FTC2 gives

(3.1)

That is, .
o= d
y(t) — v / f(v) dr,
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and so

Mﬂzywﬁ[fwwn (3.2)

Thus if y solves the IVP (3.1), then y has the form above. This is a uniqueness result:
the only possible solution is this one. But is this really a solution?

3.1 Problem (!). Use FTC1 and properties of integrals to check that defining y by (3.2)
solves (3.1).

We write this up formally.

3.2 Theorem. Let I C R be an interval with 0 € I, let f € C(I), and let yo € R. The only

solution to
y' = f(t)
y(0) = yo

y@=%+éUmdr

1S

3.3 Example. To solve

y/ _ 67152
y(0) =0,

t t
y(t)=0 +/ e dt = / e dr.
0 0

We stop here, because we cannot evaluate this integral in terms of “elementary functions.”
(Long ago with times tables, working with ¢* was hard; then that got easier, but we got
older and wiser and sadder and took trig, and working with sin(¢) was hard. Now we are
even older, and by the end of the course, working with [ é f () dt should feel just as natural
as working with any function defined in more “elementary” terms.)

we integrate:

Day 4: Monday, January 13.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 4-6 review first-order linear ODE via integrating factors. This is not the method
that we used in class, and I don’t think it will be very helpful when we want to apply
these ODE techniques to PDE. You might try redoing the textbook’s examples with
variation of parameters.

Now we make the ODE more complicated and introduce y-dependence on the left side:
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we study the LINEAR FIRST-ORDER problem

{y’ =ay + f(t)
y(0) = yo.

Again, f € C(I) for some interval I C R with 0 € I, and a, yo € R. The function f is
sometimes called the FORCING or DRIVING term. And, again, the expression 3 = ay+ f(¢)
means that we want y to satisfy y'(¢t) = ay(t) + f(¢) for all ¢ in the domain of y (which
hopefully will turn out to be I). If a = 0, this reduces to a direct integration problem, and
it would be nice if our final solution formula will respect that.

To motivate our solution approach, we first suppose f = 0 and consider the exponential
growth problem

vy = ay.

Calculus intuition suggests that all solutions have the form y(t) = Ce®, where necessarily
C = y(0) = yo. Problem 2.12 proves this using a (nonobvious) algebraic trick, but we will
also see this as a consequence of the more general result below that includes the driving
term.

The valuable, if surprising, idea that has come down to us through the generations is to
replace the constant C' with an unknown function v and guess that

y(t) = u(t)e”

solves the more general problem y' = ay + f(¢). This is the first appearance of an ANSATZ
in this course—that is, we have made a guess that a solution has a particular form.

Now the goal is to solve for u. Under the ansatz y(t) = u(t)e™, we compute, with the
product rule,

at

Y (t) = u'(t)e™ + u(t)ae™,
and we substitute that into our ODE ¢’ = ay + f(¢). Then we need
o' (t)e™ + u(t)ae™ = au(t)e™ + f(t).

The same term u(t)ae® appears on both sides (this is a hint that we made the right ansatz),
and we subtract it, leaving

u'(t)e™ = f(t).
We solve for things by getting them by themselves, so divide to find
u'(t) = e " f(1).

This is an ODE for u, but it would be nice if it had an initial condition. We know
y(t) = u(t)e and y(0) = yo, so

yo = y(0) = u(0)e™ = u(0).

That is, u must solve the direct integration problem

{u' =e " f(t)
u(0) = yo,
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and so, from our previous work,

u(t) = yo + /Ot e " f(71) dt.

Returning to the ansatz y(t) = u(t)e™, we have

y(t) = e <Z/0 + /Ot e T f(1) dT) ,

and so we have proved another theorem. By the way, we call it “variation of parameters”
because we have “varied” the parameter y, in the solution to the linear homogeneous IVP
(i.e., the solution y(t) = yoe® when f = 0) via the ansatz y(t) = u(t)e”, with u replacing
Yo-

4.1 Theorem (Variation of parameters). Let f € C(I) for some interval I C R with
0 €l and a, yo € R. Then the only solution to

y' =ay+ f(t)
{ym) — 4 4D

18

y(t) = e (yo + /0 e (1) dT> . (4.2)

Is it?

4.2 Problem (!). (i) Check that the function y in (4.2) actually solves (4.1). (Does y
satisfy y'(t) = ay(t) + f(t) for all ¢ in some interval containing 07 Do we have y(0) = yo?
Is ¢ continuous?)

(ii) Check that we recover the direct integration result of Theorem 3.2 from Theorem 4.1
when a = 0.

By the way, the ODE ¢/ = ay + f(¢) is sometimes more precisely called a FIRST-ORDER
CONSTANT COEFFICIENT LINEAR ODE. It is constant-coefficient because the coefficient
a on y is a constant real number. This ODE is HOMOGENEOUS if f(t) = 0 for all ¢
and otherwise NONHOMOGENEOUS. The uniqueness part of Theorem 4.1 proves that all
solutions to 3 = ay have the form y(t) = y(0)e™. Sometimes this is established with

separation of variables, which we will consider shortly.

4.3 Example. We study
y =2y + 3e
y(0) =1,

and rather than just use the formula from (4.2), we repeat the “variation of parameters”
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argument with the concrete data at hand. The corresponding homogeneous problem is
y' = 2y, which has the solutions y(t) = Ce*, and so we guess that our nonhomogeneous
problem has the solution (t) = u(t)e*. Substituting this into both sides of the ODE, we
want

u'(t)e® + u(t)(2e*) = 2u(t)e* + 3e™*,

thus
u'(t)e? = 3e ™,

and so
u'(t) = 3e™%.

With the initial condition u(0) = y(0) = 1, this is the direct integration problem

u = 3e %
u(0) =1,
and the solution to that is
t —671 |T=1 —6t —6t
e -3 3 e
t)=1 3¢ T dr=1 =14 —=— —
u(t) +/Oe +_T:0 +—— 5+t 3

Thus the solution to the original IVP is

4.4 Problem (x). We probably expect physically that two objects in motion that start
“close” together should remain “close” together, at least for “some” time. We might call
this “continuous dependence on initial conditions.” Suppose that u and v solve

! !/

u = au+ f(t) and v =av+ f(t)
u(0) = ug v(0) = .

That is, v and v solve the same ODE but with possibly different initial conditions.

(i) Prove that
lu(t) — v(t)| < e™|ug — vol. (4.3)

This estimate controls how close u and v are at time ¢ in terms of how close uy and v, are.

(ii) Suppose a < 0. What does (4.3) say about the behavior of different solutions to
v =ay+ f(t) as t — 00?

Our experience with ODE in general, and our concrete work with the linear problem,
tell us that initial conditions should determine solutions uniquely. But sometimes in both
ODE and PDE, one is less concerned with the initial state of the solution and more with
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its behavior at a “boundary.” For example, what is the long-time asymptotic behavior of a
solution? Does it have a limit at infinity, or does it settle down into some coherent shape?
Here is a toy problem of how boundary behavior determines the solution.

4.5 Example. Let f € C(R). All solutions to y' = f(t) are

+/0tf(T) dt

What, if any, choices for the initial condition y(0) guarantee

lim y(t) =07

t—o00

hm( /f d1>_0

By the basic algebra of limits, this happens if and only if (1) the limit

lim /tf(T) dt
t—o00 0

) + lim / f(t
t—o00
holds.

We have discovered something new: the condition (1) must be met. That is to say,
the improper integral f 0 ) dt must converge. Nowhere in the statement of the “end

behavior problem”
/
= f(t

We want

exists and (2) the identity

lim; o y(t) =0

was it made explicit that f must be improperly integrable on [O oo) But if this is true,
we have shown that any solution to (4.4) must satisfy y(0) = — [ f(1) dt, and so any
solution to (4.4) satisfies the IVP

y = f(t)
y(0) = —[g f(t) dr

4.6 Problem (!). Assume the following.

Is the reverse true?

(i) f € C(R) is improperly integrable on [0, c0), i.e., limp_,o fgf exists.

(ii) Improper integrals respect the “algebraic” properties of definite integrals from Theorem
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2.1, and that the derivative of t — f:of is —f(t).

Prove that the only solution to
y = f@)

u(t) = - / " fo) du

18

4.7 Problem (x). Here is a variation on variation of parameters that turns out to be
useful. We can replace the equality in exponential growth with an inequality and still get
the result that we expect. More precisely, suppose that y € C*(R) satisfies

y'(t) <ay(t), teR
y(0) =00 <y(t), teR

for some @ € R. Then y = 0, which is what we would expect if we had = instead of <;
this result with the inequality is called GRONWALL’S INEQUALITY. Here is how to prove
this.

(i) Make the ansatz y(t) = e”u(t) and show that u solves

W(t) <0, teR
u(0

(0) =0

0 <u(t), t eR.

(ii) Deduce from this that u(¢t) = 0. [Hint: consider rewriting 0 < u(t) = u(0) —|—féu’(’t) dt
and getting an upper bound on the right side.|

Day 5: Wednesday, January 15.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 2-3 review separation of variables for ODE.

5.1 Example. Now we consider the more general “end behavior” problem

{Vzay+f®

limy o y<t) =0,
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where a > 0. Any solution to the ODE must meet

o) = (s0)+ [0 ar).

and so our solution is the product of two functions, one of which blows up as ¢t — oo (since
lim; o € = 0o for a > 0). We probably want the other factor in the product to tend to
0 as t — oo; if that factor limited, say, to a nonzero constant, then the whole limit would
be oo times that constant, which would definitely not be 0.

Indeed, we can see this using the definition of limit: if we assume lim;_,, y(t) = 0, then
there is M > 0 such that if t > M, then |y(¢)| < 1. From the formula for y, we find

< e—at

o+ | () da

Since a > 0, this inequality and the squeeze theorem imply

lim (y(O) + /0 "o ) dT) 0,

t—o00

and thus
y(0) = —/ e f(r)drt and y(t) = —e“t/ e " f(7) dt.
0 t
This directly generalizes the case of a = 0. In fact, we get a little more freedom here, in

that for a > 0, it is easier for [ e~ f(7) dt to exist (see below). We leave the case a < 0
as a (possibly surprising) exercise.

5.2 Problem (x). Suppose that y solves y' = ay + f(t) with a < 0 and lim;_,, y(¢) = 0.
As in the previous example, there is M > 0 such that for all ¢t > M, we have

< e—at

o)+ | ()

However, since —a > 0, this does not imply any convergence of the integral term to y(0)
as t — oo.

(i) What if we consider t — —o0? Adapt the work in Example 5.1 to relate lim;, o y(t),
if this limit exists, and y(0), in the case that ¢y = ay + f(¢) with a < 0.

(ii) Consider the concrete problem
y = —2y+ 3e”".

Show that every solution to this problem satisfies lim;_,, y(t) = 0, and thus the boundary
condition as t — oo is of no help in specifying the initial condition.
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5.3 Problem (+). We clarify a remark from the previous example about improper inte-
grals. In the following, let a > 0.

(i) Suppose that f € C(R) is absolutely integrable on [0, 00); that is,

L= [ 15

converges. Show that ["e™*"f(T) dt converges as well.

(ii) Suppose that f € C(R) is bounded on [0, 00); that is, there is M > 0 such that
f()] < M

for all ¢ > 0. Show that [ e " f() dt still converges. Give an example to show that f
need not be absolutely integrable on [0, c0).

Now we move to SEPARABLE ODE. Before defining and solving this kind of ODE in
general, we do a pedestrian, but illustrative, example. And before doing that, we need to
review a fact about continuity that will resurface many times in this course.

5.4 Lemma. Let I C R be an interval and let f € C(I). Suppose that f(ty) # 0 for some
to € I. Then there exists 6 > 0 such that f(t) # 0 fort € (to — d,to +0) N 1.

Proof. We start with “proof by picture,” which is always a good way to get an idea for the
“real” proof. By continuity, the graph of f “near” ¢y, should be “close” to f(ty), and so the
graph should be above the t-axis.

A1 (1)
f(to)

D\ /\ | t
N 4 [
~ tO

Here is the more rigorous proof. By continuity and the assumption f(tg) > 0, there is
d > 0 such that if t € (to — d,to +0) NI, then |f(¢t) — f(to)| < f(to)/2. (In the language of
classical d-¢ proofs, we are taking € = f(¢9)/2 here.) This inequality is equivalent to

f(t) 3/ (to)
2 2

and so f(t) > f(tg)/2 > 0 for t € (to — d,to +0) N 1.

< f(t) <




Day 5: Wednesday, January 15 27

If f(to) <0, put g(t) := |f(t)| and use the previous argument to conclude that g(¢) > 0
for t € tg — 0,t0 +0) N I, thus f(t) < 0 for those ¢t. |

y/ — y2
y(0) = o.
If yo = 0, then we can take y(t) = 0 for all ¢ to get a solution; indeed, '(t) = 0 and
(y(t))? = 0> = 0 for all ¢.
Otherwise, suppose 3y # 0. That is, y(0) # 0. By continuity—since a solution y to this

IVP is defined and differentiable at 0, thus continuous at 0—for ¢ &~ 0 we have y(t) # 0.
Thus we can divide to find

5.5 Example. We study

=1. (5.1)

This is the first big idea of separation of variables: “separate the variables” so that all
appearances of the unknown function y and its derivative are together on one side. The
second big idea is to integrate.

Specifically, since (5.1) holds for all £ &~ 0, we can integrate

t y/(T) B t
/0 PGIE dT—/O 1 dr. (5.2)

Note our good grammar: we are integrating from 0 to ¢, so we have changed the independent
variable from ¢ in (5.1) to T above. We substitute u = y(T) on the left and use the initial
condition y(0) = yo to find

to y(®) g y(t) u— 1 1
/ Z/(T)2 dT:/ _7;:/ U2 du:—u_l{ :y(t):___‘
o (y(1)) y(0) U o U=y Yo y(t)

Returning to (5.2), we find

and so we solve for y(t) as

Recalling that a formula alone is not sufficient to describe a function, we also establish the
domain of this solution. As a formula alone, y above is defined on R\ {y,'}, but that is
not an interval. Remember that we want the domain of the solution to this [VP to be an
interval containing 0. The largest intervals in R\ {y; '} (go big or go home) are (—oo,y; ')
and (y; "', 00). Which interval we use depends on whether 3 < 0 or y > 0; if o < 0, then
Yo' <0, too, s0 0 & (—oo,yy ") but 0 € (y5',00). The reverse holds when gy > 0, and so
there we take the domain to be (—o0,y").

Both situations illustrate a “blow-up in finite time.” If we send ¢ to the boundary of
the domain, then the solution explodes to +0c0. For example, when yy > 0, the solution is
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defined on (—o0, "), and we have

1
lim y(t)= lm —
t=(y ')~ t=(y )~ Yo — 1

= Q.

Note that here we are only using the limit from the left.

Now we generalize this work substantially. Let f and g be continuous functions (quite
possibly on different subintervals of R), and consider the IVP

{yszﬂﬂ
y(O) = Yo-

If g(yo) = 0, then we claim that y(t) = yo is a solution to this IVP, which we call an
EQUILIBRIUM SOLUTION.

5.6 Problem (!). Prove that.

Suppose that g(yg) # 0. Since g is continuous, for y “close to” yo, we have g(y) # 0. In
fact, g(y) is either positive for all y close to yo or negative for all y close to yo.

Now we work backward. Assume that y solves this IVP with g(yo) # 0. Since y is
continuous and y(0) = yo, for ¢ close to 0, we have y(t) close to yo, and thus g(y(t)) # 0. We
can then divide to find that for ¢ close to 0, y must also satisfy

y'(t)
g(y(t))

This is the heart of separation of variables: division. And division is only possible when the
denominator is nonzero. We integrate both sides from 0 to t, still keeping ¢ close to 0:

t y’('t) _ t
/O—g(y(’t)) dT—/O f(r) dt. (5.3)

There is not much more that we can say about the integral on the right, but on the left
we take the composition g o y as a hint to substitute u = y(¢). This yields

to v ¢ y(®) g
/ y(o) d'r:/ —u:/ ey (5.4)
o 9(y(7) wo) 9() Sy g(u)
Combining (5.3) and (5.4), we conclude that if y solves the separable IVP with yy # 0, then
for ¢ sufficiently close to 0, we have

/yj(t) % - /Ot f(1) dr.

We rewrite this one more time. Put

Hy,t) = / ym— /0 f(1) dr. (5.5)

= 1(0).
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Here the domain of H is all y such that g(u) # 0 for u between yo and y and all ¢ such that
f is defined between 0 and ¢t. Thus if y solves the separable IVP with yo # 0, then for ¢
sufficiently close to 0, we have

H(y(t),t) = 0.

This is an IMPLICIT EQUATION for y.

5.7 Problem (!). Consider the exponential growth problem

y = ay
y(O) = Yo,

where we assume y, > 0 (but place no restrictions on a). In the context of this specific
problem, what is the function H from (5.5)7 Use this function H, and the assumption
Yo > 0, to show, as expected, that y(t) = yoe™.

y =ry
y(0) = wo
is y(t) = yoe™. (Here r € R is a fixed parameter.)

It would be nice if, in general, we could reverse our logic and conclude that if H(y(t),t) =
0, then y solves the separable IVP. More generally, why should we be able to solve H(y,t) =
07

5.8 Problem (4). The IMPLICT FUNCTION THEOREM says the following. Let a, b,
¢ € R with a < b and ¢ > 0. Let H be defined onD::{(y,t) e R? ‘ a<y<b, |t <c},
and suppose that the partial derivatives H, and H; exist and are continuous on D. Suppose
that H(yo,0) = 0 for some yy € (a,b) with Hy(yo,0) # 0. Then there exist §, € > 0 and a
continuously differentiable function Y: (—4,0) — (yo — €, yo + €) such that H(y,t) = 0 for
[t| < ¢ and |y — yo| < € if and only if y = Y (¢). In particular, Y (0) = ypo.

We use the implicit function theorem to prove the existence of solutions to separable
IVP.

(i) For practice, consider H(y,t) := y*> + > — 1. Check that H(1,0) =0 and H,(1,0) # 0
and conclude that H(Y (t),t) = 0 for some function Y defined on a subinterval (—d,J).
Then do algebra and find an explicit formula for Y.

(ii) In this part and the following, consider the separable problem
y' = f(t)g(y)
y(O) = Yo,

where ¢ is continuous on (a, b), f is continuous on (—c¢,¢), and yo € (a,b) with g(yo) # 0.
Without loss of generality, we will assume g(y) > 0 for y € (a,b). Our goal is to solve the
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implicit equation

Hy, 1) ::/:%—/Otfm dr=0

First check that H(yo,0) = 0 and Hy(yo,0) # 0, and obtain the existence of a function ¥
meeting the conclusions of the implicit function theorem with Y (0) = 1. (In particular, we

get Y(0) = yo.)

(iii) Now we show that Y solves the original ODE. Differentiate the identity H(Y (¢),t) =0
with respect to ¢, use the multivariable chain rule and FTC1, and conclude that Y’ =

f)g(Y).

(iv) It turns out that just from H (Y (0),0) = 0 we can obtain Y'(0) = yo, even without the
implicit function theorem. To see this, use properties of integrals to show that H(Y (0),0) =

0 implies
Y(0) 4
/ oy
w 9w

Suppose that Y (0) # yo and use the monotonicity of the integral and the fact that g(u) > 0
for u between y, and Y'(0) to obtain a contradiction.

Day 6: Friday, January 17.
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There are many examples of second-order constant-coefficient linear ODE on pp. 6-13.
Example 8, while worth reading, is probably more complicated than any problem that
we will encounter at this level for some time.

The final kind of ODE that we need to review for this course is the second-order constant-

coefficient linear problem, which reads
ay” + by +cy = f(1),

with a, b, ¢ € R, a # 0 (so that the problem is genuinely second-order), and f continuous on
some interval containing 0. One can prove the following theorem by recasting the second-
order linear problem as a first-order linear system and developing an analogue of variation
of parameters for that system, which requires some matrix manipulations but not too much
fuss otherwise. We will not purse the linear system/matrix approach here.

6.1 Theorem. Leta, b, c € R with a # 0 and f € C(I) with 0 € I. There exists a unique
solution y € C*(I) to the IVP

ay” + by +cy = f(t)

y(0) =wo

y'(0) = y1.
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This theorem does not tell us in the slightest a formula for y. That will come later in
the case f # 0, as we simply do not need it right now. Instead, we will focus largely on the
homogeneous problem with f = 0. The uniqueness result is a consequence of the following.

6.2 Lemma. Let a, b, c € R with a # 0. The only solution y € C*(R) to

ay” + by +cy =0
y(0) =0 (6.1)
y'(0) =0

sy =0.

6.3 Problem (!). Use Lemma 6.2 to prove Theorem 6.1. [Hint: suppose that the IVP in
the theorem has two solutions, say, u and v. What IVP does z := u — v satisfy?|

6.4 Problem (4). This problem outlines a proof of Lemma 6.2. Suppose that y solves
(??7). Put
2 1(4))2
o) = (y(t)) J;(y (t)°

Show that 2/ = (1 — ¢)yy’ — b(y')?. Then use the inequality AB < (A? + B%)/2, valid for
all A, B € R, to find @ > 0 such that 2’ < az. Apply Gronwall’s inequality from Problem
4.7 to conclude z = 0.

Taking Theorem 6.1 for granted, we now focus on the homogeneous case of f = 0. Here
one studies the CHARACTERISTIC EQUATION

adl+bA+c=0

and develops solution patterns based on the root structure. They are the following.

Root structure Solution structure
Two distinct real roots \; # Mg y(t) = creMt + cpe!
One repeated real root \ y(t) = c1e™t 4 ot
Two complex conjugate roots o £ i (8 # 0) | y(t) = e**(cy cos(Bt) + cosin(Bt))

That any of these solution patterns actually works can be checked by directly substituting
it into the ODE and using the structure of a, b, and ¢ that results from the root pattern.
For example, in the repeated real root case one has b*> — 4ac = 0, thus ¢ = b*/4a, and
also A\ = —b/2. So, one would need to show that y(t) = cie” " 4 cyte= /2 solves
ay” + by’ + (b*/4a)y = 0. This is mostly a lot of thankless algebra—so thankless that we do
not even spell it out as a problem.
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6.5 Example. (i) The characteristic equation of 3" —y = 0 is A* — 1 = 0. Factoring the
difference of perfect squares, we have A = +1. These are distinct real roots, so all solutions
are y(t) = cie’ + cpe".

(ii) The characteristic equation of y” = 0is A*> = 0, so A = 0. This is a repeated real root,
so all solutions are y(t) = c1e” + cote™ = ¢; + cot. (Of course, we could directly integrate
twice to get the same result.)

(iii) The characteristic equation of 4" +y = 0is A +1 =0, so A> = —1 and thus A = =+i.
These are complex conjugate roots with a = 0 (which is certainly allowed) and g = 1. All
solutions are y(t) = € (cy cos(t) + casin(t)) = ¢; cos(t) + o sin(t).

6.6 Example. Let A € R. The IVP

y// + /\Qy — O
?/(O) = Yo
?/(0) =

governs the motion of an undamped, undriven simple harmonic oscillator (at least when
A > 0). We can extract two solution formulas:

Yo+yit, A=0
y(t) = < yo cos(At) + % sin(At),
A#0.

It would be nice if these were really “the same.” We might wonder what happens in the
limit as A — 0 with ¢ fixed. Certainly lim, o yo cos(At) = yo, and L’Hospital’s rule gives

lim sin(\t)

=1t.
A—0 A

This should be comforting: the solution appears to be continuous in A. Is there a more
efficient way to write it? In particular, can we make a factor of ¢t appear in the second term

when A\ # 07 Certainly:
sin(\t) _ sin(\t)
A At
when t # 0. Put

anco) = {1 0

L’Hospital’s rule ensures continuity of sinc; it is, in fact, infinitely differentiable.
For t # 0, we then have
y(t) = yo cos(At) + yit sinc(At).

This formula is also valid at ¢ = 0, since it reduces to yo = y(0) there.
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6.7 Example. We can prove uniqueness of solutions to

y// + )\Qy — O
y(0) =0
y'(0) =0

directly, without relying on Lemma 6.2. What is really valuable here is not the uniqueness
result but the trick that we use to get it: multiply through by a derivative. This will
resurface from time to time in our study of actual PDE.

Specifically, if 3" + A%y = 0, then 3"y + A\?yy’ = 0. It may not be obvious at first glance,
since doing calculus in reverse probably feels unusual, but

r,,2
yy' = 0, y—}.

And, similarly,

y//y/ — at
Thus )
5@[92 + ()’ =0,

and so y* + (1//)? is constant. We only know the value of y and %/ at one point: ¢t = 0. And
SO

for all ¢.

Now here is another trick: if a, b € R, and if a® + b* = 0, then a = b = 0. Otherwise
if a # 0orb# 0, then a® > 0 or b > 0, and then we would have 0 < a®> +b*> = 0, a
contradiction. In particular, y(¢) = 0 for any ¢.

6.8 Problem (+4). Generalize the preceding work as follows. Let V € C*(R) with V(r) > 0
for all r # 0, V(0) = 0, and V'(0) = 0. Show that the only solution to the IVP

Y V() =0
y(0) =0
y'(0) =0

is y = 0. [Hint: for existence, be sure to explain why y = 0 is actually a solution. For
uniqueness, suppose that y solves the IVP, multiply by v/, and obtain that (3')*/2 + V(y)
is constant. What is its value? What does that tell you about V(y)?|

6.9 Problem (4). If we change the ODE from y”+ A%y to 3" — A%y, the formula in Example
6.6 and the uniqueness proof in Example 6.7 will not work. We adapt them here.
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(i) The HYPERBOLIC SINE AND COSINE, respectively, are

sinh(z) := % and  cosh(z) := ere’

Show that the solution to the IVP

y// . )\Qy =0
y(0) = yo
y'(0) =u

can be written in the form

y(t) = yo cosh(\t) + % sinh(\t).

(ii) Prove that the only solution to

y// . )\Qy =0
y(0) =0
y'(0)=0

is y = 0 using the following steps. Put z(t) := y(t/\) and show that 2" — 2 = 0 with
2(0) = 2/(0) = 0. Show next that (2’ + z)" = 2’ + 2, so 2/(t) + z(t) = Ce' for some constant
C. Take t = 0 to conclude C' = 0, so 2’ = —z. How does this help?

Day 7: Wednesday, January 22.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Section 1.2 contains a variety of PDE that are, more or less, really ODE (or that can be
solved with ODE ideas and no fancy new PDE ones). Examples 1 through 6 are worth
reading and attempting; pay no attention to the “general” vs. “generic” distinction
for solutions. Pages 48-50 focus specifically on PDE that are ODE. A version of the
transport equation is derived on pp. 85-86 under “An application to gas flow.”

We are finally ready to study some PDE, although the first few will be artificial PDE
that are really ODE. We begin with a convention.

7.1 Undefinition. A function u is a SOLUTION to a PDE if u solves that PDE at each
point in its domain and if every (mized) partial derivative of u up to the highest-order
derivative in the PDE exists and is continuous.
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7.2 Example. From this convention, it is probably obvious that if u solves the transport
equation
Uy + Uy = 07

then all (both) of its first partial derivatives need to exist; we also require u; and wu, to
be continuous. It is perhaps less obvious from this convention that if u solves the heat
equation

Ut = Ugy,

then the derivatives wy, u,, and u,; also need to exist and be continuous (in which case
Ugr = Ugt), since the highest order of a derivative appearing in the heat equation is 2.

Here is some useful notation to control continuous differentiability. Below, the mention
of R? is not so special; rather, virtually all of our PDE will be posed in R? for simplicity.

7.3 Definition. Let D C R? and let r > 0 be an integer. Denote by C"(D) the set of
all r-TIMES CONTINUOUSLY DIFFERENTIABLE functions on D whose (mized) partial
derivatives of up to order r exist and are continuous on D.

So, if we have a PDE posed on D C R? and the highest order of the derivative in that
PDE is r, we want the solution to be in C"(D).

Here are some examples in which we use ODE techniques. The major change is that initial
data will now be functions, and we will have to consider the regularity of those functions.

7.4 Example. We study the PDE
u? 4+ uZ = 0.

This is a nonlinear PDE, but with a sufficiently nice domain it simplifies radically. Re-
gardless of the domain, the remarks at the end of Example 6.7 tell us that v must meet
up = u, = 0.

(i) First suppose that we want to solve this PDE on R?. We expect that since u is constant
in both z and ¢, it is simply constant. Here is why. Fix 2y € R and set v(t) = u(zo,t). By
the way, in the future we might refer to this function v as u(xg, -); this notation tells us to
think of the z-variable as fixed at xy, while the t-variable is the only independent variable
Now.

Then v" = 0 on R, so v is constant. In particular, v(t) = v(0) for all ¢, so u(zg,t) =
u(xo, 0) for all xg, t € R. The same logic shows that given ty € R, we have u(x,ty) = u(0, o)
for all z € R. Thus u(x,t) = u(z,0) = u(0,0) for all (x,t) € R*.

(ii) Now suppose that we want to solve this PDE on

D:={(z,t) eR* | &>+’ <lor|(x—3)>+¢|<1}.
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This is the set drawn below.

Perhaps inspired by Problem 2.11, we can put

u(zx, t) = {

to see that v, = u; = 0 but u is not constant.

(iii) What is missing in the previous situation is better geometric control. The set in the
previous part is not “connected”—it is obviously in two “distinct” parts. We will get the
result that we want (u; = u, = 0 implies that u is constant) if we assume more on the
geometry. Say that D C R? is CONNECTED if we can find a PATH in D that connects any
two points in D. That is, given (z1,t;), (2,t2) € D, there are functions v;, v, € C*([0, 1])

such that

{71(0) = 1 (1) = 22
Y2(0) = t, Yo(1) = to,

Say that D is connected and u € C'(D) with u, = u; = 0; we show that u is constant.

and

0, 2+t <1
3, (1 =3 +t* <1

(71(),72(t)) € D for all t € D.

Pick (x1,t1), (z2,t2) € D and 7, 2 satisfying the above and set

v(s) = u(71(s),72(s))

for s € [0,1]. The multivariable chain rule gives

V() = ux(11(5),72(5))71(5) + we(71(s), 72(5))75(s) = 0

and so, since v is defined on an interval, v is constant. Thus

u(zy,t1) = v(0)

v(1) = u(xo, ta).

7.5 Example. Cautioned by that domain problem, we solve

{ut:u, —oo <z, t <00

u(z,0) = f(z), —o0o <z < 0.
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This is really a “family” of ODE “indexed” by x; for each x, we want to solve

{ut(x,t) =u(z,t), —00 <t < o0
u(z,0) = f(x).

Of course this is the same as

and so our solution to the PDE is

u(z,t) = f(x)e’.

Since u, must exist and be continuous, we want f € C'(R). Thus we need to be more
careful and restrictive with the initial data for a PDE than we were for an ODE.

7.6 Problem (!). Find all solutions to the following PDE. [Hint: Ezample 6.6 and Problem
6.9.] What regularity is necessary for f and g7

Uy + 22u =0 —o<z t<oo
(i) S u(z,0) = f(x), —c0 < x < 0
u(x,0) = g(r), —co < x < o0
U — U =0 —oo<z, t<oo
(ii) § u(z,0) = f(x), —0 <2 < 0
u(z,0) = g(z), —co <z < 00

These PDE were really ODE because derivatives with respect to only one variable ap-
peared in them. Now we derive from (nebulous) physical principles our first genuine PDE.

Consider a substance that moves or flows along an infinite path parallel to a horizontal
line—maybe a pollutant moving through a stream, maybe cars along a road, maybe gas
through a pipe. We think of the path as the real line R = (—o00, 00). The substance enters
the path from “far away” on the left and flows to the right; once on the path, the substance
does not leave the path, and there are no other sources for the substance along the path. (If
the path is a road and the substance is cars, there are no on or off ramps.)

Suppose that we measure position along this path by the variable x, and let u(z,t) be
the density of the substance at position z and time ¢. Usually density = mass/volume, but
this may feel strange—how can there be volume at a single point in space? We will adopt
the one-dimensional point of view that u measures density via the approximation

(2.1) the amount of the substance between points x — h and x + h on the path at time ¢
u\x ~
’ 2h

(7.1)
when A > 0 is small.
Let a < b. A Riemann sum argument suggests that the amount of the substance between
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position a and position b on the path is

/abu(x,t) dx, (7.2)

and we will take this as the definition of “amount.”

7.7 Remark. Here is that argument. Divide the interval |a,b] into the n subintervals
[k, Tpia] for k=0,...,n—1 with

Ty = a+ (b_&) k.
n

For x < o < xy41, we have u(x,t) = u(zy,t) if n is large and the subinterval is small
(and if u is continuous).

u(zg,t) amount of substance

anit length X (xpy1 — xg) length = u(xy, t) (x4 — x) amount.

So, over all of a,b], there is approximately

n

Zu(ﬁk, t)(xr41 — 1) amount,
k=0

and this is a Riemann sum for the integral fl;u(as,t) dx.

7.8 Problem (!). Use Problem 2.9 to explain why if the amount of substance in [a, b] is
given by (7.2), then the approximation (7.1) is valid.

Thus the rate of change of the amount of the substance between positions a and b at time

o[ ater ]

Without knowing w, this is not a very helpful quantity, but the following is true. For a
“sufficiently nice” function u, we have

o, [ / e ) d:c} _ / ’ wnle.t) d. (7.3)

This equality is called “differentiating under the integral,” and it will be a hugely useful
technique for us in the future. Broadly, it is a refinement of the notion that integrals are
approximately sums, and derivatives commute with finite sums. We will revisit this at
length in the future. For now, accept it as true and note that the variable of integration is
not the same as the variable of differentiation, so we cannot invoke either of the fundamental
theorems to simplify (7.3) further.
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A partial derivative has entered the stage, and we should be happy. But we have nothing
to compare this partial derivative to, no equality, and so we do not yet have a PDE. We
therefore introduce something new: let g(x,t) be the rate of change of the amount of this
substance at position x and time t. We call ¢ the FLUX of this substance. Previously we
consider the rate of change of the amount of the substance within a spatial region; now we
are considering the rate of change of the substance at a single point in space. This, too, is
a little strange: is the substance zero-dimensional so that it can exist at a single point in
space? We adopt another one-dimensional point of view: ¢ measures this rate of change if

(2.1) the amount of substance that passes through point x between times ¢t — k and t + k
qQx,t) ~
2k

for k > 0.

Consider any “interval” [a, b] on the path. The substance enters the interval at position
a with rate ¢q(a,t) and leaves the interval at position b with rate ¢(b,t). Remember that the
substance is not added to or removed from the path at all, so entering from the left and
leaving from the right is the only way that the amount of the substance in [a, b] can change.
Thus the rate of change of the amount of the substance in [a, ] is “rate in minus rate out”
(a good paradigm for population models in ODE!), and so that rate is

q(a,t) —q(b,t) = —/ (2, 1) d.

Here we have rewritten the difference as an integral (a good trick!) to make things consonant
with our previous calculation of the rate of change in (7.3). That is,

b b
/ w(z,t) de = —/ Gz (z,t) dx,

/ [uy(2,t) + go(z,1)] do = 0. (7.4)

Now here is a marvelous fact about integrals.

and so

7.9 Problem (x). Let I C R be an interval and let g € C(I) such that

b
o=

for all a, b € I with a < b. Prove that g(z) = 0 for all z € I. [Hint: fix a € I and let
G(z) = [Tg. What do you know about G'? Calculate it in two ways.|

We combine this result and the fact that @ and b were arbitrary to conclude from (7.4)
that

ur(z,t) + gz (z,t) =0
for all x and ¢. This is good, because it is an equation, and a PDE at that, but not so good in

that we have two quantities (density and flux) and only one equation—not usually a recipe
for success.
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Day 8: Friday, January 24.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 5867 treat the somewhat broader problem a,z + bu; + cu = f(z,t). We will
work our way up to this full problem. The book also has a slightly different approach
via the early introduction of characteristic curves (which we will meet later when we
allow the coefficients a, b, and ¢ to depend on space and/or time). Reading pp. 5861
(stopping with Example 1) and comparing it to our approach below is a worthwhile
exercise.

One way of proceeding is to assume that flux is somehow related to density, which is not
unreasonable—surely the density should somehow affect the rate of change of the amount of
the substance. Perhaps the simplest relation is linear: assume

q(z,t) = cu(x,t)
for some constant c. Then u must satisfy
us + cug, = 0.

This is (one version of) the TRANSPORT EQUATION, and we will study it in detail.

We solve the transport equation with ¢ = 1 and claim that from this solution we can
obtain all solutions to the more general problem with ¢ # 1. We defer the study of this claim
until later.

So, consider the problem

us +u, =0, (1,t) € R?
u(z,0) = f(z), z € R.

To avoid irrelevant strangeness with the domain, we are looking for solutions defined on all
of R%. The key to success here is to recognize the presence of some hidden coefficients:

g+ uy = (1-ug) + (1 uy).

(1 u) + (1-u,) = (Zt) - G) .

The first vector is the gradient of u, Vu = (u,, u;), and so we have

s (1) -0

This dot product is the DIRECTIONAL DERIVATIVE: it measures how fast u is changing
in the direction of the vector (1, 1), and the equality above says that w is really constant in
that direction.

This is really a dot product:
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What does this mean? Fix (z,t) € R?. “Moving” through (x,t) in the direction of the
vector (1,1) means moving along the line parametrized by

0+()

And u should be constant on any such line (as drawn in blue below).

A

That is, for any s, s € R, we have
ux+s,t+s) =u(r+3s,t+5). (8.2)

Is there a point on the line through (z,t) parallel to (1, 1) that is particularly “convenient™?
Possibly the points with least data—with one coordinate equal to 0.

Can we pick s and/or 5 in a “convenient” way to exploit these coordinates? Why should
we? We might add some data to the problem and impose the initial condition

u(z,0) = f(z).
Then in (8.2) we could take s € R arbitrary and s = —¢ to get
u(z +s,t+s)=u(x —t0) = f(x —1).
And we may as well put s = 0 to conclude
u(z,t) = f(z —t).

We can do this more efficiently and cut out some of the handwaving. With (z,t) € R?
still fixed, we put
v(s) == u(x + s,t+ s)

and compute, via the multivariable chain rule, that

V'(s) =ug(z + s,t+5) +w(x+s,t+s)=0
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for all s. Thus v is constant. In particular,
u(z,t) = v(0) = v(s)

for any s. We can make the initial condition show up by taking t+s = 0, thus s = —¢. That
is,
u(z,t) =v(=t) =u(lx —t,t —t) =u(z —t,0) = f(z —1).

We have proved a theorem.

8.1 Theorem. Let f € C*(R) and suppose that u solves

{ut +u, =0, (z,t) € R? ©.3)

u(z,0) = f(z), z € R.

Then
u(z,t) = f(x —1t).

This is a uniqueness result: the only possible solution to the IVP (8.3) is the one above.
But is it really a solution?

8.2 Problem (!). Check that. Be sure to explain the importance of the regularity require-
ment f € C'(R).

So, here is our first reason for adoring the transport equation: it is a genuine PDE (that
is not an ODE) and we know all of its solutions. The second reason is that these solutions
respect our physical intuition: it turns out that the initial data f just gets “propagated”™ —
dare we say, “transported”—along the x-axis. This is best seen through some pictures.

Here is a graph for the initial data f.

u(z,0) = f(x)

A

1

Consider the solution w at time ¢; > 0. Then w(z,t;) = f(x — t1), and this graph is just the
graph of f “shifted” by ¢; units to the right.

u(z,tr) = flz —t)

A
—
<+~
—
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We let time evolve more and the graph gets shifted more.

u(z,ty) = f(r —ta)

A
(_
Ol
N
R

What we are really seeing here is the structure of a “traveling wave”—a fixed profile steadily
translated in the same direction. We will explore the traveling wave structure of solutions
to PDE much more in the future.

More generally, we claim that the only solution to

uy + cu, =0, (7,t) € R?
u(z,0) = f(z), z€R
1s
u(z,t) = f(xr — ct).
That this u is a solution can be checked as in Problem 8.2. (Do that.) That this u is the
only solution still needs proof, which we will provide later.

Also, we do not really need an initial condition: every solution to u; + cu, = 0 has the

form

for some function p. Just take p(X) = u(X,0).
8.3 Example. The only solution to

uy + 3u, = 0, (z,t) € R?
u(z,0) =sin(z), r € R

is
u(z,t) = sin(x — 3t).

We can take advantage of the diverse, flexible geometry of our domain R? to specify the
behavior of a solution not via an initial condition (i.e., via its behavior on the z-axis) but via
a “side condition” in which we prescribe the solution’s behavior on a one-dimensional curve
in R?—that is, on a parametrized set {(z(s),t(s)) | s € I'} for some interval I C R.

8.4 Example. We consider the problem

up + 3u, =0, (z,t) € R?
u(s, s) =sin(s), s € R.

This prescribes the behavior of u on the line x = t. We know that if u; + 3u, = 0, then
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u(z,t) = p(z — 3t), where p(X) = u(X,0). Working backward, if we have a solution with
the side condition, then

sin(s) = u(s, s) = p(s — 3s) = p(—2s).

All we have to do is figure out p. Here is where some algebraic trickery helps: put
X = —2s,80 s = —X/2. Then

p(X) = p(—2s) = sin(s) = sin (-%) — —sin (%) .

And there is p.
So, we expect that the solution is

u(z,t) = plx — 3t) = —sin (”’” - 3t) |

and we could always check that explicitly.

8.5 Problem (!). In what sense is any initial condition a side condition?
Here is a PDE with a side condition that does not admit any solution.

8.6 Example. Suppose that u solves

{ut—i—Bux:O, —oco <z, t <00

u(3s,s) = sin(s), —o0o < s < 0.
Then u has the form u(x,t) = p(z — 3t) for some p € C*(R), and this p must satisfy
sin(s) = u(3s,s) = p(3s — 3s) = p(0) (8.4)
for all s € R. This is impossible, as sin(-) is not constant. For example, (8.4) would require

0 = sin(0) = p(0) = sin(w/2) = 1.

8.7 Problem (x). The following two statements are true.

(1) Suppose that o € C(R) is strictly monotonic (i.e., o is either strictly increasing or
strictly decreasing). Then there exists h € C(R) such that

h(o(s))=s and o(h(S))=S forall s, SeR.

Such a function h is, of course, the INVERSE of o; this result says that a continuous strictly
monotonic function on R has a continuous inverse.

(ii) Let o € C'(R) and h € C(R) such that o'(s) # 0 for all s € R and o(h(S)) = S for all
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S €R. Then h € C*(R) and :
h'(S) = 7 (S) (8.5)

for all S € R. (The identity (8.5) is, hopefully, exactly what we expect by differentiating
both sides of o(h(S)) = S and using the chain rule. The novelty here is that h is not
initially assumed to be differentiable.)

Use these facts to show that
us + 3u, =0, (z,t) € R?
u(s, —s%) =sin(s), s €R
has a solution of the form
u(z,t) = sin(h(z — 3t))
for some h € C*(R).

Day 9: Monday, January 27.

Our work with side conditions has been strictly algebraic; now we consider the interaction
of the side condition curve with the geometry of the PDE.

9.1 Example. We revisit the side conditions of Examples 8.4 and 8.6 more geometrically.
Recall that all solutions to u; + 3u, = 0 have the form wu(z,t) = f(x — 3t) for some
f € C(R), and, since this transport equation is equivalent to

Uy 3\ 3
= () () =7 ()
solutions u are constant on lines parallel to (3,1), i.e., lines with slope 1/3.

(i) We graph in blue lines with slope 1/3. Any solution u to u; + 3u, = 0 is constant on
these lines. Now we demand that u meet the side condition u(s, s) = g(s) for some function
g. We graph in black the line parametrized by (s, s) with s € R, i.e., the line t = z. We
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note that this black line intersects each blue line exactly once.

</

AN

P

Since wu is constant on each blue line, its value on any such line equals its value at the
intersection of the blue line with the black line. There is only one such intersection, and
so there is no ambiguity in the value of u.

(ii) Again we graph in blue lines with slope 1/3. And, again, any solution u to u;+3u, = 0
is constant on these lines. Now we demand that u meet the side condition u(3s,s) = g(s)
for some function g. We graph in black the curve parametrized by (3s,s) with s € R,
i.e., the line t = /3. This black line completely overlaps with the line of slope 1/3 that
intersects the origin (0, 0).

\

W

]

The problem is that u is supposed to be constant on all blue lines, and the black line
now—but u is also supposed to agree with ¢ on the black line. If ¢ is not constant, a
contradiction will result.
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9.2 Problem (x). (i) Revisit the side condition problem from Problem 8.7. Draw the side
condition curve (s, —s”) and discuss how it intersects lines of slope 1/3.

(ii) What goes wrong with the problem

ug + 3u, =0, (z,t) € R?
u(s, s%) = sin(s), s € R?

Discuss the failure of this problem algebraically (the values s = 0 and s = 1/3 will be
useful) and geometrically; include a sketch of how the side condition curve interacts with
lines of slope 1/3. Contrast that interaction with the situation in Example 8.6 and the
geometry discussed in part (ii) of Example 9.1.

We will explore these graphical phenomena more generally later in the context of char-
acteristics as part of our study of variable-coefficient linear problems, e.g., PDE of the form
uy + c(z,t)u, = 0. Now we return to the dangling problem of solving the more general
transport equation. Consider the IVP

auy + bu, =0, —o0 < x, t < 00 (9.1)
u(z,0) = f(z), —o0o <z < 0. '

Here a, b # 0 to avoid the trivial case of a PDE that is really an ODE. Everything that
we did for u; + u, = 0 could be replicated by recognizing that this transport equation is

equivalent to
Vu - (b> =0.
a

The only challenge would be the extra notation of a and b throughout.

However, to illustrate a valuable PDE technique that will serve us well with more compli-
cated problems, we do not do this. Instead, suppose that we only know our previous result
that

n+v, =0 —co<z, t <00
{ ! — wv(z,t) = glz —t). (9.2)

v(z,0) = g(x), —00 < x < 0.
How can we use (9.2) to solve (9.1)7 (In (9.2), we are using v and g, not u and f, in an
effort not to overwork notation.)

This technique is RESCALING. First, we simplify the problem as much as possible by
noting that, since b # 0, the IVP (9.1) is equivalent to

— (9.3)

u+cu, =0, —co <z, t <o b
u(z,0) = f(z), —oco <z < o0, a

Now we assume that u solves (9.3). The key step is to define a new function via

UX,T) :=u(aX,5T),
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where «, § € R are fixed constants whose value we will determine later. Specifically, we
would like to choose them conveniently so that U solves an IVP like (9.2), which we fully
understand.

We compute

Ux(X,T) = au,(aX,5T) and Ur(X,T)= pu(aX,pT).
We hope that Ur + Ux = 0. We compute further
Ur(X,T)+ Ux(X,T) = pus(aX, 5T) + au,(aX, 5T).

Since we know
ug(x,t) + cug(z,t) =0

for all (x,t) € R?, if we take 8 = 1 and o = ¢, then we have
Ur(X,T)+ Ux(X,T) = u(cX,T) + cu,(cX,T) = 0.
And since ¢ # 0, we can always express u in terms of U. That is, we have
UX,T) = u(cX,T) and u(z,t)=U (% t) . (9.4)

We are just missing an initial condition. We want to prescribe U(X,0) = F(X) for some
function F', and this means

F(X) = U(X,0) = u(cX,0) = f(cX).

To avoid overworking our variables, maybe we should define F' via another symbol entirely,
like F'(S) = f(cS).
Then U satisfies

=0, — X, T
Ur+Ux =0, —00 < X, < 00 F(S) SIf(CS),
U(X,0)=F(X), —oco< X < o0,

and so by (9.2) we have
UX,T)=F(X —-T)= f(e(X =T)).
By (9.4), we conclude

u(z,t) = U(%,t) :f<c (% —t>> = f(x — ct).

And if we really want to go back to (9.1), we find

u(z,t) :f(x—gt) = f (‘m;bt)

This rescaling trick can be employed more generally as follows. Suppose that u = u(z, t)
solves a “complicated” PDE. Put U(X,T) = ~vu(aX,BT) and choose «, 3, and v (above
~ = 1 because the transport equation was linear) so that U solves a “simpler” PDE. Use the
relationship u(z,t) = v 'U(a 'z, 87't) to recover u from knowledge of U.
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9.3 Problem. The HEAT EQUATION for u = u(z,t) is
Up — Klge =0, —00 < x <00, t >0,

where £ > 0. (The importance of nonnegative time will be discussed later.) Suppose that
u solves the heat equation and define U(X,T) = u(aX, T) for a, f € R. What values of
a and [ make U solve the “simpler” heat equation

Upr —Uxx =07

9.4 Problem (+). Leta, b, ¢, A, B, C' # 0. The most general version of the KORTEWEG—
DE VRIES (KDV) EQUATION for u = u(x,t) is

auy + by, + cuu, =0, —o0 <z, t < 0.

Suppose that u solves the KdV equation and define U(X,T) = yu(aX, fT). What values
of o, B, and v make U solve the KdV equation

AUr + BUxxx + CUUx =07

The point of this change of variables is that if we know how to solve KdV with one set of
coefficients, then we know how to solve it with any other.

9.5 Problem (+). Let a, b, a, 8, v € R with both a # 0 and b # 0 and at least one of «
or 8 nonzero. Let f € C(R). Suppose that u solves au, + bu; = 0. What conditions on a,
b, a, B, and ~y ensure that u(x,t) = f(z) whenever ax + ft = 7?7 Interpret these conditions
geometrically as well as algebraically.

We now consider the NONHOMOGENEOUS TRANSPORT EQUATION:

u + u, = g(x,t), —co <z, t <00
u(z,0) = f(z), —o0 < x < 0.

Going back to the derivation of the (homogeneous) transport equation, one can think of g
as a “source” (or “sink”) term for the substance moving along the path—if the substance is
cars and the path is a road, a nonzero g corresponds to on/off ramps along the road. This
problem will be valuable to us for at least three reasons: (1) it illustrates and motivates
some useful techniques with definite integrals, (2) its solution will be a key step in solving
the (homogeneous) wave equation later, and (3) its solution form will motivate a surprisingly
helpful idea for solving the nonhomogeneous wave equation later, too.
We get down to business and repeat our prior successful strategy. Fix x, ¢t € R and set

v(s) ==u(x +s,t+s),
S0

V'(8) =ugz(x + s,t+58)+ux+s,t+s)=glx+st+s) and v(0)=u(zx,t).
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Direct integration implies

v(s) = v(0) + / V(o) do = u(z,t) +/ g(z +o,t+ o) do.
0 0
That is,
u(x+s,t+s) = u(z,t) +/ g(x +o,t+0)do
0

for all z, ¢, s € R. (We are running out of variables, and ¢ looks and sounds like s.)
As before, we choose s conveniently with s = —t to make the initial condition at u(z,0)
show up:

—t
u(x —t,0) :u(x,t)—i-/ g(x 4+ o,t+ o) do,
0

and so »
f(x—t):u(x,t)+/ g(x+o,t+0) do.
0

One more rearrangement yields

u(x,t) :f(x—t)—/o_ gz +o,t+0) do.

It will pay off to clean up the integral a bit. The following is the nonobvious result of
trial and error, but one motivation is that it would be nice to see the “x — t” structure in
the integrand as well as in f. We can get this by substituting T =t 4+ o (for lack of a better
variable of integration), so

T(0) =1, T(—t) =0, dt=do, and o=71-1.

Then
—t 0 t
—/ glx+o,t+0) d(j:—/ glr —t+T,71) d’tz/ gz —t+T,7) dt.
0 ¢ 0

We summarize our work.

9.6 Theorem. Let f € C'(R) and g € C(R?) and suppose that u solves

(9.5)

up + uy = g(x,t), —oo <z, t < oo
u(z,0) = f(z), —oco <z < 0.

Then .
w(z,t) = flx —t)+ / glx —t+T, 1) dr. (9.6)
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9.7 Problem (x). The integral term in (9.6) may look strange. Here is a way to see it as
an analogue of something more familiar.

(i) Fix a € R and f € C(R). For t, to € R, put P(t)yo := ¢™yo. Show that

Y = ay B
{y(()) 0 = y(t) =P)vo

and

{y’ = ay + f(t)
y(0) =0

[Hint: just import results from Theorem 4.1.]

— y(t) = /OtP(t — 1) f(7) dt.

(ii) For ¢,z € R and f € C(R), let P(t,x)f := f(z —t). Show that

— u(z,t) =P(t,x)f

us +u, =0, (z,t) € R?
u(z,0) = f(z), z€R

and
{ut + Uy = g(I,t), (I,t) S R2

U(ZL’,O) =0, zeR — U(ffat) :/O P(t —T,x)g(-,ft) dr.

Here g € C'(R?) and g(-,T) denotes the map X ~ g(X, 7). [Hint: just import results from
Theorem 9.6.]

We can think of each P as a “propagator” that, in the case of the homogeneous problems,
“propagates” the initial data forward in time and thereby gives a formula for homogeneous
solutions. Here is how the propagator shows up in the nonhomogeneous problems. Recall
that one version of the CONVOLUTION of the functions ¢, 1 € C(R) is the map (¢*1))(t) :=
S g¢(t—T)w(T) dt. The results above show that a particular solution to the nonhomogeneous
problems (specifically, the solution with 0 initial condition) is given by convolving the
propagtor (in time) with the driving term. This “convolve with propagator” approach will
help us make useful (and correct) guesses about solving more complicated nonhomogeneous
problems. We can also think of the propagators as linear operators: for each fixed ¢, P(t)
is a linear operator on R (which is not very exciting: just scalar multiplication), whereas
for each t and z, P(t,z) is a linear operator on C(R) that maps a function f to the scalar
f(z —1t). (Thus P(t,x) is really the “evaluate at x — ¢” linear functional in that it maps
the vector space C(R) to the underlying scalars R.)
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Day 10: Wednesday, January 29.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Appendix A.3 discusses Leibniz’s rule at length (and in more detail than you are
required to know). The examples on pp. 683-684 show how the rule can fail if the
integrand is not sufficiently nice. A more general version of the rule appears on p. 687
and encompasses improper integrals, which we will eventually find useful. Lemma 1
on p. 177 gives a proof similar to ours for calculating 0, [ i g f(t,s) ds} . A generalization
of this appears in equation (12) on p. 688.

Page 281 provides cultural and historical context for the wave equation. Pages
282-285 exhaustively derive the wave equation from physical principles. Pages 300-
302 derive D’Alembert’s formula using a slightly different approach from ours in class.
Read Examples 3 and 4 on pp. 303-304.

However, we did not show that any function u in the form (9.6) actually solves (9.5). This
requires computing both

t t
O {/ glx —t+T,71) d’t] and 0, {/ glx —t+T,71) dT| .
0 0

We did something like the z-derivative in (7.3) when deriving the transport equation, but
we never justified it, and the t-derivative looks even more complicated, since t appears in
both the limit of integration and the integrand.

The time has come to sort this out. Consider the more abstract situation of calculating

the derivative ,
Oy {/ f(z,s) ds] :

{(x,s)GRQ}agsgb,xel},

Here h is defined on

where [ is some interval. For the integral to exist, we want the map
[a,b] = R: s+— f(x,s)

to be continuous for each x € I. We might abbreviate this map by f(x,-) and say that we
want f(x,-) € C([a,b]).

So what is the derivative, assuming that we do not recall (7.3)7 The integral is approxi-
mately a Riemann sum, and derivatives and sums interact nicely:

/ f(z,s) ds = Zf(x, sk)(Sk — Sk—1)
a k=1

for a partition {s;};_, of the interval [a,b]. Certainly

s [Z f(@, sk) (s, — Skl)] = falw, 1) (s — sk-1),
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and
n

> fola, sk)(sk = sk1) %/ fo(z,5) ds,

k=1

0, { / ) ds} -/ o s) ds?

With some extra hypotheses, and work, this turns out to be true. The crux of the problem
is an “interchange of limits” argument, the sort that permeates much of analysis. Using the
definition of the derivative (and algebraically rearranging some terms on the left), this boils
down to showing

1im/bf($+h’8]z_f(x’s) ds:/blim f(Hh’S})L_f(x’s) ds. (10.1)

h—0 h—0

so perhaps

What properties of integrals give us the right to do this?

10.1 Theorem (Leibniz’s rule for differentiating under the integral). Let I C R be an
interval and a, b € R with a < b. Let D :={(:U,s) € R? ‘ rel a<s< b}. Suppose that
f € C(D) and that f, exists on D with f, € C(D). Then the map

b
j:I—>R:x»—>/ f(z,s) ds

1s defined and differentiable on J and

J'(x) = /ab fo(x,s) ds.

10.2 Problem (%). Here is a sketch of the proof, up to some tricky estimates.

(i) Chase through the algebra of difference quotients and integrals to show that it suffices
to establish (10.1) to prove Leibniz’s rule.

(ii) Go further and show (using, perhaps, Problem 2.17) that to prove (10.1), it suffices
to establish that _—
lim/ / [fo(z + th,s) — fo(z,s)] dt ds = 0. (10.2)
h=0 J. Jo
(iii) Proving (10.2) takes some careful work with uniform continuity on compact subsets
of R?, and that is beyond the scope of our class. However, show that if f,, exists and is
continuous on D and if there is M > 0 such that |f..(z,s)| < M for all (z,s) € D, then
(10.2) holds. [Hint: use Problem 2.17 again and watch out for the triple integral that shows
up.|
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10.3 Problem (!). Let
1
o(x) :—/ scos(s* + ) ds.
0

Calculate ¢’ in two ways in two ways: first by evaluating the integral with FTC2 and dif-
ferentiating the result and second by differentiating under the integral and then simplifying
the result with FTC2. (The point is to convince you that differentiating under the integral
gives the right answer.)

If g € C'(R?), then Leibniz’s rule justifies the calculation

t t
on [/ glx —t+T,71) d’t}:/gx(:c—tjt’t,'t) dt
0 0

by taking f(z,s) = g(x —t + s,s) with t € R fixed. The hypothesis ¢ € C'(R?) is, by the
way, stronger than what we had in Theorem 9.6. (It is also asking more of g than we did of
the forcing term in the ODE from Theorem 4.1. PDE are hard.)

We still need to calculate
t
0 {/ glx —t+T,1) dT} :
0

and now the variable of differentiation appears in both the limit of integration (which should
remind us of FTC1) and in the integrand (which should remind us of Leibniz’s rule). To do
this, it suffices to know how to compute

O [/Otf(t,s) ds] :

as we could then take f(t,s) = g(z —t + s, s) with x fixed.
Here is the trick: we introduce a fake variable and set

F(z,t) := /OI f(t,s) ds.
Then ,
/0 F(t,s) ds = F(t,1).

so by the multivariable chain rule

) Uot f(t,s) ds] = F,(t,t) + Fi(t,t).

= f(tat)

=t

Fo(t,t) = 0, UO (t.) ds}

by FTC1 and
Bt 1) = [ [ s ds}
0

. = /Ot fi(t,s) ds

by Leibniz’s rule.
We have proved the following.
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10.4 Lemma. Let f € C*(R?). Then

Oy {/Otf(t,s) ds} = f(t, 1) —i—/otft(t, s) ds

for allt € R.
10.5 Problem (x). Use this lemma to show that if g € C*(R?), then

t
u(z,t) = / gz —t+T,7) dt
0
solves

u +uy = g(x,t), —oo <z, t < oo
u(z,0) =0, —00 < z < 0.

10.6 Problem (x). Find all solutions to

U + cug + ru = g(z,t), —oo < x, t < oo
u(z,0) = f(z), —oc0 <z < 0.

where f € C*(R), g € C'(R?), and ¢, r € R. [Hint: as always, start with v(s) = u(z +
cs,t+s) forxz, t € R fized and find an ODE for v.] This transport equation models the
propagation of a substance where the amount of the substance on the path can change
both from the “source/sink” term g and in proportion r to the amount of substance on the

path.

10.7 Problem (+). Let ¢ € R and f € C'(R). Suppose that u solves
ug+cu, =0, z, teR
u(z,0) = f(z), z € R.
Fix Lo, T, to, tl € R and let
x1+c(t7t1)

T(#) = / u(s, ) ds.

()-‘rc(t—t())

Give two proofs that J is constant as follows. (We might call the transport equation a

“conservation law” because the quantity J is constant, or “conserved.”)

(i) Use substitution to show
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(ii) Compute J' by differentiating under the integral and recalling that w(b, t) — u(a,t) =
qux(s,t) ds.

We now ommence our study of a new PDE: the WAVE EQUATION. In the immortal
words of G. B. Whitham from his staggering Linear and Nonlinear Waves,

“[A] wave is any recognizable signal that is transferred from one part of [a]
medium, to another with a recognizable velocity of propagation. The signal
may be any feature of the disturbance, such as a maximum or an abrupt
change in some quantity, provided that it can be clearly recognized and its
location at any time can be determined. The signal may distort, change
its magnitude, and change its velocity provided it is still recognizable.”

The initial value problem (IVP) for the wave equation on R reads
Upp = Ugy, —00 < X, T < 00

u(z,0) = f(z), —0o < x < 0
w(z,0) = g(z), —00 < & < 0.

Here f, g: R — R are given functions. This IVP models the motion of an infinitely long
string that moves in the vertical direction only: let u(x,t) be the displacement of the string
from its rest position at position = along its length and time ¢. The function f models the
initial displacement and ¢ the initial velocity. While a finite string is of course physically
much more realistic, we will see that finite length leads to some complicated, and possibly
unsatisfying, boundary conditions; mathematically, the infinite string is rather “nicer” (if
more unrealistic physically).

We can solve the IVP by noticing a formal similarity to the difference of perfect squares:
u solves the wave equation if and only if

U — Uy = 07
and we might rewrite this in “operator” notation as

and then factor that as
(Oy — 0) (0 + Op)u = 0.

What this means is that if u solves uy; = ug,, and if we define v := u; 4+ u,, then v solves

vy — v, = 0.
10.8 Problem (!). Prove that.

The function v therefore solves a transport equation. Since

v(@,0) = u(,0) + ua(,0) = g(z) + Ouful(z,0) = g(x) + O:[f](2) = g(x) + f'(),
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the function v really solves

v(z,0) = g(x) + f'(z).

We know that the solution to this problem is

{vt—vmzo, —oo < x, t <00

v(z,t) =gz +t)+ f(z+1).
Consequently, the solution u to the original wave equation u; = u,, must also solve
w tuy =v(z,t) = gle+t)+ f'(x +1t).

Since u(z,0) = f(z), we meet another transport equation:

u(z,0) = f(x).

We know from Theorem 9.6 that the solution to

{ut+ux:g(x+t)+f/(x+t), —00 <z, t < o0

up +uy = h(z,t), —co <z, t < oo
u(z,0) = f(z), —co <z < 00

is
u(m,t):f(x—t)—I—/ h(z —t+T,7) dt.

With
h(z,t) =g(x +1t)+ f(x+1),

we have
hz—t+t,t)=g((x—t+1)+1)+ f(z—t+7)+7)=g(x —t+27) + f'(x — t + 27).
Thus the solution u to the wave equation uy; = g, is
t
u(z,t) = flx —1t) + / [g(z —t+27) + f'(z — t + 27)] d.
0

This would probably benefit from some cleaning up.

Day 11: Friday, January 31.

We change variables in the integral with
s=ux —t+ 27, ds =2 dr, s(0) =z — t, s(t) =x +t,

to find



Day 11: Friday, January 31 58

t T+t
/0 (g —t +27) + /(¢ — t +21)] dr = %/ [9(s) + f(s)] ds

We conclude

fle+t) - flz—1)

u(z,t) = flx—t)+ 5 %

Here is a slightly more general result.

11.1 Theorem (D’Alembert’s formula). Let f € C*(R) and g € C*(R) and ¢ > 0. The
only solution u € C*(R?) to

Uy = c2um, —oco <z, t <00
u(z,0) = f(z), —co <z <0 (11.1)
u(x,0) = g(z), —00o < x < 00

15 the function

_ 1 T+ct
f(x+ct)—}2—f(:v ct) N Q_C/x ’ (11.9)

—ct

u(z, t) =

11.2 Problem (x). Prove this.

(i) First, check that u as defined in (11.2) actually solves the wave IVP (11.1). Explain
why the regularity assumptions f € C*(R) and g € C*(R) are necessary.

(ii) Next, develop the result for ¢ # 1 from the work above by assuming that u solves
(11.1) and setting U(X,T) = u(aX, 8T for some «, f € R. Choose o and 3 so that U
solves Urr = Uxx and use the work above (updating the initial conditions as needed) to
find a formula for U. From that, develop the formula (11.2) for w.

11.3 Example. We solve the wave IVP (11.1) for ¢ = 1 and some choices of f and g and
graph some results.

(i) Take
flx) =2 and g(z)=0.

D’Alembert’s formula tells us that the solution is

u(z,t) = + = 0 ds = e~ @H)? | o=(@=0)

26—(:E+t)2 o 26—(x—t)2 1 T+t
2 Q/x

—t
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Here are some plots.

<_
<_

<_

It looks like the initial condition u(x,0) = 2¢™*" has split into two smaller “pulses,”
one moving to the right and the other to the left. This is exactly what the formula
u(z,t) = e~ —e=(*D% gays: as t increases, the graph of z — e~ @ moves to the left,
while z — e~ @” moves to the right. However, the graph of u(+,t) is not really just the
graph of x — e~ (@tt)? superimposed on the graph of = +— 6_(37_15)2; there is an interaction
between the two graphs due to the sum in the definition of u. Nonetheless, this interaction
is very “weak” for = or t large because e is very small when |s| is very large.

(ii) Take
flz)=10e" and g(x) = cos(z).
D’Alembert’s formula tells us that the solution is

u(z, t) = + =

5 5 cos(s) ds

10e~@+D? 4 10e-(@-0* 1 /1’“
x—t

(sin(z +t) — sin(z — t)) .

_ 5(6—(az+t)2 _|_6—(a:—t)2) +

2
Here are some graphs.
/\u(x, 0) t — 0 AU(ZE, ].) t — 1
¢ > T T
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AU(I'7 3) t=3 AU(«T, 9) t=9

Again, it looks like the initial condition “splits” into two “smaller” pulses that travel
to the right and left; now there is more “noise” between them due to the nonzero initial
condition on u;. In particular, the pulses are not nearly as “identical” as they were for the
previous initial data; contrast times 1, 3, and 9 with the previous pulses for times 1, 2, and
4.

Here is why this “counterpropagating pulse” phenomenon happens. Rewrite D’Alembert’s

formula as
— 1 x+ct 1 x+ct
f(x+ct)—;—f(9: Ct)+%/xct9:§(f($+0t)+/o g)
0
ey (s [ o)
and abbreviate
1 1 r* 1 1 [*
L(X) :za(f(X)—i—z/O g) and R(X) ::§<f(X)—E/U g).

Then if u solves wy = *uy,, we can write
u(z,t) = L(x + ct) + R(x — ct). (11.3)

This is the superposition of the “profiles” L and R with L translated left with “speed” ¢
and R translated “right.” And this is why the graphs in Example 11.3 break up into two
“counterpropagating” profiles.

11.4 Remark. The profiles F' and G above are definitely not the initial data f and g in
general. In fact, the formula (11.3) makes sense without any initial data. Just assume
that u solves uy = *ug, and artificially introduce the initial conditions f(x) := u(wx,0)
and g(x) := w(z,0). Then the work above shows that u satisfies (11.3), and we can forget
about f and g if we want.

The structure in (11.3) is really a sum of traveling waves.
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11.5 Definition. A function u: R*> — R is a« TRAVELING WAVE if there exist a function
p: R —= R and c € R such that

for all z, t € R. The function p is the PROFILE and the scalar ¢ is the WAVE SPEED.

The idea of a traveling wave is that the profile p is translated, or “travels,” via the shift
by —ct. In particular, if ¢ > 0, then as time increases, the graph of x — wu(x,t) is just the
graph of p translated to the right by ct units.

11.6 Problem (!). Explain why all solutions to the homogeneous transport equation u; +
u, = 0 are traveling waves but solutions to the wave equation are typically not traveling
waves.

When studying a PDE in the unknown function u = wu(z,t), the process of guessing that
u is a traveling wave of the form u(x,t) = p(x — ct) and then figuring out the permissible
profile(s) p and wave speed(s) ¢, if any, is called making a TRAVELING WAVE ANSATZ for
that PDE. (In general, an ANSATZ for a PDE is an educated guess that a solution has a
particular form.)

11.7 Example. For the sake of a toy problem, we pause from our study of the wave
equation and consider a nonlinear transport equation:

Ug + uy +u? = 0.
We make the traveling wave ansatz u(z,t) = p(x — ct) for a profile function p = p(X) and
a wave speed ¢ € R. The multivariable chain rule tells us that
ug(z,t) =p'(x —ct) and w(z,t) = —cp'(z — ct).
Thus p and ¢ must satisfy
Pz —ct)—cp(z—ct)+[px —ct)]* =0

for all x, t € R. If we take x = X and t = 0, which we are free to do, we see that p must
satisfy

(1 =o' (X) + [p(X))* =0,
or, more succinctly,
(1—=c)p' +p*=0.
This is actually a separable ODE, and we can rewrite it as

(1—c)p' = —p°.

The equilibrium solution is p(X) = 0. When ¢ = 1, we have —p* = 0, and so again
p(X) = 0. From now on, assume ¢ # 1 and p # 0. Separating variables and integrating,

we find < X
/O%d(s:/o C_lds,
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thus
p(X)
/ o2 do =
p(0) c—1

and so \

(p(0)™" = (X)) = —=
We conclude

X\
o) = oy - )

Replacing p(0) with an arbitrary K € R, we conclude that traveling wave solutions are

u(z,t) = (K+$_Ct>1.

1—c

11.8 Problem (x). Find all other solutions to u; + u, + u*> = 0. [Hint: put v(s) =
u(z + s,t + s) and find a separable ODE for v.|

11.9 Problem (!). We have said (and proved) that all solutions to the transport equation
ur + u, = 0 are traveling waves, but make a traveling wave ansatz u(z,t) = p(x — ct)
anyway and solve for p and ¢. What is special about the case ¢ = 17

11.10 Problem (x). Make a traveling wave ansatz u(x,t) = p(z—ct) for the KdV equation
U + Uzer + U, = 0 and find, but do not solve, an ODE that p must satisfy.

Day 12: Monday, February 3.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 326-327 give physical motivation for the driven wave equation. Pages 327-328
give a different motivation for Duhamel’s formula (i.e., the “propagator operators”).
Page 329 states and proves the formula, and Example 6 on p. 330 goes through the
calculations for concrete initial and driving data.

We will continue making traveling wave ansatzes for other PDE that we meet and inter-
preting those solutions physically and mathematically in the broader context of those equa-
tions. Now we return to the wave equation and tease out more properties from D’Alembert’s
formula.

Common jargon for the wave equation is that it “exhibits finite propagation speed.” Phys-
ically, this means that data or disturbances in one part of the fictitious infinite string take
some time to affect other parts of the string. Here is what this means mathematically.

Suppose that the initial data f and g have COMPACT SUPPORT in the sense that there
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is R > 0 such that
f(s)=0 and g(s)=0 for |[s|>R.

In other words, f and g can only be nonzero on the interval [— R, R|. (Here we are using s
for the independent variable of f and g to avoid confusion with z.) In more other words,
the only “data” carried by f and ¢ exists on this finite interval.

+f(s

A
v
»

If the string is governed by uy = c*u,,, then we expect that ¢ > 0 is the speed of the wave(s)
moving through the string. After ¢ units of time, data or disturbances should only propagate
ct units along the z-axis from where they were at time 0. This is born out by D’Alembert’s
formula.

Fix t > 0 and suppose that R+ ct < x. Then this position z is more than ct units outside
the “support” of f and g. We do not expect the data or disturbances from f and g to reach
position x in only this time ¢. Now here is the math: since R+ ¢t < x and ¢, t > 0, we have

R< R+ 2ct <x+ct, R<x—ct, and R<z—ct<ux+ct.
Since f(s) =0 for s > R, we have

flz+ct)+ f(x—ct)

=0.
2

Also, since g(s) =0 on (R,00) and [x — ct,x + ct] C (R, 00), we have
T+ct
/ g(s) ds =0.
T—ct

D’Alembert’s formula then implies that u(z,t) = 0.
Here is what we have proved.

12.1 Corollary (Finite propagation speed for the wave equation). Let f € C*(R) and
g € C*(R) have compact support with f(s) = g(s) = 0 for |s| > R. Let ¢ > 0. If u solves
the wave IVP (11.1), then u(x,t) =0 for |x| > R + c|t|.

12.2 Problem (!). Review the work preceding the corollary and check that it holds for
|z| > R+ cl|t|, not just for x > R + ct as we actually worked out above.
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12.3 Problem (%). Formulate and prove a finite propagation speed result for the transport
IVP

u+cu, =0, —oco <z, t<oo

u(z,0) = f(z), —co <z <00

that is similar to Corollary 12.1.

Now we take up the study of the driven or nonhomogeneous wave equation:

Uy = Uge + h(z, 1), —00 <z, t < 00
u(z,0) = f(z), —0o <z < 00 (12.1)
wa(,0) = g(x), —00 < 7 < o0,

where we assume, as usual, f € C*(R) and g € C'(R) and, at the minimum, h € C(R?). We
develop our solution method by first noting some (probably non-obvious) patterns among
the driven linear equations that we have previously solved.

1. The first-order linear nonhomogeneous IVP at the ODE level “splits” into the sum of two
“easier” problems:

y =ay+ f(t) _ y =ay N Yy =ay+ [f(t)
y(0) = o y(0) = yo y(0) = 0.

This sum is wholly euphemistic; the point is that the solution to the “full” IVP is the sum
of solutions to the “simpler” IVP. They are “simpler” because the first has no driving term
(but has a “harder” initial condition), while the second has an “easier” initial condition (but

a “harder” driving term).
Of course, the solution to
y =ay
y(0) = yo
y(t) = 6aty07

18
and the solution to
18

y(t) = e“t/o e " f(1) dt

The key to everything is rewriting this second solution:

at ! —at _ ! a(t—1)
e /Oe f(T) dt /Oe f(7) dr.
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We recognize the presence of the first solution within the second solution via a notational
sleight-of-hand: put
P(t) :=e™,

SO

eyo = P(t)yo and /t et f(1) dt = /tP(t —1)f(7) dt.
0 0

We think of P as a “propagator operator” for the homogeneous problem in that it “propagates”
the initial data yo to where it should be at time ¢ (namely, to e*yy). The solution to the full
nonhomogeneous IVP is therefore

t
) =Pt + [ Pt =10 dr
0
2. The nonhomogeneous transport [VP similarly “splits™

{ut = —uy + g(x,t) {ut = —Uy N {ut = —u, + g(z,t)
u(z,0) = f(x) u(z,0) = f(x) u(z,0) = 0.

Here we are writing the —u, term on the right to suggest that these problems are really
“families” of ODE in ¢ “indexed” by x € R. For example, if we fix x € R and put v(t) = u(x, t),
then the transport equation is v' = —u, + g(z,t), which is morally an ODE in ¢.

Our hard work has shown that the solution to

{u<x, 0) = f()

u(w,t) = flz—1),

18
while the solution to

w = —uy + g(z,t)
u(z,0) =0

is
t
u(zx,t) = / glx —t+T,7) dt.
0

We introduce a new “propagator” that is “indexed” by x via

Pt,x)f = f(x —1).

Then the solution to

is
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Now fix T and denote by g(-, T) the map
g(,1): R—=>R: X — g(X, 7).

Then we can recognize the propagator in the solution to

U = — Uy +g($7t)
u(z,0) =0

u(x,t):/otg(x—t—l—’c,’r) dT:/Otg(:E—(t—T),T) dTZ/OtP(t—T,J])g(-,T) dr.

The solution to the full nonhomogeneous transport IVP is therefore

u(z,t) =P(t,x)f + /Otp(t —1,2)(-,T) dt.

Hopefully we see a pattern: the solution to the nonhomogeneous problem is the sum of
the propagator applied to the initial data and the integral of the propagator “shifted by t —1”
applied to the driving term.

This pattern is not wholly helpful for the driven wave equation, however, because that
problem has two initial conditions. The right idea is to turn to the dreaded variation of
parameters formula for second-order linear ODE. Here is a version of that formula that we
typically do not see in standard ODE classes, as checking it requires differentiating under
the integral.

12.4 Theorem (Variation of parameters). Let b, c € R and let f € C(R). Suppose that
P € C*(R) solves

(P +bP' +cP =0

{P(0)=0

| P'(0) = 1.

Then for yo, y1 € R, the only solution to the IVP

(4" + by +cy = f(t)

34(0) = vo (122)
LY/ (0) =1
o0 =P O+ PO+ )+ [ Pt —)f () dr. (123)

In particular, the functions

2(t) :=P'(t)yo + P(t)(y1 +yob) and 1y, (t) := /OtP(t —1)f(7) dt
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solve the respective IVP

2+ b +cz=0 Yl 4+ by, + ey, = f(t)
2(0) = yo and y(0) =0 (12.4)
Z(0) =y ¥,(0) = 0.

Proving this theorem is challenging. First, one needs a uniqueness result for second-
order linear IVP to guarantee the “only” result; we will not pursue that here. Second (or
maybe first), what is the motivation for this formula? It is much less obvious than variation
of parameters for first-order linear IVP, which effectively falls out from the product rule.
The slickest way of proceeding for the second-order case is to convert that problem into a
first-order linear system, which then has much in common with first-order (scalar) problems.

12.5 Problem (+). (i) Check that the formula (12.3) does yield a solution to (12.2).
[Hint: Lemma 10.4. For the initial condition, use P" + bP' + ¢P = 0 to compute P"(0).]
(ii) Let A € R\ {0}. What does Theorem 12.4 say about the solution to

y' + Ny = f(t)

Z/(O) =%
yl(o) =7

How does this resemble Problem 6.97

Inspired by the propagators for ODE and the transport equation, we revisit the wave
equation. The solution to the homogeneous problem

Ut = Upy, —00 < X, T < OO
u(z,0) = f(z), —co <z < 0
u(z,0) = g(z), —00 < x < 0,

is given by D’Alembert’s formula:

U(x,t):f($+t);f($—t)+%/x

This morally resembles the first two terms of the solution (12.3) to the homogeneous second-
order linear ODE (in the case b = 0) in that the initial data appears in each term separately.
If we stare a little longer, we might see a resemblance between the terms in that

) F /Htg(s) ds} _ glx +1) —;—g(a: - t)'

This is a consequence of a more general FTC identity.
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12.6 Problem (x). Let I, J C R be intervals. Let f € C(I) and a, b € C*(J) with a(t),
b(t) € I for all t € J. Show that

b(t)
@l/ f]zﬂMmU@—fW®MW)

(®)

[Hint: FTC1 + properties of integrals + chain rule.]

Now define it
P(t,z)g = —/ g(s) ds. (12.5)

The result above shows
flz+t)+ fxz—1t)

aIP(t,2)f] = . ,

and so D’Alembert’s formula compresses to
u(z,t) = O[P(t,x) f] + P(t, x)g.

This strongly resembles the first two terms in (12.3)!
Consequently, by analogy with (12.4) we are led to conjecture that

u(z,t) = /OtP(t —T,2)h(-,T) dt (12.6)

solves
Uy = Uge + h(z, 1), —00 <z, t < 00

u(z,0) =0, —0o < & < 00
uy(x,0) =0, —o0 < x < 00,

We will check the PDE and leave the initial conditions as an exercise.

Day 13: Wednesday, February 5.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Example 6 on pp. 307-308 and the remark on p. 308 discusses how to solve the semi-
infinite string problem with the boundary condition u,(0,t) = 0.

To do this, we need the identities

O [/0 o(z,t,7) d’r} :/0 ¢(x,t,T)dt and O {/O o(z,t,7) d’t} = qb(x,t,t)+/0 oz, t,7) dt

for suitably well-behaved ¢.
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Then with u from (12.6), we have

Uge(,1) = 02 [/Otp(t — 1, 2)h(-, 1) d'r] = /Ot O2[P(t — T, z)h(-,7)] dr.

Here we use the formula (12.5) to compute
1 x—l—(t—’t) 1 r+t—T
Pt —T,2)h(-,T) = —/ h(s,T) ds = —/ h(s,T) ds,
2 z—(t-7) P

and therefore, for T fixed,

0 [P(t =T 2)h(-7)] = %@c [/:+_Th(s,r) ds} _hlett-n) = hiz —t+7,7)

and

02 [P(t—, 2)h(-, )] = O, [h(a:th—ft,T) ; h(SC—t—I—T,T)}  hp(z+t—T,7) ; he(z —t +T,7)

Thus

Upy (7, 1) = %/Ot [he(z+t—T,7) — hy(z — t + T, 7)] dt. (13.1)

Now we work on the time derivative. We have

u(z,t) = 0y [/OtP(t —T,2)h(-,T) d’r} =Pt —t,x)h(-,t) + /Ot [Pt — 1, 2)h(-,7)] d.

We compute

1 z+0 T
P(t—t,z)h(-,t) =P(0,z)h(-,t) = 5/ h(s,t) ds = —/ h(s,t) ds =0
and, for T fixed,

0[Pt — T, 2)h(-,7)] = %&t {/x _Th(s,'t) ds] = Mz +t—77) +hiz _t—i_TJT)‘

—t+T 2
Then .
1
ut(x,t)zi/ [h(z +t —T,7) + h(z —t +7,7)] dr,
0
SO
h(z+t—tt)+hz—t+tt) 1 [
uy(x,t) = (z + ) )42' (x —t+1, )+§/ Olh(z+t—1,7)+h(z—t+1,71)] dr.
0
Certainly

h(x+t—t,t)%2-h(m—t+t7t) _ h(m’t);rh(x’t) = h(z,1),
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while
t t
/ Olh(z+t—71,1)+h(z—t+1,7)] dt = / [ho(z +t — T,7) — hy(z — t + 1, 7)] dr.
0 0
All together,
1 t
ug(x,t) = h(z,t) + 5/ [hx(a: +t—1,7) — hy(z —t+T, ’r)} dt = h(z,t) + Uz (2, 1),
0
after comparison to (13.1).

13.1 Problem (x). (i) Show that the function u defined in (12.6) satisfies
u(z,0) = uy(x,0) =0

for all x € R, and conclude that the function
i
u(et) = [P(t,)f) + Plt.a)g+ [ Plt-T2)h,7) de (13.2)
0

solves the driven wave equation

Uy = Uge + h(z, 1), —00 <z, t < 00
u(z,0) = f(z), —co <z <00
u(z,0) = g(z), —oco <z < 0.

(ii) Show that the solution to the driven wave equation is unique. [Hint: if u and v both
solve it, what IVP does their difference w := u — v solve, and why does that imply w = 07

Any actual calculations with the formula (13.2) for concrete initial and driving terms f,
g, and h boil down to computing antiderivatives, and there is probably not much insight to
be gained from such manipulations at this point in life. Instead, here is a way to recognize
the formula (12.6) as a double integral.

13.2 Problem (x). Let h € C(R?) and let z, t € R. Let D(x,t) be the region in R?
consisting of the boundary and interior of the triangle whose endpoints are (x — t,0),
(x +1t,0), and (x,t). Show that

t
/P(t—’t,x)h(~,’r) del// h,
0 2 J o

with the propagator P defined in (12.5). [Hint: start by drawing D(z,t). For simplicity in
solving this problem, you may assume x > 0 and t > 0, although the result is valid for all
x and t.]
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13.3 Problem (+). Rederive the solution formula

u(z,t) = /OtP(t —T,2)h(-,T) dt

for the driven wave equation (with zero initial conditions) by “factoring” the wave equation
as in our derivation of D’Alembert’s formula and using results from the transport equation.
That is, assume uy — Uz, = h(z,t), put v = u; + u,, solve for v, and then solve for w.

As an illustration of more properties of D’Alembert’s formula (and, really, more properties
of functions and integrals), we introduce our first boundary condition and study the “semi-
infinite” string. Suppose that one end of the string is fixed at x = 0, so u(0,t) = 0 for all ¢,
and the string extends infinitely to the right for x > 0. We take initial data valued only for
z > 0 and consider the IVP-BVP

Uy = Uz, 0 < x <00, tER
u(z,0) = f(z), 0 <z < oo
u(x,0) =g(z), 0 <z < o0
u(0,4) =0, t R

(13.3)

There are two new wrinkles in this problem. The first is the presence of the boundary
condition u(0,t) = 0. We call this a boundary condition because it specifies what the
solution is doing at the left endpoint, or “boundary,” of its z-domain.

The second is that f and g are only defined on [0,00). If f and g were defined on all of
R, we could just use D’Alembert’s formula. The problem is that D’Alembert’s formula does
not make sense when f and g are only defined on [0, 00); for example, taking x = 1 in the
formula, we would need to know the values of f at 1+t for all ¢ € R, thus f would have to
be defined on all of R. (Even restricting to nonnegative time does not help due to the £t
terms.)

The right idea is to work backward and extend spatial dependence in z from [0, c0) to all
of R. We will assume that we have a solution u to (13.3) and that we can construct functions

u, f, and g such that the following hold.

. u(z,t) = u(z,t) for all x > 0 and t € R. Likewise, f(x) = f(z) and g(z) = g(z) for all
> 0.

SIS

2. f€C*R)and § € C'(R).

3. u € C*(R?) solves
ﬂtt:ﬂm, -0 <z, t < oo

u(z,0) = f(z), —o00 < x < 00
u(x,0) =g(z), —00 <z < 0.

Then D’Alembert’s formula implies

maw:f@+w;f@_ﬂ+%/ﬁ

g(s) ds. (13.4)
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Taking x > 0, we get a formula for u as well.

But how do we get these extensions, and why are they sufficiently differentiable for ev-
erything to work? There are many ways to extend a function from [0, 00) to all of R. For

example, putting
~ flz), x>0
Fw) = {0 o (13.5)

is certainly an extension of f, and maybe one that makes sense (it keeps the initial data
“turned off” for x < 0), but it may not be twice continuously differentiable, especially
depending on the behavior of f at 0. It will pay off to learn more about what (13.3) tells us
about f and g, especially in the context of the boundary condition.

To begin, if we have a solution u to (13.3), our usual conventions about the continuous
differentiability of u imply f = u(-,0) € C*([0,00)) and g = u(-,0) € C*([0,0)). Recall that
the convention here is that at the left endpoint 0 we only assume that limits from the right

hold, e.g.,

lim f(z) = f(0), lim JO+h) = JO) 1'(0), lim f'(x) = f’(0), and so on.

z—0t h—0+ h z—0+

Moreover, we may compute

f(0) = u(0,0) =0,

where the first equality is the initial condition and the second is the boundary condition.
Likewise,

9(0) = u,(0,0) = 0;[u(0,1)]],_, = 0.

Again, the first equality is the initial condition, and the second is the boundary condition.
These calculations immediately tell us something new that the “ordinary” wave equation did
not require: f(0) = g(0) = 0. Not every f € C*([0,00)) or g € C*(]0,00)) will be compatible
with the problem (13.3). What else might the structure of (13.3) tell us about f and g, in
particular so that we get meaningful extensions of them to R?

Day 14: Friday, February 7.

We return to the question of how to extend correctly the initial data f and g for (13.3) to
functions defined on all of R. We know that if this problem has a solution, the new feature
of the boundary condition means that f and g must satisfy f(0) = ¢g(0) = 0. Is there
anything else that we can learn about f and g7 We could try taking derivatives. We have
f'(x) = uy(z,0), and u, does not appear in the wave equation, but

f(@) = tsa(2,0) = un(z,0).
In particular, f”(0) = u(0,0), and

u(0,0) = 97 [u(0,1)]|,_, = 0
by the boundary condition. Thus f”(0) = 0.
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14.1 Problem (%). Can you obtain any information about ¢' or ¢” from (13.3)7? [Hint:
no. Why?|

We will refer to these properties of f and g as COMPATIBILITY CONDITIONS for (13.3):
if the problem has a solution, then the initial data needs to meet

£(0) = g(0) = f"(0) = 0. (14.1)

It does not appear (Problem 14.1) that we can eke out anything else on f and g, and so
trying to extend one of these functions naively via (13.5) will not really work.

14.2 Problem (%). Why not? If f € C*([0,00)) and

ry L f($),$20
f(x)'_{o,x<o

is twice-continuously differentiable at 0, what does that imply about the value of f(0)?
Does that agree with what, if anything, (13.5) demands about f'(0)?

The right idea is something new: symmetry. Often in mathematics it is helpful to intro-
duce and/or exploit some kind of symmetric or “reflective” structure. Even and odd functions
are designed for just that.

14.3 Definition. (i) A function h: R — R is EVEN if h(—z) = h(x) for all x € R and
oDD if h(—x) = —h(zx) for all z € R.

(ii) The EVEN EXTENSION (REFLECTION) of a function h: [0,00) — R is the function

>
hei R— R gy 4 110 720
h(—x), z <0,
and the ODD EXTENSION (REFLECTION) of h: [0,00) — R is the function

h(z), ©>0
—h(—x), x <0.

hO:R—HR:xI—){

Below the original function h is sketched in black and the even and odd extensions are
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continued in blue.

v ~

14.4 Problem (!). Check that h. is actually even and h, is actually odd.

Which of these extensions should we use on the initial data in (13.3)7 Some further
properties of even and odd functions will help us make the decision.

14.5 Problem (!). (i) Suppose that h € C'(R) is even. Prove that A’ is odd. [Hint:
differentiate both sides of h(x) = —h(—x).]

(ii) Suppose that h € C'(R) is odd. Prove that A’ is even. [Hint: differentiate both sides
of h(x) = h(-x) |

(iii) Suppose that h: R — R is odd. Prove that h(0) = 0. [Hint: if h(z) = —h(—z), what
happens when x = 09

The fact that the compatibility conditions (14.1) require f(0) = f”(0) = ¢(0) = 0 suggest
that we use odd extensions, as the second derivative of an odd function will be odd and thus
vanish at 0. So here is our task: assume that u solves (13.3), put

i, 1) = u(z,t), >0, teR fo(2) = f(z), >0

] —u(—x,t), <0, t ER, | A=), <0,
g(x), x>0
—g(—z), x <0,

mt ato) -

show that f, € C*([0,00)) and g, € C*([0,00), show that % € C*(R?), and show that

ﬂtt:ﬂm, —oo < 7, t < oo
u(z,0) = fo(z), —00 <z < o0
u(z,0) = go(x), —00 < x < 0.
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Not too much to ask, right? We can then use D’Alembert’s formula as in (13.4) to get a
formula for u in terms of f, and g,, thus a formula for u in terms of f and g if we really need
that. (By the way, we are sticking with @, not u,, to avoid too many subscripts.)

Basically all of the challenges here boil down to studying what happens when x = 0. This
is the challenge of every piecewise function that we ever met in calculus: not so much what is
happening on the individual “pieces” (usually the functions are pretty nice there) but rather
what is happening where the pieces “meet” (usually this involves consideration of both left
and right limits). Here is one kind of result that we need; the value of the following proof
for our course is that it provides a healthy review of difference quotients and left and right
limits.

14.6 Lemma. Let g € C'([0,00)) with g(0) = 0. Then g, € C'(R).

Proof. The chain rule tells us that g, € C'(R\ {0}) with

o) — {g'@:), >0

g (—z), z <O.

We need to consider carefully what happens at = = 0.
Since g € C'([0,00)) with g(0) = 0, we know

= = li d 4(0)= 1l .
0=900)= g, oz} end g(0) = B = B

We first want to show that

exist and are equal.
For h > 0, we have

9o(0+h) = go(0) _ golh) _ g(h) _ g(0+h) —g(0)
h h h h

and so 0+ h) — go(0 0+ h) — g(0
lim go( + >_go( ) = lim g( + )_g( )
h—0+ h—0t h

Next, for h < 0,

9o(0+ 1) —90(0) _ —g(=h) _ g(0—h)—g(0)

h h —h

Here is the only time that we really needed g(0) = 0. This permitted the second equality
and the shuffling of the factor of —1 into the denominator. Thus
9o(0+ 1) — go(0) 9(0 —h) —g(0) 9(0+h) —g(0)

hggl— hgél— —h hgtr)l+ h g(0)
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Here we have used the helpful fact that

lim ¢(—h) = lim ¢(h).

h—0~ h—0+
Thus the desired limits from the left and right exist and are equal, and so g, is differen-
tiable on all of R with
/
g(z), x>0
i) = { e
g (—x), z <O0.

Now we check continuity at x = 0:

lim gl(z) = lim ¢'(x) = ¢'(0),

z—07t z—07F
while
lim ¢)(z) = lim ¢'(—z) = lim ¢'(z) = ¢'(0).
z—0~ z—0~ z—07t
This finishes the proof of continuity of ¢.. [

Everything else is essentially “more of the same” careful examination of left and right
limits at = = 0.

14.7 Problem (+). Do all that.

(i) Show that if f € C*([0,00)) with f(0) = f”(0) = 0, then f, € C*(R). [Hint: try to
reduce the argument to repeated invocations of Lemma 14.6, or develop something new for
even functions.|

(ii) Show that if

U = Ugg, 0 <z <00, tER
u(z,0) = f(z), 0<zx < o0
u(z,0) = g(z), 0 <z < o0
u(0,t) =0, teR

u(z,t), x>0, teR
—u(—x,t), £ <0, t ER,

and u(x,t) = {

then u € C*(R?) and
Upp = Ugy, —00 < X, T < OO

u(z,0) = f(z), —00 < x < 00
u(x,0) =g(z), —00 <z < 0.

[Hint: again, this is mostly careful consideration of left and right limits at x = 0.]

We should be careful with the flow of logic here. We have proved that if the wave equation
for the semi-infinite string has a solution u, then a suitable extension of u solves the wave
equation for the infinite string; in the process this gives us a formula for u. But why is there
a solution for the semi-infinite problem in the first place? Is that formula from the extension
process really a solution?
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We are thinking that

u(z,t) = + 5

i 5 go(s) ds

folx +t)+ folx —1t) 1 /”t

—t

with z > 0 and ¢ € R. Since f, € C*(R) and g, € C'(R), we not need to do any new work to
check that u,, = uy, u(z,0) = f(x), and g;(z,0) = g(z) for 0 < z < 0o and t € R. Rather,
why does this formula meet the boundary condition «(0,¢) = 0 for all ¢?

We compute

fo(O + t) + fo(o - t) = fo(t) + fo(_t) = fo(t) - fo(t) =0
by the oddness of f,. Next, we want f t_ .9o(s) ds = 0. This is also true by oddness.

14.8 Problem (x). Show that if A € C(R) is odd, then

| n=o

for any a € R. [Hint: substitute.] Draw a picture indicating why this should be true in
general (caution: picture # proof).

14.9 Example. We solve
Uy = Ugy, 0 < x <00, tER
u(z,0) = 4z’
uy(x,0) =0
u(0,t) = 0.
Here the initial data is already odd, so we do not need to go to any great lengths to calculate

odd extensions. Indeed, D’Alembert’s formula for the infinite string with initial data given
by the odd extensions says

u(x,t) =2(x + t)3€*(x+t)2 +2(z — t)Bef(xft)Q.

Below we graph the solution for various time values.

S

<
<
<
¢
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As before, we see that the solution splits up into two counterpropagating pulses, but
now they are clearly reflections or “images” of each other through the vertical axis.

So there we are: the “odd extension method” showed that a solution to the semi-infinite
wave equation can be extended to a solution to an infinite wave equation, at which point
D’Alembert’s formula could be invoked, and conversely good old calculus proves that that
formula does indeed solve all of the semi-infinite wave equation—most notably the new

feature of the boundary conditions.

14.10 Problem (+4). Solve the problem

Uy = Ugz, 0 < x <00, —00 < T <00
u(z,0) = f(z), 0 <z < oo
u(z,0) = g(z), 0 <z < o0
uz(0,1) =0, —oo < t < o0,

where f € C*([0,0)) and g € C*([0,00)). This problem models a semi-infinite string where
the left endpoint is allowed to move vertically. [Hint: ¢ry even extensions for f and g.
What “compatibility” conditions arise?)

Day 15: Monday, February 10.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 310-311 discuss solving the finite string wave equation with the “method of
images.” Theorem 3 contains the main result. It is not really necessary to assume that
o and gP*" are as regular as the theorem does; such regularity is forced on them by
the “compatibility conditions,” without which the problem really does not make sense.

Theorem 1 on p. 289 proves uniqueness for the finite string problem via energy
estimates. The remark on pp. 290-291 explains how to interpret that energy integral

in terms of classical kinetic 4 potential energy.

We now consider the most physically realistic, but also most mathematically complicated,
situation: the finite string. Assume that a string of length L > 0 is constrained to move
vertically with its endpoints fixed. If u(x,t) is the displacement of the string from its equi-
librium position at time ¢ and spatial position x € [0, L], this means u(0,t) = u(L,t) = 0 for
all t. We arrive at the initial-boundary value problem (IVP-BVP)

U = Ugy, 0 <z < L, —00 <t <00
u(z,0) = f(z), 0<az <L
u(z,0) =g(z), 0 <z <L
u(0,t) = u(L,t) =0, —oo <t < 0.

(15.1)

As usual, f and g are the initial data, and we assume f € C*([0,L]) and g € C*([0, L]).
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(Why? We want a solution u to this problem to be twice continuously differentiable on
{(z,t) e R* | 0 <z < L, t € R}. This forces f = u(-,0) € C*([0, L]) and the same for g.)
Our success with the semi-infinite string suggests that we extend f and ¢ carefully to
R and use D’Alembert’s formula. By “carefully,” we mean that the extensions should be
sufficiently differentiable, and our experience with the semi-infinite problem suggests that
this regularity will rely also on knowing some exact values of f and g at 0, and maybe L.

15.1 Problem (!). Prove that if (15.1) has a solution, then the “compatibility conditions”
f(0) = g(0) = f(L) = g(L) = f(0) = f(L) = 0 (15.2)
are all true.

That all of these values vanish at x = 0 suggests again odd extensions. The problem is
that the solution and the initial data are only defined on [0, L], so at best we could do odd
extensions to [—L, L].

41 ()

A

o

I
h
h —

g

Here is the new idea. We are going to extend the odd extensions from [—L, L] to (—o0, 00)
periodically. Informally, we “copy and paste” the graphs from [—L, L] to the intervals [(2k +
1)L, (2k + 3)L] for k € Z. For the initial data, call these periodic extensions fP> and g>*;
we require them to satisfy

(e +2L0) = f2"(x) and  ¢gP(z +2L) = g>*(x)
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for all x € R.

per
o

1

A
L

Ty _M L oL

Likewise, assuming that a solution u to (15.1) exists, let u(-,¢) be its odd extension to [L, L]
and then let uP”(-,t) be the periodic extension to R. If P € C*(R?), f** € C*(R), and
" € C'(R), and if

Uy =uby, —oo <z, t <00
uP?(x,0) = f&(x), —oo <w <00 (15.3)
wy (z,0) = gP (), —00 < x < 00,

then we can invoke D’Alembert’s formula. Conversely, we would need to check that the
formula satisfies (15.1), in particular the boundary conditions.

The hard part is no longer differentiability at x = 0, or, indeed, at = 2Lk for k € Z. We
handled that with the differentiability of odd extensions when we studied the semi-infinite
problem. The new challenge is differentiability at x = L, and, more generally, z = (2k+ 1)L
for k € Z. However, this is not a terrible challenge. We are assuming

f(L) = (L) = g(L) = 0,

and the suggestive sketches above illustrate a more general truth: the odd periodic extensions
are “odd at L.”

More precisely, it turns out to be the case that fP(L —x) = — fP*(L+x) for 0 < x leL.
(If L = 0, this would just be oddness.) Here is a closer sketch.

-5 ()

\
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8
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g

We leave checking the minutiae as a nontrivial, but manageable, problem.

15.2 Problem (4). Carry out the details of the program above, assuming f € C*([0, L])
and g € C*([0, L]) with (15.2) true. Remember that at the endpoints x = 0, L, we only
know limits from the left /right for f and g and their derivatives.
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(i) Show that g** € C'(R). It may help to argue first that g°* is “odd” about L in the
sense that g% (L —x) = —gg™(L + z) for 0 < x < L. Use this to show that gg* is

o

continuously differentiable at # = L. From this, argue by periodicity that g** € C*(R).
(ii) Prove that f2** € C*(R). [Hint: try to invoke the previous part.|

(iii) Solve
Upp = Upy, —00 < X, T < 00
u(z,0) = f(z), —co <z < 0
u(z,0) = g2 (x), —oo < & < 00

with D’Alembert’s formula and check that the formula meets the boundary conditions
uPr(0,t) = uP(L,t) = 0. [Hint: wuse the oddness of fP°, and also of g2, at L, as
discussed above.|

The point of these extension methods is less the actual results and formulas and more the
methods themselves—how to reduce a new problem to one already solved, and what tech-
niques from calculus (left and right limits) appear along the way. Both extension procedures
for the semi-infinite and finite wave equations are simultaneously existence and uniqueness
results. There is another uniqueness, but not existence, method for the finite equation that
is worth knowing. We study what is called an “energy integral.” In the mathematical jargon,
an “energy integral” refers to the integral (definite or improper) of some nonnegative func-
tion that, through the right lens, might represent some physical notion of “energy,” kinetic
or potential (whatever that means).

Here is how this arises. Suppose that u and v both solve finite string problems with the
same initial data:

Uy = Uy, 0 < x < L, —00 <t <00 Vg = Vg, 0 < x < L, —00<t <0
u(z,0) = f(z), 0<ax <L and v(z,0) = f(z), 0<az <L

u(z,0) =g(z), 0<z <L ve(z,0) = g(z), 0<x <L

u(0,t) =u(L,t) =0 v(0,t) =v(L,t) = 0.

Put w :=u —w.
15.3 Problem (!). Check that

Wy = Wye, 0 < x < L, —00<t <0
w(z,0) =0, 0<z <L

wi(x,0) =0, 0<z <L

w(0,t) = w(L,t) = 0.

(15.4)

We would like to show that w = 0. To do this, we set

E(t) ::/O [wi(z,t)? + wy(z,1)?] da.



Day 15: Monday, February 10 82

This is our “energy integral”; it is the integral of a nonnegative quantity. We claim that F is
differentiable and E'(t) = 0 for all ¢.

We will check this later. For now, here is how it helps. If E' = 0, this means that E is
constant; one helpful value is probably ¢ = 0, so we compute

E(t) = E(0) = /0 [w(,0)* + wy(z,0)?] do

for all ¢. From the initial conditions, w(x,0) = 0 and, since w(x,0) = 0 for all z, we have
w,(z,0) = 0 for all z, too. Thus E(0) = 0. And, since F is constant, so too do we have
E(t) =0 for all .

Now, observe that each E(t) is the integral of a nonnegative function. This is important.

15.4 Problem (x). Let a, b € R with a < b and f € C([a,b]) with f(z) > 0 for each
z € [a,b]. If fo = 0, show that f(z) = 0 for all z € [a,b]. [Hint: suppose f(xy) # 0 for
some xg € |a,b]. Draw a picture. What does this imply about the value of fo’? Turn the
picture into a proof. Continuity will play a role.]

This problem, together with the result £(¢) = 0 and the definition of E(t), implies
wy(z, 1) + we(x, )2 =0 (15.5)

for all x € [0,L] and ¢t € R. We saw in Example 7.4 that (15.5) implies w = 0. (More
precisely, that example presumed that (15.5) holds for all z, ¢t € R; what really matters is
that (15.5) holds for x € [ and ¢t € J, with I, J C R intervals.)

Our last task is to justify the earlier claim that £’ = 0. We have

E'(t) = 0 {/OL [wi(z,t)? 4+ wy(z,1)?] dx} = /OL O [wi(z,1)* + wy(z,t)?] do

L
= 2/ [w(, t)wy (2, 1) + wa(z, Hwe (2, 1)] da.
0
We replace wy; with w,, from the wave equation, so the integrand is
wy(x, )wy(z, 1) + we(z, ) wey(x, 1) = wi(@, )W (2, 1) + we(x, t)wy(x, t).

Here is the tricky recognition: it would be nice if this were a perfect derivative in z. We
have

Wi (2, ) wWep (2, 1) + Wy (2, ) way (2, 1) = wy(x, ) 0p[we](x, t) + wy(x, )0 [wy] (2, t).
Perhaps we would see the product rule more clearly by rewriting
we(x, )0z [we (@, t)+wy(z, )0y [we] (z, t) = Op[wy|(x, t)wi(z, t)+w,(x, )0 [wi](z,t) = Op[wewy](z, t).

Thus
E'(t) = 2/ Op[wewi](z,t) do = 2w, (L, t)wy(L,t) — 2w, (0, t)w(0, ).
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We are given the boundary conditions w(0,t) = w(L,t) = 0 for all ¢, so differentiating we
have w;(0,t) = w(L,t) = 0 for all ¢. While we know nothing about w,, this is enough to
conclude

E'(t) = 2w,(L,1) - 0 — 2w, (0,1) -0 = 0,

and that is all that we need.
Here is what we have shown.

15.5 Theorem. The only solution to (15.4) is w = 0.

15.6 Problem (x). We did not introduce energy integrals with the transport equation
because we did not really consider boundary conditions on that PDE. However, just for
practice with differentiating under the integral, assume that u; + u, = 0 and let a, b € R.
In each case, the identity vy’ = (y*/2), for y € C'(R), will be helpful.

(i) Let
Ei(t) = / e, t)? de.
Show that () = u(a, ) — u(b,t). a
(ii) Let
Ey(t) = / (o, + uala, 1)) do

If u € C*(R?), show that Ej(t) = 2(u(a,t)® — u, (b, 1)?).

Day 16: Wednesday, February 12.

Much of our work has concerned initial value problems. We are given initial-in-time data,
and we build solutions out of that data. Often we obtain uniqueness results: there is only
one solution to the differential equation at hand with the given initial data (Theorem 3.2,
Theorem 4.1, Problem 6.8, Theorem 8.1, Theorem 9.6, Theorem 11.1, Theorem 12.4, Problem
13.1). Once uniqueness is established, a natural follow-up question is that of “continuous
dependence on initial conditions.” Very informally, this is motivated by the slogan if two
things start “close together” and move according to the “same rules,” then they should remain
“close together” at least for “some time.”

We study this in the context of the wave equation. First, for functions f, g € C(R), we
define the “wave operator” W[f, g] by

W[fung,t) — f(x+t);‘f(x—t) +%/’m

g(s) ds. (16.1)
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Now let f1, f> € C*(R) and g, g» € C'(R). Suppose that u and v solve the wave IVP

Upt = Ugy, —00 < T, T < 00 Vit = Vgy, —00 < &, T < OO
u(z,0) = fi(z), —00o < x < o0 and v(z,0) = fo(z), —0o <z <0 (16.2)
u(x,0) = g1(x), —00 <z < 0 v(x,0) = go(z), —00 < x < 0.

If fi and f5 are “close,” and if g; and g are “close,” will u and v be “close’™
First we spell out what we mean by “close.” We assume there are 9§, € > 0 such that

|fi(z) = fo(z)| <6 and  [gi(z) — ga(z)| <€

for all x € R. This means that the graph of f; lies between the graphs of f; — ¢ and f; + 4,
a sort of “d-tube” centered on the graph of fi; equivalently, the graph of f; — f lies in the
“strip” between — and 0. The same, of course, holds for g; and g, with  replaced by e.
(Later we will see that there are other ways of measuring closeness of functions via different
“norms” on function spaces—many involve integrals as a measurement of “averaging.”)

pJ1(2) = fo(2)

g

16.1 Problem (!). Suppose that u and v solve the wave IVP in (16.2). Let w = u — v,
f=/fi— f2, and g = g1 — g2. Show that w = W|[f, g] with W defined in (16.1).

Our task is now to control the size of w, ideally in terms of 6 and €. We use the notation
of the preceding problem. Since w = W[, g], we have
t . t 1 T+t
et sl ™y af
x—t
The triangle inequality on the first term implies
[fx+1)+ fle =0 < [fl@+8)| + [f(z—1)],

w(z,t)| < +5
and then the triangle inequality on f implies

2 2

[f(z+ )] = [filz+1) = falz +1)] <0,
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and the same for |f(z —t)|. All together,

\fx+1t)+ f(z—1) _ d+0
2 2
We estimate the integral with the triangle inequality for integrals (Problem 2.4):

o+t T+t
| s [ lal as
r—t T

—t
at least if v —t <z +t, ie., if t > 0. Since
l9(s)| = [g1(s) — ga(s)| <€

z+t T+t
/ g(s) ds| < / € ds = 2te
r—t T—t
16.2 Problem (!). Show that if ¢ < 0, then

T+t
/ g(s) ds
T—t

lu(z, t) —v(x, )] = |w(z, )| = WS, g](x, )| <+ |t]e. (16.3)

This shows that for any fixed time ¢ € R, the solutions u and v are uniformly close in z in a
manner depending precisely on how close the initial conditions are.

However, this estimate is less than ideal because it depends on time ¢t. As ¢t — +oo,
d + |t|e = oo, and so perhaps over long times the solutions u and v could grow apart.

J.

for all s € R, this implies

when ¢t > 0.

< 2[t|e.

We conclude

16.3 Problem (x). Here is a somewhat silly example of how this could occur. Let §, € > 0.
Take fi = g1 = 0 and fo(z) = /2 and go(z) = €/2. Show that if u and v solve (16.2), then

d+ et
u(z,t) =0 and o(z,t) = ;6.

Check explicitly that (16.3) still holds, but explain informally how u and v “grow apart”
in time.

Day 17: Friday, February 14.

We took Exam 1.

Day 18: Monday, February 17.
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Material from Basic Partial Differential Equations by Bleecker & Csordas

The corollary on p. 314 deduces continuous dependence on initial conditions for the
finite string problem from Theorem 5 on pp. 313-314. That theorem proves the hard-
won estimate with the independent-of-time upper bound § + 2Le that we eke out.

While we only stated and did not really discuss the heat equation (yet), there is
a wealth of information in the book. Pages 121-125 give a derivation of the heat
equation from physical principles and present one very special solution.

The factor of |t| in (16.3) arose from from estimating the integral term in W(f, g]. A
recurring tension in analysis is whether estimates or equalities are preferable; perhaps, de-
pending on g, we could get sharper control over f ijg(s) ds by actually computing it. It
turns out that we can get a better estimate than (16.3) if we ask a different question, and
so we focus on the finite string problem. (The question of continuous dependence on initial
conditions for the semi-infinite string would yield the same estimate as above.)

Let L > 0 and let v and v now solve

Uy = Uy, 0 < x < L, —00 <t <00 Uy = Ve, 0 < x < L, —00<t <0
u(z,0) = fi(z), 0<z <L and v(z,0) = fo(z), 0<x <L
u(z,0) = gi(x), 0<x <L v (2,0) = go(z), 0 <2 <L
u(0,t) =u(L,t) =0, —o0 <t < o0 v(0,t) =v(L,t) =0, —oo <t < 0.

(18.1)
Put f = fi — fo and g = g1 — ¢2, and let f, and g, be the 2L-periodic, odd extensions, i.e.,

=~ Jfl@x),0<z<L ~ Tl o
folz) = {—f(—x), CL<z<0 and  f,(x+2L) = fo(z), x € R.

Assume that the initial data satisfies all the hypotheses necessary for w = W[f;, Jo] to solve

Wy = Wyy, —00 < X, T < 00
w(x,0) = fo(x), —00 <z < 00
w(z,0) = fo(z), —o00 <z < o0,

so, restricted to [0, L], w also solves

Wy = Wge, 0 < x < L, —00 <t <00
w(z,0) = f(x), 0<z <L
wy(x,0) =g(x), 0<x <L
w(0,t) =w(L,t) =0, —00 <t < 0.

And now we start to estimate. Assume there are d, ¢ > 0 such that

[f1(@) = fo(x)[ <6 and  [gi(z) = ga(2)] <€
for all € [0, L.
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18.1 Problem (!). Explain why
fol@)] <6 and [gu(z)| <e
for all z € R.
It follows as before that

fol@ + ) + folz — t)

5 <0

for all z, t € R. The difference is that the integral term in W[ﬁ,,ﬁo] will be much better
behaved.

Here is how we do not get that better behavior: do what we did before and expect
something to change. We could estimate

x+t
/ Jo(s) ds
x—t

exactly as for the infinite string using the triangle inequality for integrals, and that still
produces the annoying factor of ¢ in the estimate. We can do better by using the special
structure of g, here: it is odd and 2L-periodic in addition to enjoying the estimate |g,(s)| < €
for all s.

To cut down on writing, we let h € C(R) be odd and 2L-periodic with |h(z)| < € for all

x. We claim that
c+2L
/ h=0 (18.2)

for all ¢ € R; in words, the integral of h over any interval of length 2L vanishes.

< 2|tle

18.2 Problem (x). Prove this. [Hint: use the results of Problems 2.18 and 14.8.]

Here is what we will show: the value of [ Z f is bounded by a constant multiple of €
independent of a and b (but dependent on L). We start with a suggestive proof by picture.
Here —2L < a < —L and 2L < b < 3L.

We expand

/abh:/a_Lth/LLm/Lbh. (18.3)
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By (18.2), or the cancelation of positive and negative areas from the picture, fth = 0.
Thus by the triangle inequality for real numbers and the triangle inequality for integrals,

b -L b -L b -L b
/h’:/ h+/h’§/ h‘+/h’§/ |h|+/|h|.

a a L a L a L
Now we use the estimate on h and actually evaluate some integrals:

/abh S/a_L|h|+/Lb|h|</Q_LeJr/LbEZ6(—L—a)+e(b—L).

Since —2L < a < —L, we have L < —a < 2L, and so 0 < —L —a < L. Since L < b < 3L,
we have 0 <b— L < 2L. And so

b
/ h‘ <eé(—L—a)+e€(b— L) < Le+2Le = 3Le. (18.4)

Here is what happens more generally, beyond the special case of this picture. Let a, b € R
with a < b. Divide R into intervals of the form [(2j+ 1)L, (2j +3)L) with j € Z. Then there
are 7, k € Z such that

2j+ 1)L <a<(2j+3)L and (2k+1)L <b< (2k+3)L. (18.5)

In the picture above, we have —3L < a < —L and L < b < 3L, so there j = —2 and k£ = 0.
In the general case, since a < b, it follows that j < k.

18.3 Problem (!). Does it? If a < b, then the inequalities above imply (2j + 1)L < a <
b < (2k + 3)L. Manipulate this into j < k + 1. Since j and k are integers, this means
Jj<k

Now we expand the integral again:

b (2j43)L (2j+5)L (2j+7)L (2k+1)L (2k+3)L b
/h:/ h+ / h+/ h—i—-~+/ h+/ h —|—/ h.
a a (2j+3)L (2j+5)L (2k—1)L (2k+1)L (2k+3)L

The parenthetical sum here boiled down to the single integral | f ;I in the toy calculation
(18.3). Every integral in the parenthetical sum is 0 by (18.2). Thus

b (2j+3)L b (2j+3)L b (2j+3)L b
/h‘: / h+/ h / h+‘/ h‘é/ |h|+/ |h|
a a (2k+3)L a (2k+3)L a (2k+3)L

(2j+3)L b
</ e+/ e=¢€¢((2j+3)L —a)+e(b— (2k+3)L).
a (2k+3)L

<

The estimates (18.5) imply

(2j+3)L—a<2L and b— (2k+3)L < 2L.
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All together,

b
/ h‘ < e((2j +3)L — a) +e(b— (2k + 3)L) < 2Le + 2Le = 4Le.

This is a slightly worse estimate (in that the right side is larger) than our toy calculation
that gave us (18.4).

18.4 Problem (!). Why? What was special about the positioning of @ in that toy drawing?
Why will that not always be the case, as compared to (18.5)7

But it is not a big deal. The point is that the size of [ Zh is indeed controlled by a constant
multiple of e, with the constant independent of a and b.

At last, here is how this is useful. All along the goal has been to estimate | ifigo(s) ds.
We know that g, is continuous, odd, and 2L-periodic with |g,(s)| < € for all s € R. Our
work above therefore implies (with a = 2 — ¢t and b = = + t) that

T+t
/ Jo(s) ds
x—t

With u and v as solutions to (18.1), all of our work implies

< 4Le.

lu(x,t) —v(x,t)| <+ 2Le

for all x € [0, L] and ¢ € R. This is the uniform-in-time estimate that we were lacking for
the infinite string wave equation.
It has taken us some time, but now we can state a general result for wave IVP.

18.5 Theorem. (i) Let fi, f» € C*(R) and g1, g» € C*(R). Suppose that &, € > 0 with

|fi(@) = fo(z)| <6 and |gi(z) — go(x)| <€
for all x € R. Let u and v solve

Upp = Upy, —00 < T, T < 0O Vit = Vg, —00 < T, T < 00O
u(z,0) = fi(z), —co <z <00 and v(z,0) = fo(z), —c0 <z <00 (18.6)
u(z,0) = gi1(x), —00 < x < 00 v(z,0) = ga(x), —00 < x < 0.

Then

lu(z,t) —v(x,t)| <+ |t|e
forallz, t € R.
(ii) Let L > 0 and fi, f» € C*([0, L)) and g1, g» € C*([0, L]) with
fi(z) = fl(@) = fo(x) = fi(z) = 1(2) = g2(2) = 0
for x =0, L. Suppose that §, ¢ > 0 with
|fi(@) = fo(z)| <6 and  [gi(z) — ga(2)] <€
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for all x € R. Let u and v solve

Uy = Uy, 0 < x < L, —00 <t <00 Vgt = Vgg, 0< <L, —00<t <00
u(z,0) = fi(z), 0<z <L and v(x,0) = fo(x), 0<x <L
u(z,0) = gi(z), 0<z <L ve(2,0) = ga(z), 0 <z <L
u(0,t) =u(L,t) =0, —00 <t < 0 v(0,t) =v(L,t) =0, —o0 <t < 0.
(18.7)
Then

|u(z,t) —v(x,t)] < 6+ 2Le
forallz, t € R.

18.6 Problem (x). State and prove an analogue of part (i) of Theorem 18.5 for the
transport equation. Is your estimate uniform in time?

We begin our study of the heat equation on the line:

Up = Ugy, —00 < T <00, t>0
u(z,0) = f(z), —oo < x < o0.

Broadly, the heat equation models the distribution of heat in an infinitely long rod; the
function f specifies the initial heat distribution along the rod. As with the wave equation,
we start with this physically unrealistic situation of an infinite spatial domain, and eventually
we will move to the more physically realistic (and mathematically complicated) “finite” rod.

The heat equation might look superficially similar to the wave equation; after all, both
have the term wu,, on one side of the equation. We might even think that the heat equation
is simpler than the wave equation in that only one time derivative appears. Not so! The
“imbalance” of derivatives in the heat equation vastly complicates it; in particular, we will
only get results for ¢ > 0, and things will be rather complicated at ¢t = 0. We will not
have such a sweeping D’Alembert’s formula for the heat equation, and both existence and
uniqueness of solutions becomes much trickier here.

In fact, we need entirely new tools to tackle the heat equation. Our success with the
transport and wave equations arose fundamentally from familiar calculus. Now we need
unfamiliar calculus. We start by building some machinery in two areas that may appear
to have nothing to do with the heat equation, or PDE in general: the essential calculus
of complex-valued functions of a real variable (good news: it is the same as the essential
calculus of real-valued functions of a real variable, so there should be no surprises there) and
improper integrals (more good news: we just need the essentials from calculus, and there
should be no surprises there, either).
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Day 19: Wednesday, February 19.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 415-418 give an overview of transforms, including but not limited to the Fourier.
This is extremely worthwhile reading for the mathematical cultural background that
it provides. Integrability and the Fourier transform are defined on p. 423; note the
symmetric limit in (8), which is not how we defined improper integrals. See also the
remark on the Cauchy principal value at the bottom of p. 423 /top of p. 424.

Many of the “nice” function properties that we are assuming today are spelled out
in Section 7.2. We will revisit quite a few of these as we layer more rigor over our
Fourier analysis. Our derivation of the heat equation solution appears on pp. 460-461,
with plenty of references to other parts of Chapter 7 that we have not quite discussed
yet (including convolutions).

Here is a terrible definition of complex numbers.

19.1 Undefinition. C={z+1iy | z, y € R, i* = —1}.

This definition is terrible because it provides no explanation of what the string of symbols
x + 1y actually means or why such an object ¢ actually exists. We just assume the existence
of complex numbers and that their arithmetical properties act as they should.

19.2 Definition. Let z € C with z = x + iy for some x, y € R. The REAL PART of
z is Re(z) := x; the IMAGINARY PART of z is Im(z) := y; and the MODULUS of z is
2| := /Re(2)? + Im(2)2. That is, |x + iy| = /22 + y2.

We define equality of z, w € C as z = w if and only if both Re(z) = Re(w) and
Im(2) = Im(w).

19.3 Example. With z = 2+ and w = 1 —3i, we multiply as we would with real numbers
and remember i? = —1:

cw = (244)(1-30) = (2+i)1+ (2+41)(=30) = 24+i—6i—3i> = 2—5i—3(—1) = 2—5i+3
=5 —5i =5(1—i).

Since the modulus satisfies |zw| = |z||w|, we have (with z =5 and w = 1 — i, now)
51 =)l = [5l11 =i = [5]|1 + (=1)i| = |5]v2.

Here is a crash course in complex calculus. Let I C R be an interval and let f: [ — C
be a function. Put

fi(t) :=Re[f(t)] and  fo(t) := Im[f(2)].
Then fi, fo: I — R are functions, and real-valued functions at that, and f(t) = fi(t)+ifa(t).
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Now we do calculus.

19.4 Definition. With the notation above, we say that

(1) limy, f(t) = L if limy, f1(t) = Re[L] and lim;, fo(t) = Im[L] (with a = +oo al-
lowed);

(ii) f is CONTINUOUS if fi and fy are continuous;
(iii) f is DIFFERENTIABLE if f; and fy are differentiable, and we define
f1() = fi(t) +if3(t);

(iv) if f is continuous (in the sense of the above), then for any a, b € I, we define

/abfi_/abf1+i/abf2-

We now allow C"(I) to denote the set of r-times continuously differentiable functions from
I CRtoC.

From these definitions, one can prove that all the familiar computational rules of real-
valued calculus hold, e.g., the product and chain rules for differentiation, the linearity of the
integral in the integrand, and the fundamental theorem of calculus. We will do none of that
explicitly and just assume that everything works as it should.

Our most important complex-valued function of a real variable is the following version of
the exponential.

19.5 Definition. Fort € R, let e := cos(t) + isin(t).

Motivation for this definition comes from inserting it into the power series for the (real)
exponential, doing some algebra, and recognizing the series for sine and cosine.

19.6 Example. Here is how calculus works for the exponential. Let f(¢) := €. Then,
with the notation above, fi(t) = cos(t) and f5(t) = sin(¢), so

f'(t) = —sin(t) 4 i cos(t) = i*sin(t) + i cos(t) = i[isin(t) + cos(t)] = ie™.
That is, the chain rule formula
f'(t) = 9,[e"] = e"o,it] = e"i

works as we expect.
Now we integrate:

2m 2m 2
/ f= / cos(t) dt + z/ sin(t) dt = 0 +i0 = 0.
0 0 0
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We also have
27 27r‘ 1 271" 1 271 1 1
= th:— 'ltd:— / d:— m) — = — — = U.
| o= et a=g [t a=1 [ de= slren) - fo) = 10 -11 =0

Here we are using the identity e*™* = 1 for all k € Z.

Now we develop further results on integrals.

19.7 Definition. Let f € C(R). Suppose that both of the limits

/_(;f: agmoo f and /f—blg?o/f

exist. Then we say that f is INTEGRABLE, and we define
00 0 00
[ o= s+t
—o0 —00 0

19.8 Example. Let f(t) = ¢l and a < 0 and b > 0. We compute some integrals:

0 0 0
/f:/e_ltdt:/etdt:eo—eazl—e“

and
b b b
/ f= / eIt dt = / etdt=—(et—e ) =1-¢"
0 0 0
Then
0 b
lim f=lim (1-e)=1 and lim [ f=lim(l—e?) =1,
a——oo [, a——00 b—oo 0 b—oo

SO f(ioof = [ f =1 Thus f is integrable and

/ f=1+1=2.

It is often both difficult to establish that f is integrable and unnecessary to calculate [ iooo f
exactly. Instead, the following tests usually suffice. They hinge on integrating nonnegative
functions.

19.9 Definition. A function f € C(R) is ABSOLUTELY INTEGRABLE if | f| is integrable.
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19.10 Theorem. Let f € C(R).

(i) [Absolute integrability implies integrability| If f is absolutely integrable, then so
is f, and the TRIANGLE INEQUALITY holds:

e

(ii) [Comparison test| Suppose that g € C(R) is absolutely integrable with | f(t)| < |g(t)]
for allt. Then f is absolutely integrable with

[ [l

19.11 Example. Let f € C(R) be absolutely integrable. Let k& € R and put hy(t) =
f(t)e™. Since |e*| =1 for all s € R (check it), we have

he(t)] = 1™ = [fOlle™] = £ (1)],

and so by the comparison test (with actual equality holding), the functions h and |h| are
integrable.

19.12 Problem (%). Let @ > 0 and let f(x) = e . Show that f is 1ntegrable [Hint:
first find C > 0 such that e < (O for0 <z g 1. Then argue that e g for
x > 1. Put these estimates together to show e % < (C+1)e™* forx >0.]

19.13 Problem (+). It is important in the definition of the improper integral to spec-
ify the convergence of the integrals [ (ioo [ and [ go f separately. If f € C(R) and if

limp_soo f f“R f exists, then we call this limit the CAUCHY PRINCIPAL VALUE of the
improper integral of f over (—oo,00), and we might write

PV/f lim f

(i) Give an example of f € C(R) such that limpg f_RR f exists and yet f is not integrable.

(ii) If, however, f is integrable, then [ f = P.V.[™ f. Here is why. Assume that
f € C(R) is integrable and let € > 0. Explain why there exists Ry > 0 such that if R > Ry,

hen
t ‘/_iof—/_lf’<§ and /Ooof—/ORf‘<§.

Use this to show that "
‘ / = / fl<e
—00 -R
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and conclude that [*f = limp_ e [ }jR f.

(iii) Something special happens when we try to integrate a nonnegative function. The
following is true in general: if g: [0, 00) — [0, 00) is continuous, increasing (g(x1) < g(x2)
for 0 < x; < x3), and bounded above (there is M > 0 such that 0 < g(z) < M for all
x > 0), then lim,_,., g(x) exists. The proof of this result depends on the completeness of
the real numbers, but drawing a picture probably suggests why it is true. Draw such a
picture. Then use this result to show that if f: R — [0, 00) is continuous, and if there is
M > 0 such that UljRﬂ < M for all R > 0, then f is integrable. [Hint: apply the result

to the functionsRHf(Iff andRHf(in.]

(iv) Prove that if f € C(R) and if limp o [ ?R| f| exists, then f is absolutely integrable.

We introduce the critical tool of the Fourier transform and deploy it on the heat equation.
We take an “eat dessert first” approach (inspired by Tim Hsu's Fourier Series, Fourier
Transforms, and Function Spaces: A Second Course in Analysis). Specifically, here is our
strategy.

1. We define the Fourier transform for continuous, absolutely integrable functions. Eventu-
ally we will relax the continuity requirement to piecewise continuity.

2. We apply the Fourier transform to the heat equation.
3. 777
4. We get a candidate solution formula for the heat equation.

5. We check that this candidate is actually a solution (i.e., by doing calculus).

Example 19.11 assures us that the following definition makes sense. (Does it?)

19.14 Definition. Let f: R — C be continuous with | f| integrable (Definition 19.7). The
FOURIER TRANSFORM of f at k € R is

~ 1

f(k) = o /_OO f(z)e * dz.

~

We sometimes write §[f](k) = f(k).

The factor of 1/v/2 is a bit of a “fudge factor” that makes some calculations and identities
later easier and more transparent, at the cost of making others harder and more opaque.
Life is a series of compromises.

Previously we have said that integrals extract useful data about functions and also rep-
resent functions. We have not seen all that much extraction of useful data, but it turns out

~

that the FOURIER MODES f(k) will tell us a variety of useful facts about f. The Fourier
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transform also “represents” f in the following sense. Here, for the first of many times, we
will use the weasel word “nice” to refer to a property of functions that we will fill in later in
our subsequent, more rigorous treatment of Fourier transforms.

19.15 Untheorem. Let f: R — C be “nice.” Then

1 — ik
@) = <= / Fwe .

That is, for suitable f, we can recover f from its Fourier transform.

Since this is a course in differential equations, we should wonder how the Fourier transform
interacts with the derivative. Quite nicely, thank you for asking.

If f is differentiable, and if both f and f’ are “nice,” then we should be able to represent
f" (not just f) via its Fourier transform:

m/oof(k)e dk.

But we should also be able to calculate f’ from the Fourier representation of f and differen-
tiation under the integral:

f(x) = [\/—/ f(k)ette dk} \/_/ k)e*®] dk = \/%/ ikf(k)e™ dk.

Equating these two putative representations of f’ and doing a little algebra, we find

| = iwFet dk = o

for all x € R.

Day 20: Friday, February 21.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Example 6 on pp. 425-426 computes the Fourier transform of the Gaussian. Example
1 on pp. 124-125 discusses the heat kernel, and p. 461 shows how the heat kernel
satisfies the heat equation itself.

Now here is a “nice” property of Fourier integrals. We should think of the transform as
an “instrument” that we apply to functions, and the results we get are those Fourier modes.
If the results are always 0, the input should always be 0.
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20.1 Untheorem. Let g: R — C be “nice” and suppose that

/ g(k)e™™ dk =0

—00

for all x € R. Then g(k) =0 for all k € R.

It follows that N N
J'(k) = ik f (k).
This is immensely important: under the lens of the Fourier transform, differentiation becomes
“multiply by ik.” We might say
8:\[-] =1k X 6
We can extend this to the second derivative (and higher derivatives) for “nice” functions:

~ ~

Fr(k) = (F) (k) = ik f'(k) = (ik)2F(k) = —K>F (k).

This is all that we need to know about the Fourier transform to apply it with abandon
to the heat equation. Suppose that u solves

Up = Uge, —00 < T <00, t>0
u(z,0) = f(z), —co <z < o0

7

and that v and f are “nice.” We apply the Fourier transform to u “spatially” or “in the
x-variable.” Consequently, “nice” should mean, at least, that wu(-,¢) is integrable for each
t > 0 (where u(-,t) is the map = — u(x,t)) and also that f is integrable.

Put 1 -
u(k,t) = — w(x, t)e”* dr.
()= 7= [ ulat

We should think of ¢ as just a parameter in the integrand; all of the action is happening with
x. Then
U (K, t) = —K*U(k, 1).

In the time variable, we recognize differentiation under the integral:

~ 1 > —ikx 1 = —ikx
u(k,t) = \/_2_71'/ wy(w, t)e”** dy = \/_2_7r/ Oy[u(x,t)e ™) da

=0, {\/12_% /Z u(z, t)e ™ do| = 0,[u](k,t).

To avoid confusion, we will not write this as u,(k,t). All together, we expect that a “nice”
solution u to the heat equation with “nice” initial data f will satisfy

{@[ﬁ](l{:,t) = —k%(k,t)
u(k,0) = f(k).
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This is really a family of IVP at the ODE level parametrized in k£ € R. (We posed the
heat equation only for ¢ > 0, but we can solve this IVP for all ¢, so we might as well consider
all ¢ here.) The notation may be burdensome, but all this is asking us to do is solve

y =—ky
y(0) = f(k)
for each k € R. Certainly we know how to do that: y(t) = f(kz)e‘k%. And so u should
satisfy R
Uk, t) = f(k)e ¥,

Now we can recover u from @ by Untheorem 19.15:

1 [ : 1 [~ .
u(z,t) = T / u(k,t)e™™ dk = NG / Flk)e F e k. (20.1)

This may well be a valid candidate for a solution formula!

20.2 Problem (x). (i) Fixt > 0 and z € R and define g(k) := F(k)e *te™*  Show that if
£ is integrable or bounded (bounded meaning the existence of M > 0 such that | f ( ) <M
for all k), then g is integrable, and so the integral on the right in (20.1) converges. (It
will turn out that if f is integrable, then ]? is always bounded, although not necessarily
integrable.)

(ii) Assume that we may differentiate under the integral on the right in (20.1) with respect
to « and ¢t as much as we want for x € R and ¢ > 0. Show that u as defined by (20.1)
satisfies u; = Uy,

(iii) Show that u as defined by (20.1) meets u(x,0) = f(x). [Hint: Untheorem 19.15.]

20.3 Problem (x). Repeat the work above for the transport IVP

U +u, =0, —co <z, t <00

u(z,0) = f(z), —o0o < x < 00
and recover the expected, beloved formula u(x,t) = f(x —t). [Hint: apply the Fourier
transform to w in x and get an ODE-type IVP for w. Solve it. Then recover w from its
Fourier transform via Untheorem 19.15. Do some algebra in the integrand and recognize
the integral as the Fourier transform of f.|

Now we begin the laborious process of verifying that (20.1) actually gives a formula for a
solution to the heat equation. Problem 20.2 ensures that, if | f| is integrable, then the formula
actually converges to a real number for each x € R and ¢ > 0. (What goes wrong if ¢t < 07
This is one mathematical reason to take ¢ > 0 in our statement of the heat equation—we do
it because it leads to a problem that we can solve!)
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~

We first replace f(k) in (20.1) by its integral definition and find

u(z,t) \/ﬂ/ <\/%/ fy)e ™ dy> e Kt .

~

Here we are writing the variable of integration in the definition of f(k) as y so as not to
overwork x. This cleans up slightly to

1 00 0o . .
u(z,t) = %/ / Fly)e ™e R ek qy dk. (20.2)

We might note that the factor of f(y) is the only factor in the integrand that does not depend
on k. If we interchange the order of integration (a dicey move—is Fubini’s theorem valid for
double improper integrals?), then we could probably pull it out of one integral:

1 00 oo ) . 1 oo oo . 2,
u(x,t) _ %/ / f(y)e_lkye_k teike g1 dy = %/ f(y) (/ e thy o=kt pikz dk) dy.

We focus on the integral in parentheses. Collect the complex exponentials into one:

o0 . 2 . o0 2 .
/ 6—zkye—k tezka: dk = / e—k tezk(m—y) dk.
—00 —00

Pull in that factor of 1/27 and define

1
H(s,1) = o / e teths .

Problem 19.12 and the comparison test ensure that this integral converges. Then our solution
candidate should be

u(z,t) = / " H(z— 9, 0f () dy. (20.3)

Now we need to check that this integral converges and that it is sufficiently differentiable in
x and t. Doing so will require a much deeper understanding of H, which turns out to be
quite a nice function.

We start by cleverly rewriting H:

1 [~ 2
H(s. t —k=t 1ks dk = < / f(k\[ (—s)k dk) .
(s:1) = 27/ ‘ 27r V2

While this may not have been the obvious move, it shows that H(s,t) is basically a Fourier
transform (with the unusual notational choice of using s for the Fourier variable but & for
the variable of integration). Specifically, put
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This is a “Gaussian”type function, and one of its chief virtues is that it decays extremely
fast as X — +o0.

_x2
eX

H
S

Now let G(v/t-) be the function
G(WVEt): R = R: ks e VO?,

Then

Hs 1) = #g?ﬁ)(—s). (20.4)

Problem 20.2 ensures that this Fourier transform really is defined. So what is it?

The form of this transform first motivates us to think about transforms of “scaled” func-
tions. Let g: R — C be continuous with |g| integrable, and let & € R. Denote by g(a-) the
map

gla): R = C: z — g(azx).

20.4 Problem (!). Explain why |g(a-)| is integrable.

Then, by definition,

How can we relate g(a-) to g7 One idea is to make just g show up in the integrand. Substitute
u = ax to find, formally,

/ glazx)e ™™ dy = —/ g(u)e "k gy,
—00 «Q a-(—o0)

If a > 0, we should then expect

gla)k = ég (5> . (20.5)

(07

20.5 Problem (x). Clean this up using the following more general approach. Let h: R —
C be continuous and integrable and let « € R\ {0}. Prove that

/Z h(og) do = Fizl /Z h(s) ds.

—

What does this say about g(a-) for a # 0 and |g| integrable? [Hint: study the integrals
fgh(azn) dr and fgh(oza:) dx. Change variables and pay attention to how the sign of «
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affects the limits of integration.|

20.6 Problem (x). Let g: R — C be continuous with |g| integrable. Let d € R. Prove

that the “shifted map”
Sig: R = C: x> gz + d)

is integrable with

/OO g(x +d) dx = /OO g(u) du and @(l{:) = e™*G(k).

o0 —00

[Hint: for integrability, it may be easier to prove that the limits in Definition 19.7 exist and
then use Problem 19.13 to express fo_OOOSdf = limp_ f}_%RSdf.]

We combine (20.4) and (20.5) to obtain

His.t) = —=G(Vi)(~s) = ¢L2_7T <%> G (— (20.6)

So, what is G?

Day 21: Monday, February 24.
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Example 1 on p. 459 is Tychonov’s example for nonuniqueness in the
heat equation. Pages 462-463 outline the e-d-style argument that
limyo+ [* _H(z —y,t)f(y) dy = f(z). This is the behavior that one expects
with a delta function; see p. 471. Another “bounded in finite time” uniqueness result
is Theorem 2 on p. 465.

By definition, it is

~ 1 e 2 .
G(k) = \/_2_7'('/ e ek g,

This is one of those times when brute force is not, in fact, the best force, and we need some
tricks to evaluate this integral. We start by thinking about what G does (possibly from our
separable ODE days):

G'(z) = —2ze™ (= —22G(z)).

We also expect

Then
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We work quite a bit at the integral on the right:

OO ; 2 [ , 9 [ ‘
/ —2ze e dp = —,/ —ire T e qp = —./ ak[efﬂﬁefzk:p] de.
_ i)

]

If we can interchange the derivative and integral, then

~

ikG (k) = %ak L/% / T e it d:v} = %ak[é](k). (21.1)

Be careful with notation: we are writing G’ = 9,[G] for the “ordinary” derivative of G but
8]G] for the derivative of the Fourier transform of G. (Strictly speaking, we have not proved
that the transform is differentiable, because we did not justify interchanging the improper
integral and 0, above. We will.) Now rejoice at (21.1): this is really an ODE for G, and it

reads

~

ko~
OUGIk) = —5G ().
Perhaps it would look better as

Then y(t) = y(0)e /%, and so

So what is G(0)? By definition,
G(0) = — / T
=— e ,
V2T J oo

/_Oo e dx = /7, (21.2)

oo

and it turns out that

an identity that we will not prove here. Thus

—k2/4

G(k) = VT ke 1_
V2T V2
All together, we conclude from (20.6) and (21.3) that
1 4 s 1 1 2 1 2
H(s,t) = Gl—— ] = e sV st/
(5,2) v 2wt < \/E) v 2t (\/5) At

We call this function H the HEAT KERNEL.
This is a very nice expression for H—no more integrals! Be aware that s € R can be
arbitrary, but we need ¢ > 0. Also, it is traditional to leave the 4 inside the square root.

(21.3)

21.1 Problem (!). Check that H satisfies the heat equation in the sense that H; = Hg.
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At last we return to our candidate solution (20.3) for the heat equation:
00 o—(z—y)?/4t
o VATt

With this explicit formula for H, we can prove the convergence of this integral with two
different hypotheses on f.

u(x,t):/Oo H(x—y,t)f(y) dy = fly) dy, z € R, t>0. (21.4)

21.2 Problem (x). Prove that the (second) integral in (21.4) converges in each of the
following cases, assuming = € R and t > 0. [Hint: use the comparison test—the function
that you “compare the integrand to” will be different in each case.]

(i) f is bounded in the sense that there exists M > 0 such that |f(y)] < M for all y € R.

(ii) |f] is integrable.

This assures us that the function u in (21.4) is defined: u(z,t) € R for all z € R and
t > 0. Is u differentiable, and does u satisfy the heat equation? If differentiation under the
improper integral is justified (something we really do need to think about), then Problem
21.1 implies

w(,t) = 0, [ /_ Z H(z —y,0)/(y) dy} = /_ Z OLH (1—y. 1) F ()] dy = /_ Z Ho(o—y. 1) () dy
_ /: O2[H (x — y,t) f(y)] dy = 2 [/: H(z —y,t)f(y) dy] (2, 1).

Now that we have a solution to the heat equation, we start exploiting its properties. First,
the formula

e = [ " He— .0 /() dy

is not defined at ¢ = 0, but we want u(z,0) = f(x). One can show that if f is continuous,
then

o0

lim [ H(e—y,0)f(y) dy = f(). (21.5)

=0t J_ o

This is mostly a classical e-) argument that is a little too technical for us to do here but
that does not require all that many fancy tools. Thus if we put instead

* H(x—uy,t d R, t>0
w(a 1) = Jo H(z =y, 1) f(y) dy, = €R, (21.6)
f(x), z e Rt =0,
then w is continuous on Dy := {(x,t) € R? ‘ reR, t> O}, and u solves u; = g, on

D = {(x,t) € R? | reR, t> 0}. All in all, this is a bit weaker than what we found
for the transport and wave equations, where the solution formulas met the initial conditions
immediately, without any extra work.
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Next, what about uniqueness? We got that for free for transport and wave just from
those happy solution formulas. Is there only one solution to

Up = Ugy, —00 < T <00, t>0
u(z,0) = f(z), —oo < x < 07

Remarkably, no! Even taking f = 0 does not force uniqueness.

21.3 Theorem (Tychonov). There exists a function u that is continuous on Dy (as defined
above) and that solves the heat equation u; = u, on D (as defined above) with u(x,0) = 0.
However, u is not identically zero.

With some effort, one can show that for ¢ > 0, Tychonov’s solution is not bounded in z
by any exponentially growing function. Physically this unboundedness is wholly unrealistic:
how could the temperature in a rod soar to oo without help from any extra heat source?
(There is no heat source in the heat IVP beyond the initial temperature.)

So what does force uniqueness? It turns out that if we build a hypothesis onto the
solution’s behavior, not just the initial temperature, then we get uniqueness.

21.4 Theorem. Suppose that u solves the heat equation

(21.7)

Up = Ugy, —0O0< T <00, t>0
u(z,0) =0, —o0 <z < 00

and is continuous on {(:v,t) e R? } reR, t> 0}. Suppose also that u is BOUNDED IN
FINITE TIME in the sense that for all T > 0, there is My > 0 such that |u(z,t)| < My for
allz € R and t € [0,T]. Then u(z,t) =0 for allz € R and t > 0.

21.5 Problem (x). Give an example of a function u that is bounded in finite time, that
satisfies (21.7), that is discontinuous on {(z,t) € R* | # € R, ¢ > 0}, and that is not iden-
tically zero. Thus the continuity requirement in Theorem 21.4 really is necessary.

21.6 Problem (%). Which, if any, traveling wave solutions u(z,t) = p(z — ct) to the heat
equation u; = u,, are bounded in finite time?

We will prove this theorem later after we develop some new tools. Here is how it helps.

21.7 Problem (!). Suppose that u and v are continuous on {(ac,t) e R? ‘ reR, t> O},
solve the same heat equation

{ut:um, —o<r<oo, t>0 {vt:vm, —o<xr<oo, t>0
a

u(z,0) = f(z), —co <z < 00 v(z,0) = f(z), —00 <z < 00,

and are both bounded in finite time. Prove that u = v. [Hint: consider w = v — v, show



Day 22: Wednesday, February 26 105

that w is bounded in finite time (the triangle inequality), and apply Theorem 21.4.]

We might then ask what conditions on f guarantee that the solution to the heat IVP as
given by (21.6) guarantee that u is bounded in finite time. Given 7' > 0, we want My > 0
such that |u(x,t)| < My for all x € R and ¢ € [0,7]. Taking, say, ' = 1 and ¢ = 0, this
shows that we want M; > 0 such that |u(z,0)] < M, for all x € R. That means we want
|f(z)| < M for all z. And so the initial temperature distribution must be bounded.

Is that enough? We drop the subscript and assume |f(z)| < M for all z € R and some
M > 0. The previous paragraph shows that with u defined by (21.6), we have |u(z,0)] < M
for all z € R. Now we estimate u(z,t) for ¢ > 0. The triangle inequality for integrals implies

M o 2 M o 2
lu(z, )| < e~ (z—y)?/4t dy = e [(@=y)/2V1] dy.
Vart J-_ Vart J -

21.8 Problem (!). Substitute s = —(x —y)/2v/t in the integral on the right and use (21.2)
to derive a bound for u that is independent of ¢.

Now we have an existence and uniqueness result for the heat equation (pending some
housekeeping with unproven results).

21.9 Theorem. Let f € C(R) be bounded in the sense that there exists M > 0 such that
|f(z)| < M for all x € R. Then the only solution to the heat IVP

{ut = Upy, —00 < T <00, >0 (21.8)

u(z,0) = f(z), —co <z <00

that is continuous on {(x,t) € R? { reR, t> O} 18

S H@ -y, ) f(y) dy, x €R, >0 W
u(x,t)—{f(x), reR, t=0, H(s,t) = Wik

Day 22: Wednesday, February 26.
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Theorem 2 on p. 143 states the maximum principle; see also the minimum principle on
the following page and Example 2 on pp. 145-146. The maximum principle is proved
on pp. 148-149.

So what else is this solution doing? First, no matter what the initial temperature distri-
bution is, eventually everything “cools all the way down.”
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22.1 Problem (x). Let f € C(R) be bounded and let | f| be integrable. Let u solve (21.8).
Prove that
lim u(z,t) =0

t—o00

for each z € R. Go further and explain how this limit is “uniform” in x by finding a bound
lu(z,t)] < M(t) valid for all z € R and ¢ > 0 with lim; .., M (t) = 0.

This is physically reasonable, yes? Now we prove a physically baffling result. Suppose
that f(x) > 0 for all z € R but f(x¢) > 0 for some zy € R. Assuming, as usual, that f is
continuous, there is § > 0 such that f(z) > 0 for zg — 0 < x < x¢ + 0. Then, for ¢ > 0,

:c0+6

ule,t) = / T H(x -y 0)(y) dy > / Hz — y.0)f(y) dy > 0.

z0—09
The second, strict inequality is just monotonicity of the integral. The first, nonstrict in-
equality is a consequence of the following (and the nonnegativity of H and f).

22.2 Problem (%). Let a, b, ¢, d € R with a < ¢ < d < b. Suppose that f € C([a,b]) with

f(z) >0 for x € [a,b]. Prove that
d b
/ f< / J. (22.1)

If f(x) > 0 for x € [a,b], show that the nonstrict inequality in (22.1) becomes strict.
[Hint: start with a picture and check, using fundamental properties of integrals, that [ j f=

Sof=Jof=[of]

Here is what we have shown: if the initial temperature distribution f is nonnegative on
R but positive at some point xy (and maybe 0 elsewhere on R), then u is positive for all
x and all t > 0. Informally, “if f is positive somewhere, then u is positive everywhere.” If
we think about the heat equation as modeling the temperature of an infinite rod, then the
initial heat contribution from f gets “transported instantly” to all of the rod, even if that
initial heat contribution is localized over a small spatial interval, like (xg — 0, 29+ ). This is
an “infinite propagation speed” result for the heat equation, and it stands in marked contrast
to the “finite propagation speeds” for the transport and wave equations.

22.3 Problem (*). Let f € C(R) be bounded and nonnegative and suppose that u solves
(21.8). Prove that if u(zg,ty) = 0 for some zy € R and ¢y > 0, then u(z,t) = 0 for all
x € Rand ¢t > 0. [Hint: contrapositive, quantifiers.|

22.4 Problem (%). Prove the following “comparison” principle for the heat equation. Sup-
pose that fi1, fo € C(R) are bounded with fi(x) < fa(z) for all z and u and v solve

Up = Ugy, T ER, >0 Vi = VUge, TER, >0
a
u(z,0) = fi(z), x € R v(x,0) = fo(x), v € R.
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Prove that either u(z,t) = v(z,t) for all x € R and ¢ > 0 or that u(z,t) < v(z,t) for all
x€Randt>0.

22.5 Problem (4). Our initial value problems usually start at time ¢ = 0 (hence the
adjective “initial”) but that is not strictly necessary. We might define a “backward” version
of one of our favorite problems by specifying the “initial” condition at some time ¢, > 0
and then asking about the “genuine” initial data at ¢t = 0.

(i) Suppose that u solves

us +u, =0, (v,t) € R?
U(Q?,to) = g(l’), r€R
for some t; > 0. Find a function f (in terms of g and t() such that u(z,0) = f(x).

(ii) Prove that if u and v solve

us +u, =0, (z,t) € R? d v + v, =0, (z,t) € R?
an
u(z,to) = g1(x), € R v(z,tg) = go(z), x €R

for some functions gy, go with |g1(x) — go(z)| < € for all z € R, then
lu(z,t) — vz, t)| <€

for all (x,t) € R%. We might therefore say that the transport equation is “backwards
stable” in the sense that if two solutions are close at some point in time (not necessarily
time ¢ = 0), then they are close for all time.

(iii) Let n > 1 be an integer. The function

Up (2, 1) 1= e 70 sin(na)
n bl . n
solves
(un)t = (un)xxa (l',t) € R2
sin(nx
Un(®,1) = gu(z), T ER,  gu(z) = 51 )
Of course, the function v(z,t) = 0 solves
Vy = Vgg, (7,1) € R? () = 0
z) :=0.
v(z,0) = go(z), = € R. &

(You do not have to check this; note that here the n on w, is an indexing subscript, whereas
the partial derivatives are (u,); and (u,).,.) Instead, show that the heat equation is not
“backwards stable” as follows. Let € > 0. Explain why for n large we have

|9n(2) — go(x)] <€
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for all z € R but there will also exist (2,,t,) € R?* with ¢, < 1 such that
1
= < |up(Tn, tn) — v(Tp, ta)|-
€

That is, the solutions u, and v can be arbitrarily close at time 1, but that says nothing
about their closeness earlier in time. [Hint: for n large, we will have 1/n < €, but since
limy,_,e0 € /0 = 00, for n large(r), we will also have €* /n > 1/e ]

We turn our attention to proving Theorem 21.4. Our main tool in this proof is a result
worthwhile in and of itself: a “maximum principle.” Here we no longer work with the heat
equation on the whole real line, just on a finite spatial subinterval.

The following result captures the more or less physically reasonable idea that the tem-
perature in a finite rod with no internal or external heat source reaches its extreme values
either at the initial time of measurement or sometime subsequently at the endpoints. Heat
should flow throughout the rod and “even out,” not aggregate at some internal point.

22.6 Theorem (Maximum principle). Suppose that u solves
Ut = Ugy
fora <z <band0 <t <T and that u is continuous fora < x <b and 0 <t <T. Let
D:={(z,;t)eR*|a<z<b 0<t<T}
and

Doara :={(a,t) ER* | 0 <t < T} U{(2,0) €eR* | a <z < b} U{(b,t) eR* | 0Kt < T}.

’\t z\t

~ a e a b
p ° B
Then
max u(z,t) = max u(z,t).
(z,t)eD (z,t)EDpara

Proof. This is possibly one of the most demanding proofs in the course, so we give it in
multiple separate steps.
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1. Since u is continuous on the closed, bounded set D, the extreme value theorem implies
that u attains its maximum somewhere on D: there is (xg,t) € D such that

M = u(xg,tg) = max u(x,t).
(70, t0) = ma u(z,1)

Likewise, since Dpyy, is also closed and bounded, v attains a maximum somewhere on Dpapa,
and, since Dpara € D, we have

m:= max u(z,t) <M.
(il?,t)GDpara

Our goal is to show m = M; we proceed by contradiction and assume m < M. Then we
must have (2¢,%y) € D \ Dpara, as otherwise with (x¢,%y) € Dpara, We have M < m and thus
m=M.

2. Here is a sketch of D\ Dpara-

AN
v
8

D \ Dpara

With (zg,t9) € D\ Dpara, We have a < 9 < b and 0 < ty < T. Here are sketches of the two
possible locations for (zo,t), then: either in the “interior” or on the “upper boundary.”

(o, t0)
T4+ o—0 T+

(io?to)

A

AN
v
&

S S
a b

3. Our proof largely relies on a trick and an appeal to results from single-variable calculus,
which we briefly review here (and discuss further in Problem 22.8 below). Suppose f €
C*([e,d)]), so f achieves its maximum at some z, € [c,d]. If z, € (¢,d), then f'(x,) = 0 and
f"(x,) < 0. If, however, all we know is that z, € [c,d], i.e., x, is one of the endpoints, then
all we know is that f'(x,) >0 .

4. Here is how we use these results. If (zg,%)) € D \ Dpara, then a <z <band 0 <t <T.
We have u(zo, to) > 0, since the function u(zy, -) achieves its maximum on [0, 7] at ty € (0, 7]



Day 22: Wednesday, February 26 110

and U, (xo,to) < 0, since the function u(-, %) achieves its maximum on [a,b] at zy € (a,b).
And we also know uy(zg,t0) = uze(xo,t0). If we could get a strict inequality of the form
u (o, o) > 0, Or Uy (0, to) < 0, then we would get a contradiction. (This would happen, for
example, if we could rule out ty = T, then we would have 0 < t, < T, and so u(xo, tg) > 0.)
However, we do not have enough information to do any of that, and at best we know

(0, t0) > Uge(To, to)-

5. Instead, the trick of the proof is to modify u into a new function v, which has a slightly
more helpful second derivative in . Then we will apply these calculus results to v and learn
something more useful. Probably the simplest modification to u is to add another function
to u (since the heat equation is linear, this is a good idea), and perhaps the simplest function
that has a nontrivial second derivative is « — x*, or a multiple thereof. So, we put

v(z,t) = u(z,t) + ex?,
where we will specify € > 0 shortly.

6. Now we think about extreme values; certainly by continuity, v has a maximum on D. We
are going to show that

max v(z,t) = v(x,t

(m)EXD (z,t) (z1,t1)
for some (z1,t1) € D\ Dpara- This will allow us to apply exactly the same reasoning as above
to conclude

vt(xl,tl) 2 vm(xl,tl). (222)

But now we can compute
vz, t) = ug(x,t)  and v (2, t) = Uge(x, 1) + 2€.
Then the inequality (22.2) reads
(1, t1) > U (21, t1) + 2€,

which means
(@1, t1) > Ugg (@1, 1),

Since u solves the heat equation and uy(x1,t1) = g, (z1,11), that is the contradiction. Per-
haps surprisingly, we will not end up showing u;(xo, tg) > (o, to), which is perhaps what
we thought the original contradiction would be.

7. Now we focus on the maximum of v over D. First, if (,t) € Dpara, then 2* < max{a?, v’} =:
C'. (This requires a bit of thought if a < 0 or b < 0.) So,

max v(x,t) <m+ Ce. (22.3)
(I,t)eppara

Since we are assuming m < M, if we take e > 0 small enough relative to m, M, a?, and b?,
then
m+ Ce < M. (22.4)
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And
v(xo,to) = M + E:Eg > M.

(We have to keep the nonstrict inequality just in case xg = 0.) So, since (xg,tg) € D,

) > M. 22.5
(g?expv(x ) > (22.5)

8. We combine (22.3), (22.4), and (22.5) to conclude

a ,1) < ma ,U) =: , T
e, 1) = g v ) = vl )

for some (z1,t1) € D\ Dpara- This leads to the reasoning above and the contradiction. W

22.7 Problem (!). Reread the preceding proof and convince yourself that at no point was
differentiability of w at ¢ = 0 used. (This is important, because we really cannot assume
that u is differentiable at ¢ = 0 in practice!)

22.8 Problem (%). In calculus, we usually apply derivative tests for extreme values oc-
curring at interior points of intervals, so here is a chance to think about what happens at
the endpoints. Let f € C*([a, b]) and suppose that

f(a) = max f(z).

a<x<b
(i) Use the definition of the derivative to prove that f’(a) < 0.

(ii) Give an example (start by drawing a picture) to show that we may have f'(a) < 0, in
contrast to our likely calculus intuition that f'(a) = 0.

(iii) Give examples (start, again, by drawing pictures) to show that any of the possibilities
f"(a) >0, f"(a) =0, or f”(a) <0 are possible. When drawing, remember that f'(a) < 0.

22.9 Problem (x). Let u satisfy the hypotheses of the maximum principle. By considering
v 1= —u, prove that u also achieves its minimum on the parabolic boundary.

Day 23: Friday, February 28.

Now we start to prove Theorem 21.4. The idea is that if u solves the heat equation for all
x € Rand ¢t > 0 and is continuous at ¢ = 0 and bounded in finite time and if u(z,0) = 0,
then u = 0 (which is what we expect with zero initial conditions). Let 7' > 0; we show that
u(z,t) =0 for z € Rand 0 <t <7T. Since T' > 0 is arbitrary, this shows u(z,t) = 0 for all
t >0 and z € R. (The case t = 0 is the initial condition, so we ignore that.) Fix xy € R
and ty € (0, T]

We will prove that u(zg,ty) = 0 by showing that |u(zo, )| < € for all € > 0. Here is the
strategy.
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1. We are going to construct a “comparator” function v such that v(z,t) < 0 for all x € R
and t € [0,7] with v(zg,ty) = u(zo,ty) — €. This will yield u(xg,ty) < €, and a similar
construction will give the lower bound. We will achieve this inequality on v by finding that
v solves the heat equation and applying the maximum principle.

2. One way to build v is to exploit the linearity of the heat equation. We will find a solution
w of the heat equation (w; = w,,) and normalize it so w(zo,ty) = 1.

3. Then we will put v(z,t) := u(z,t) — ew(x,t) and get v(z,t) < 0. By the claims above,
this shows u(z,t) <e.

4. We will leave as a problem proving the inequality —e < u(x,t) via similar means.

Here is w:
%+ 2t

—_. 23.1

w(x,t) =

This is something of a “miracle” function—it is just so simplel—and it is the sort of thing
that one cooks up in a sudden 15 minutes of inspiration after a week of frustration.

23.1 Problem (!). Check that w is defined (i.e., no division by zero problems) and solves
the heat equation w; = w,, with w(z,ty) = 1.

Now we need to find the right domain D on which we will apply the maximum principle
to this v. Since v is defined for all x € R, we are free to choose any spatial interval that we
like. Perhaps the simplest is symmetry: —r < x < r for some r > 0. That is, we take

D:{(x,t)€R2 { —r<z<r, OStST}.
The maximum principle then guarantees that

max v(z,t) = max ov(z,t),
(:B,t)ED ($,t)€Dpara

where
Dpara ={(—r,t) eR* | 0 <t < T} U{(2,0) eR?* | -r <z <7} U{(r,t) |0<t < T}

is the parabolic boundary. If we can show that the maximum of v on D,,,, is nonpositive,
we are done. This will involve actually specifying r.

4t
T J
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We start estimating. Because we are subtracting w in the definition of v, to get an upper
bound on v on Dpyra, We want lower bounds on w on Dpara. On the vertical sides of Dpara,
we have © = +r and t € [0, 7], so

r? + 2t r?

+r.t) =
w( T7) $(2)+2t0_$(2)—|—2t0,

so here, using the finite time bound on u (which says u(z,t) < |u(z,t)] < My for x € R and

te0,7T]) ) )

My — e—"

U(:l:T, t) S ’U/(:l:T', t) — € GM.

— <
T3+ 2ty —
If we take r sufficiently large relative to My, xq, to, and €, then

2

Y

My — ———
T .Z'g-'-Qto_

On the horizontal side, we have |z| <r and ¢t = 0, so

[EQ

—>07

w(x,0) =€
and so here, using the initial condition u(z,0) = 0,
v(z,0) = u(z,0) — w(z,0) = —w(x,0) < 0.

Thus v(z,t) < 0 on the parabolic boundary, as desired. The reasoning above implies
u(zo,ty) < €, and we claim the other inequality holds.

23.2 Problem (x). Prove it. Specifically, by considering instead the “comparator” function
v(x,t) = —u(x,t) —ew(x,t), with w still defined as above, show that —e < u(x, ty), which
completes the argument.

Day 24: Monday, March 3.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Theorem 1 on p. 140 proves uniqueness for the finite rod heat equation via an energy
integral argument. Theorem 1 on pp. 482-483 discusses how to use the Fourier trans-
form to develop an explicit solution for the finite rod problem. Remark (2) on pp.
141-142 discusses “continuous mean-square dependence” on initial data. The para-
graph at the start of “T'he Maximum Principle and its consequences” on pp. 142-143
discusses how ||| ;> does not imply control over ||-|| . Continuous dependence on ini-
tial conditions in |||, appears in Theorem 3 on p. 147; see also the remark at the
bottom of that page and Example 3 on p. 148.
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We have done a lot of work on the heat equation posed spatially on R, i.e., the “infinite
rod” model. In particular, we had to assume an infinite spatial domain to use the Fourier
transform. However, the maximum principle only required us to work on a finite domain.
We might wonder, mathematically and physically, about the heat equation for a “finite rod.”

As with the wave equation for a finite string, this involves boundary conditions. One such
problem is

Up = Uy, 6 << b, >0
u(z,0) = f(z), a<x<b (24.1)
u(a,t) = 0(t), u(b,t) =r(t), t >0,

for given functions f: [a,b] — R and ¢, r: R — R. This models a rod for which the
temperature at the left and right endpoints is known; other boundary conditions incorporate
“insulation” to prevent heat flow, which introduces requirements like u,(a,t) = 0 and/or
ugz (b, t) = 0.

As with the wave equation, we can use an energy method to prove uniqueness.

24.1 Problem (!). Explain why to show uniqueness of (24.1), it suffices to show that if u

solves
U = Uy, a << b, t>0
w(z,0) =0, a<z<b (24.2)
u(a,t) = u(b,t) =0, t >0,

then u = 0.

24.2 Theorem. There is only one solution to (24.2).

Proof. We assume that u solves (24.1) and study the “energy integral”

Bt) = / " e 1)? d.

We have E(t) > 0 since the integrand is nonnegative and

E(0) :/abu(x,0)2 d:c:/abO de =0

from the initial condition u(z,0) = 0. We will show E’(t) < 0 for all ¢. Then E is decreasing,
so E(t) <0forallt>0. But 0 < E(t) as well, so 0 < E(t) <0, and therefore E(t) = 0 for
all t.

Onwards to differentiating. A solution to (24.2) is really twice continuously differentiable
for 0 <z < L and t > 0, per our PDE conventions, so Leibniz’s rule applies. We have

E'(t) =0, Vabu(x,z&)2 dx] = /ab Or[u(z,t)?] dv = /ab 2u(x, t)uy(z,t) de

after differentiating under the integral and using the chain rule. This is an integral with
respect to x, and we can connect u; and u,, via the heat equation, so we should probably
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do so and obtain

E'(t) = 2/ w(z, t)ug(x, t) du.

If in a calculus class we encountered an antidifferentiation problem of the form [gg”, we
would probably integrate by parts with u = g (terrible notation here, given the role of u in
the heat equation) and dv = ¢” to conclude [gg” = g¢’ — [¢'g’. Doing so here gives

b
E'(t) = 2u(z, tyu, (z, 1)) — 2 / uy(z,t)? d.

Since u(a,t) = u(b,t) = 0 by the boundary conditions, the first terms are 0, and so

b
B(t) = —2/ o, £)2 dz < 0,

as desired. [ |

24.3 Problem (!). Describe in words (using as few symbols as possible) how this energy
argument for the heat equation both resembles and differs from the energy argument for

the wave equation that proved Theorem 15.5.

The proof of Theorem 24.2 contains an important auxiliary result. Suppose that w solves

Wy = Wy, 0< <L, t>0
w(0,t) =w(L,t) =0, t >0

and is continuous for 0 < x < L and t > 0. Then the function
b
Elw] := / w(x,t)? dv

is decreasing, and so Ew|(t) < Efw](0) for all ¢ > 0.

24.4 Problem (!). Reread the proof of Theorem 24.2 and convince yourself that this is
true. (Here we are saying nothing about an initial condition for w(x,0), and so we no

longer conclude that Efw](t) = 0 for all £, nor do we want to.)

Now suppose we have two heat solutions with the same boundary conditions but possibly

different initial conditions:

U = Uy, 0 << L, t>0 Vg =Vpe, 02 < L, t2>0
u(z,0) = aft), t >0 and J @0 =alt), 20
u(L,t) =0b(t), t >0 v(L,t) =b(t), t >0
u(z,0) = fi(z), 0<z <L v(x,0) = fo(z), 0 <ax < L.
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Put w = u — v, so w solves

w(z 0):0 t>0
w(L,t) =0, t>0
w(z,0) = filz) = folz), 0<z <L

Then the energy integral above implies E[w|(t) < E[w](0) for all ¢, where

b b
Elw](t) = / w(z,t)? de = / [u(z,t) — v(:zc,t)]2 dx

and
b
Elul(©) = [ w(e.02 do= [ [filz) - foo)]
That is,
b 2 b 2
/ [u(z,t) — v(z,t)]” do §/ [fi(z) = fo(z)]” da (24.3)
for all ¢ > 0.

This should feel like our “continuous dependence on initial conditions” result for the wave
equation. Both here and there, we bounded a difference of two solutions to the same PDE
in terms of a difference of the initial conditions. The difference here is that the differences
are no longer purely pointwise—they involve integrals.

How should we interpret these integrals? We need some new analytic tools. Recall that
we have said, repeatedly, that integrals represent functions and extract and measure data
about functions. We have seen such representations via FTC1 and the Fourier integral in
Untheorem 19.15 (the latter still needing some patching up). We have seen data extracted via
Fourier modes—such data is useful for representation purposes as in that touchy untheorem,
and there are other uses to come.

One of the most natural measurements to desire about a function is its size: how “large” is
it? That depends on one’s perspective. Say that f: [0, L] — C is continuous. From calculus,
f has extreme values, and so

[ flle = max |f(z)]

0<z<L

is defined.
+f ()
1o +

A

> T

~

We might call this number || f||_ the “maximum norm” of f. This value || ||, measures how
large in a “pointwise” sense f can be.
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We might also think about average value. The number

1 b
7 [ 1@l

is the average value of |f| on [0, L]. Put

b
1l = / f(2)] da.

We call this the “L'-norm” of f. (The unfortunate overworking of L as both an endpoint of
the domain of f and part of the name of the norm is an accident of culture and bad writing.)
When L > 0 is fixed, we might think that if || f||;, is a “large” number, then “on average” f
should be large, while if || f||;. is small, then “on average” f should be small.

But neither ||-||_ nor ||-|[;:. appears in our estimates for the heat equation. Instead, we

introduce the “L%*-norm”:
b 1/2
o= ([ 1R as)

The square root preserves a nice scaling property: |laf||,> = ||| f|;2- Such a scaling
property is already present in ||-||  and ||-||;.. Then (24.3) says

[ut) =v( Dl e < 1A= fall 2

As usual, u(+,t) is the function from [0, L] to R given by x +— u(x,t), and the same for v(-, ).

If ||-||, measures pointwise extremes, and ||-|[;, measures average value, what is left for
|-]] ;2 to measure? The less satisfying answer is that ||-||;. is simply a “mathematically
nicer” norm for a variety of reasons that we have yet to encounter. The possibly satisfying
“physical” reason is the slogan “squaring makes small things smaller and larger things larger.”
Recall that if 0 < y < 1, then 0 < 3> < y < 1, while if 1 < y, then 1 < y < 7°
Perhaps a function f records the outputs of an experiment or the difference between two
experiments; in comparing those differences, we might want an instrument that magnifies
“large” differences but penalizes “small” differences less. Squaring in the L?-norm introduces
that magnification /penalization behavior while still retaining the “averaging” behavior of the
L'-norm.

PN
~
8
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Our gut instinct is probably to want estimates in [|-|| _, as this is what we know best from
calculus so far. Unfortunately, an estimate in |||, or ||-||,» need not imply an estimate in
||| Consider the following picture, where €, L, M > 0 are fixed.

4 ()
M —_

PN
~
8

I I I
¥ L/2—¢ L/2+¢ L

It should be the case that || f||, = M but || f]|;. and ||f||;. are “small” since the area under
the graph of f = |f| is quite small.

24.5 Problem (+). Quantify this. First, find a piecewise formula for f (you may assume
that what look like line segments in the drawing above are actually line segments). Then
calculate || f||;. and || f||;.. Explain precisely how || f]|_, can be “large” even though || f||;.
and || f||,» are “small.” [Hint: try something like M = 1/e or M = 1/+/e.]

Day 25: Wednesday, March 5.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 222-223 discuss piecewise continuous functions.

Nonetheless, we can still obtain [-||  estimates on differences of solutions to the heat
boundary value problems. The maximum principle and Problem 22.9 together tell us that if

Wy = Wy, 0< <L, t>0
w(0,t) =w(L,t) =0, t>0
w(x,O) :f1<$>—f2(l’), 0<z< L7

then the maximum and minimum values of w over 0 < x < L and 0 <t < T (for any T > 0)
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occur on the “parabolic boundary” sketched below.

t
T

w(O, t) =0, t >0 ey D — w(L,t) =0,t>0

)
A)

7
w(z,0) = fi(z) — fa(x), 0

On the vertical sides of this boundary (z = 0 and x = L), w = 0, so those sides contribute
nothing really interesting to the extreme values of w. Suppose —e < fi(z) < fo(x) < € for
all x € [0,L]. Then the minimum of w on the parabolic boundary is at least —e and the
maximum is at least €, so —e < w(x,t) < efor all x € [0, L] and ¢t € [0,T]. Even better, this
estimate is independent of 7', so it is true for all ¢ > 0.

Here is what we have proved.

25.1 Theorem. Suppose that u and v solve

Up = Ugy, 0< <L, t>0 Vg = Ve, 0< <L, t>0
u(z,0) =a(t), t >0 and v(z,0) =a(t), t >0
w(L,t) =b(t), t>0 o(L,t) = b(t), t >0
u(z,0) = fi(z), 0<x <L v(z,0) = fo(x), 0<z <L

(@) I 1/ = follz < e, then Ju(-,8) = v(- Dl 2 < € for all ¢ > 0.
(i) I lIfi — follo < € then Ju(~t) = v(~ )], < € and [lu(-t) = v(-D)l|,2 < Le for all
t> 0.

25.2 Problem (!). Prove the L-estimate in part (ii) of Theorem 25.1.

25.3 Problem (%). Let f € C(R) be bounded with |f(y)| < € for all y € R. Suppose that
u is continuous on {(z,t) € R* | z € R, ¢t > 0} and solves

Up = Ugy, —00 < T <00, t>0
u(z,0) = f(z), —o0o < x < o0.

Develop an estimate for |u(z,t)| that is, ideally, independent of z and t but involves e.
[Hint: Problem 21.8, Theorem 21.9.]

We could go further and ask about “average” behavior of solutions to the heat equation on
the line. This would require introducing the improper integral analogues of the L'- and L*-



Day 25: Wednesday, March 5 120

norms, and generalizing ||-||__ to functions defined on R (and note that continuous functions
on R need not attain an absolute maximum or minimum there—think of arctan). This is
where we are headed anyway, and it will be a natural part of our upcoming retread of the
Fourier transform—we have eaten dessert first, and now it is time for better nutrition.

An adequate theory of the Fourier transform requires us to integrate more than just
continuous functions. Consider the following functions graphed below. The “area under the

graph” between x = —1 and x = 1 of each function should be the same, even though the
functions are quite different.
4 S1(x) fo() f3(x)
———o

Any “good” notion of area should take into account that “the area under a point is 0.” That
fo disagrees with f; just at x = 0, and that f3 is not even defined at x = 0 should not
matter.

These three functions have two important features in common. First, they are “mostly”
continuous in the sense that they are defined and continuous at all but finitely many points
of [=1,1]. The function f; is defined and continuous at all points in this interval; the function
f2 is defined everywhere but discontinuous at 0; and f3 is not even defined at 0. Second,
these functions have very good limit behaviors: the limit

A flo)

exists for all x € (—1,1) and each k, and “most of the time” these limits are equal (and equal
fr(x) to boot) because the fi are “mostly continuous. Also, the two limits

lim fi(z) and lim fi(z)
s——17F s—1—

exist. The point is that the f; are not all that badly behaved—in particular, there are no
vertical asymptotes/blow-ups.

Here is a fourth function, now defined on (most of) [—1, 2], that should have a well-defined
area under its graph.

fa()

The only difference here is that sometimes limg ,,+ f4(s) # lim, - f4(s) for some z €
(—1,2).
All of these functions are what we want to call “piecewise continuous.”
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25.4 Definition. Let a, b € R with a < b and suppose there is {x;}r_, C |a,b] such that
the function f: [a,b]\ {zx}r_y — C is continuous and that all of the following limits exist:

lim f(s), lim f(s), a<z<b, and lim f(s).

s—at s—T s—b~

Then we say that f is PIECEWISE CONTINUOUS on [a,b]. The set of all piecewise con-
tinuous functions on [a,b] is Cpy([a,b]).

We emphasize that a piecewise continuous function on [a, b] need not be a function defined
“on” [a,b]. The point is that any integral worth its salt should “forgive” the absence of

definition at a few points and also jump discontinuities. We now give meaning to [ Z f for

f € Cpw([a,b]), assuming that we only know how to integrate continuous functions, per
Theorem 2.1.
Here are two illustrative examples of how this should proceed.

25.5 Example. (i) Let f € Cpy([a,b]) be discontinuous and/or undefined at a. Define

= ) limg .+ f(s), z=a
fila,b) = C:az— {f(x), hev<h

Then f € C([a,b]), and so we set fl;f = fo

(ii) Let f € Cpw([a,b]) be discontinuous and/or undefined at ¢ € (a,b). Define

= _ flx)a<z<ec
fi:la,c] - C:z— {hms—>c s), o= c
and
e . 1ims—>c+ f(S), r==c
fa: [C,b] —-C:z— {f(x)7 c<z<b
Then f; € C([a,d]) and f5 € C([c,b]), and so we put fo = fZ]?l + fﬁf;

For f € Cyw(]a,b]) with f discontinuous and/or undefined on {zx};_; C [a,b], we just do
this repeatedly: break [a,b] into n subintervals on which f is continuous and has left /right
limits at the endpoints, create a continuous function by setting the values at the endpoints
to be those left/right limits, and then defining [ Z f as the sum of the (ordinary) integrals
over those subintervals. We then recover the analogue of Theorem 2.1. We can even obtain
a new meaning of integrating over a subinterval of [a, b]: for a < ¢ < d < b, we have

d b
1, c<x<d
= c,d]y c,d)\T) =
/c d /an[’d] Xea (@) {O, x <corc>d.
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25.6 Theorem. FEvery part of Theorem 2.1 remains true for I = [a,b] when C([a,b]) is
replaced by Cpw([a, b]).

25.7 Problem (!). Define

0, -1<z<0

and F:[—l,l]—>C:xl—>/ f.
1, 0<z<l1 .

f:[—l,l]—ﬂC:xt—){

Show that F' € C([—1, 1]) but F is not differentiable at 0. Thus the fundamental theorem
of calculus can fail when the integrand is not continuous!

We have defined piecewise continuity on a closed, bounded subinterval of R, but the
Fourier transform requires us to work on all of (well, most of) R. We might like to say that
f € Co(R) if f € Coy([a,b]) for all [a,b] C R, but this is a little awkward—what exactly is
the domain of f? Here it helps to be more explicit (and annoying).

25.8 Definition. Let {x;}72, C R be a subset such that {x}r>, N [a,b] is finite for any
closed, bounded subinterval [a,b] C R. (In particular, this holds if there is d > 0 such that
|z, — x| > d for all j # k.) Suppose that f: R\ {zx}r=; — C is continuous and that the
limits

F(a*) = lim f(x)

s—at

exist for all x € R. Then f is PIECEWISE CONTINUOUS on R. The set of all piecewise
continuous functions on R is Cpy(R).

25.9 Problem (+). Prove that if there is d > 0 such that the set {zx}72, C R satisfies
|zg, — x;| > d for all j # k, then {z4}72, N [a,b] is finite for any [a,b] C R. (However,
the converse is not true—consider a set whose elements are 2 —1/2,2 +1/2,3 —1/3,3 +
1/3,4—1/4,4+1/4,.... There is no “minimum distance” between points in this set, but
since any [a,b] C R contains only finitely many integers, it will also contain only finitely
many points of this set.)

As before, a piecewise continuous function on R does not have to be defined “on” R,
though certainly we have C(R) C C,(R). Unlike before, since R has no endpoints, we just
need to know that the left and right limits at any point in R exist. Continuity forces their
equality off {z};2,. Also, the condition that {z}7>, N[a, b] be finite for all closed, bounded
subintervals [a,b] C R just ensures that the points at which f € C,(R) is discontinuous
and /or undefined do not “crowd up” too much anywhere. In practice, the functions that
we will typically meet will be discontinuous and/or undefined at only a “few” points in R,
probably finitely many, sometimes only at one or two points.
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Day 26: Friday, March 7.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Examples 1, 2, and 3 on pp. 424-425 compute Fourier transforms from the definition.
Problem 10 on p. 429 proves the Riemann-Lebesgue lemma. Proposition 1 on p. 432
proves the all-important identity f (k) =ikf ( ) using the decay order language from
p. 432. See also Corollary 1 on that page. Theorem 1 on p. 433 gives another condition
on f € L' that guarantees f € L' (among other nice things). See also the remark and

example on p. 434.

We now define improper integrals of piecewise continuous functions on R using the integral
for piecewise continuous functions on subintervals of R.

26.1 Definition. (i) Let f € Cow(R) and suppose that the limits

[ [t o= [

exist. Then f is INTEGRABLE on R and we put

[o=Lo] s

(ii) A function f € Cpyw(R) is ABSOLUTELY INTEGRABLE if |f]| is integrable, and we
denote by L', or sometimes L'(R), the set of all absolutely integrable functions. The L'-

(SEMI)NORM of f € L' is
= | 191

As much as possible, we should try to avoid working with the definition of the integral
(sometimes this is not possible) to show that a function is integrable. Fortunately, the
comparison test carries over.

26.2 Theorem (Comparison test). Let f € Cpw(R) and g € L* with |f(z)| < |g(z)| for
x € R\ {zx}2, for some set {x}p2, C R. Here we assume that R\ {xy}72, is contained
in the domains of both f and g. Then f € L and

IRBNEN

26.3 Problem (+). Prove that L' is a vector space in the sense that af € L' and
f+ge L' forall f, g € L' and o € R. (For the sum, use the triangle inequality for
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real numbers and the comparison test; if f: R\ {zx}re; — C and g: R\ {yx}pe; — C
are continuous, interpret the domain of f + g as R\ {zk, yx}rey.) [Hint: use results from
Problem 19.13.]

26.4 Problem (+). While L' is a vector space, it is not an “algebra” (which is a vector
space in which one can multiply the vectors nicely): it is not true that if f, g € L', then
fg € L'. Define f: R — C by f(z) = 0 for x < 1, and, for z > 1, if n > 1 is an
integer such that n < 2 < n+ 1, then f(z) =n forn <o < n + 1/n? and f(z) = 0 for
n+1/n®> <2 <n+ 1. First graph f over [—3, 3] to get a sense of what is going on. Then
show that f € L' but f* ¢ L'. [Hint: for what values of p € R does the series > oo nP
converge?|

26.5 Problem (+). Prove that ||-||;. satisfies three of the four properties that one usually
demands of a “norm” on a vector space:

[l =20, lafllp = lellfll, and  [Lf + gl < 1Fllz =+ gl

for all f, g € L' and a € R. However, find an example of f € L' such that f # 0 but
|| fll;1 = 0. For this reason, we might strictly prefer to call |||, a “seminorm” (for it to be
a norm, we would want || f]|;, = 0 to force f = 0).

At last we are ready to (re)define the Fourier transform.

26.6 Definition. The FOURIER TRANSFORM of f € L' at k € R is

k) = LK) = J% / Y @)™ da.

We first observe that while f € L' need not be defined on all of R, the Fourier transform
definitely is; convergence of the Fourier integral follows from the comparison test and the
identity |e=**| =1 for all k, z € R. We will soon see that f can be a much nicer function
than f.

Now we actually calculate a Fourier transform (this is the first time that we have done
so directly from the definition!).

26.7 Example. Fix r > 0 and let

fla) = {1’ ol = v (26.1)

0, |z| >r.

It is a worthwhile exercise in the definition of the integral to show f € L'; we leave this as
a problem. (The function f is really the INDICATOR FUNCTION of the interval [—r, 7],
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and later we will write x(x,r) := f(x).) It then follows from Problem 19.13 that

—1kz
T [ g

so we calculate this integral. We may as well assume R > r, and then

R r
/ f(x)e ™ doy = / e~k dy.
-R -

flk) =

That is,
R r
lim / f(x)e ™ da :/ e~k dy,
R—oo [_p _r
and so )
1 )= o / e~ .
For k = 0, this gives
A 2r
1dx = ,
/(0 \/ 2m / V2T
while for £ # 0 we have
. 1 1 T ) eikr _ efikr
k)= ——— —ike % dy = — e k) dy = ————
fk) V2r —ik /r zk\/27r —r ik\/2m
2r e —e ™ 2 sin(kr)

T kver 2 V2m kr
Now put
in(X)/X, X
sinc(X) := sin(X)/X, X 70
1, X =0.

We have shown

f(k) = \/257 sinc(kr),

and this is a rather nicer function than f, since we recall from calculus that sinc is infinitely
differentiable.

26.8 Problem (!). Do that worthwhile exercise and show that f € L', where f is defined
n (26.1).

26.9 Problem (%). Let f € L'.

(i) Prove that if f is even, then fis even, while if f is odd, then fis odd.
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(ii) Prove that if f is real-valued, then f(k) = f(—k). [Hint: use the fact that fZ? = be

This is true for improper integrals, too.]

(iii) Prove that if f is real-valued and even, then f is also real-valued. How does this
explain the result of Example 26.77

The nice properties of J?as computed in Example 26.7 carry over well to Fourier transforms
in general.

26.10 Theorem. Let f € L.

(i) The Fourier transform is linear: for f, g € L' and o, B € C,

of + Bg(k) = af(k) + 63(h).
(ii) The Fourier transform [ is bounded with the estimate

(AR

[F(R)] < Jor

for all k e R.
(iii) The Fourier transform is continuous: fec (R).

(iv) [Riemann—Lebesgue lemma| The Fourier transform vanishes at =oo:
limk_>ioo f(k’) = 0.

Proof. Linearity is just the vector space property of L' and the linearity of the integral.
The boundedness estimate is the triangle inequality:

—zkw - —ikx _ L - _ ||f||L1
|F(k 27?/ fla)e ™ dz| < / |dx_m/oo\f(x)|dx— N

The proofs of continuity and Vanishmg at +oo require more e—)-type analysis than we care to
do here. We discuss one situation of continuity in the problem below, under more hypotheses,
and we discuss vanishing at +oo later under other, and more, hypotheses.

Note that f € L* 1mphes f € Cpw(R), by definition of L', but now f € C(R): this is much

better behavior for f ! [ |

26.11 Problem (+4). (i) A natural way to try to prove continuity of f\is to rewrite
. ky —
)| = P2

‘f(l@) — f(ky)| = Wl _oo </01 o ial(1=t)k1+ths] dt) zf(z) da

First show that (26.2) is true. The utility of (26.2) is that it exposes transparently a factor
of ko — k1; we might hope that if ky — k; is small, then we could use the boundedness of

(26.2)
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the improper integral to show that |f(k2) — f(k:l)| is small. Unfortunately, this integral
may not converge unless (Jf)(z) := xf(z) is absolutely integrable. Suppose, now, that
Jf € L' and use (26.2) to prove continuity of 7.

(ii) Prove that if all we know is that f is continuous and vanishes at oo, then f is
bounded (although this does not help us recover the bound in terms of || f||;.). Do not use

the definition of]/c\, jJust the two properties of being continuous on R and vanishing at +00.

We formalize the most useful property of the Fourier transform.
26.12 Theorem. Let f € L'NC'(R) with f' € L'(R). Then f'(k) = ikf(k) for all k € R.

Proof. Since f’ € L', Problem 19.13 allows us to write

A’ e dy = lim / e dy,
f \/ o2 / f 21 Rl—>00 f

The goal is to get f, not f’, to show up in the Fourier integral. We are now working with
the integral of the product of a derivative (the f’'(z) factor) and a very well-behaved factor
that is easy to differentiate and antidifferentiate (the e~ factor), so we integrate by parts
With dv = f'(z) dx (as we do not necessarily have more derivatives on f) and u = e~** to

/ f —zka: dIZ' o f( —zkx i_]jR / f —Zk‘ —ikx dﬂf
R
= f(R)e™™® — f(—R)e™* + zk/ f(z)e ™* dg.
-R

Now we see the Fourier integral for f start to emerge. It would be nice if those “boundary”
terms at the start vanished, and they do: the hypotheses here imply limg_ 1, f(R) = 0, and
so we have

R—o0

R [ee]
lim (f (R)e ™ — f(—R)e™ + ik / fa)e ™ dm) =0+ ik / flz)e ™ da.
—R oo
Incorporating our insistent factor of 1/v/27, we are done. m

26.13 Problem (x). Let f € L' N C'(R) with f/ € L'(R). This problem shows
lim, . f(z) =0, and an analogous argument can treat the limit at —oo

(i) By considering the identity f(z) = f(0) + [, f'(s) ds, show that L :=lim, , f(z)
exists.

(ii) Prove by contradiction that L = 0: if L > 0, argue that for some M > 0 and all
x > M, we have f(x) > L/2. Why does this contradict f € L'? Make a similar argument
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if L <0.

(iii) Give an example of f € L' such that lim, ., f(z) # 0. [Hint: construct f so that the
limit does not even exist. It will be hard to get a continuous f to do that, so allow f to be

discontinuous, possibly in infinitely many places; f can be mostly 0, except where it is not
0.]

26.14 Remark. The previous problem and theorem have profound consequences. Here
are the easy sound bites before we see those consequences. First, ODE become algebraic
equations under the Fourier transform, while PDE become ODE in the “time” variable
under the Fourier transform in the “spatial” variable:

ODE = algebraic, PDE = ODE.

Second, and unfortunately, it is not guaranteed that the candidate solution from the Fourier
transform will encompass all solutions to a problem. The reason is that the hypotheses of
Theorem 26.12 presume decay of the solution at (spatial) infinity.

As we previously observed in our study of the heat equation, we can iterate Theorem
26.12 and take the transform of any derivative.

26.15 Corollary. Let f € C"(R) for some r > 1 and suppose f9 e L' for j =0,...,r.
Then f0) (k) = (ik)" f(k).

This gives new insight into the decay of Fourier coefficients as k — +o0o. For k # 0, the
corollary says

—_—

N ISR 1) P
Fiy =8 o ()< e (1)), (26.3)

That is, if f is r-times continuously differentiable and all of its first r derivatives are inte-
grable, then f decays like k™" at +o00. This is fast!

Day 27: Monday, March 17.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 447-448 state and discuss the inversion theorem, and its proof begins on p. 498.
Example 3 on pp. 436-437 applies the Fourier transform to v = ay + f(z).

Next we consider inverting the Fourier transform. Untheorem 19.15 gives us the (unfor-
tunately false) hope that

1 - ikx
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for f € L'. The first problem here is that maybe f€ L'. This turns out to be the case with
the function f from Example 26.7, namely because sinc ¢ L' (which follows from a picky
argument involving exploding lower bounds and the harmonic series).

It is possible to add hypotheses to f € L' that guarantee fe L'. Here is one example.

27.1 Problem (!). Let f € L' N C*(R) with f’, f” € L'. Show that f € L'. [Hint: how
fast does f decay?|

So, we might want to relax the inversion statement to involve the weaker symmetric limit
in the integral: maybe

fla) = =PV [ e dk = —— fim Rf()““"dk-

This too turns out to be false.

27.2 Problem (!). Explain why by considering

o= {y e 0

The true story of Fourier inversion involves “averages.” For f € L', the limits

F(®) == lim_ f(s)

s—at

exist for all x € R, and, with slightly more hypotheses on f, the actual Fourier inversion

formula is ( +) ( )
fla™)+ f(z™ ik
5 o 1%1_1}1;0 f dk. (27.2)

27.3 Problem (!). Suppose that f € L' N C(R) with f € L' and (27.2) is true for some
x € R. Why does that imply about (27.1)7

What are those other hypotheses? The function f needs to be more than just piecewise
continuous (like all functions in L')—it needs to be piecewise continuously differentiable. We
first give the definition by a picture, and then we give the definition.
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The function above is 0 on (—oo, —2) and [3, 00), and slightly more complicated on [2, 3].
It has some jump discontinuities, and it is not defined at —1, and it is defined and continuous
but not differentiable at 1, but it is definitely the case that

F(a*) = lim_f(s)

s—axt

exist for all x € R and are equal except for x = 2, 3. Likewise, the limits of the LEFT AND
RIGHT DIFFERENCE QUOTIENTS

L) = @) @ h) = f()
h—0t h h—0~ h

(27.3)

exist at all x € R and are equal except for x = +2, 1, 3. (In fact, these limits are equal at
x = —1 even though f is not defined there!)

Suppose that we take the unusual step of defining f'(x) to be either of the difference
quotients in (27.3) when they are both equal. Then

o )0, z# =212 3andz <lorx>2
fx) =
L 1<z<2

This function f’ is piecewise continuous on R in the sense of Definition 25.8!

27.4 Definition. Let f € Cow(R) and suppose that

S fae g fa e~ f)
B0+ h h—0— h

exist for all z € R. (In the expression f(x + h) we are assuming that h # 0 is so small
relative to x that f is actually defined at x + h; this is possible because, by definition of
Cow(R), f is defined at all but countably many points in R, and these points all lie at a
certain minimum positive distance from each other.)

Suppose also that these limits are equal for x € R\ {xy}p2,, where {zx}re; C R is a
set such that {xy};2, N [a,b] is finite for any closed, bounded subinterval [a,b] C R. For
such x, let f'(x) be either of the limits above. Suppose last that ' € Cpy(R). Then we say
that f is PIECEWISE CONTINUOUSLY DIFFERENTIABLE on R, and we denote the set
of such functions by C,(R).

As with Cy(R), a function in Cj,(R) need not be defined on all of R. Additionally, and
unfortunately, a function in C;W (R) need not be differentiable on all of its domain—thus the
domains of f and f’ as defined above may be different! It is probably best not to think too
hard about this and to keep the picture above foremost in mind.

Now, ponderously, we can state the true Fourier inversion theorem.
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27.5 Theorem (Fourier inversion). Let f € L' NC}(R). Then

f@) + ) e
1 =, [ e o

As with Theorem 26.10, the proof of this theorem is more analysis-heavy than appropriate
for our class. In practice, we will not use it all that much—remember that we want to use the
Fourier transform to find candidate solutions for differential equations. If we assume that
such solutions are nice enough that the ideal inversion formula (27.1) applies, then we have
hope of checking it rigorously. (Anyway, even Theorem 27.5 is better than the full result for
inverting the Laplace transform, which requires complex analysis and line integrals.)

Last, we give a name to the integral appearing in the ideal version (27.1) of Fourier
inversion.

27.6 Definition. Let g € L'. The INVERSE FOURIER TRANSFORM of g is

G(z) == k)e ™ dk.

1 o0
V2T /_oo g

The inverse Fourier transform, therefore, is just the “reflection” §(x) = g(—x).

27.7 Problem (!). Prove that if f € L' N C'(R) with f € L, then

At this point we might be disappointed and frustrated with Fourier inversion. The hy-
potheses are complicated and the results are awkward. One life lesson might be to move
away from seeking pointwise equalities and more toward averaging (we already saw this with
continuous dependence on initial conditions for the heat equation). Perhaps there is a “norm”
|-|| in which we might meaningfully measure function “size” and for which we would have

If=7ll=0

with fewer hypotheses on f? There is, but it requires more analysis and integration theory
than we can develop here.

Instead, we return to applying the Fourier transform to differential equations. Let a € R
and f € L'. We will find a solution candidate for the ODE ¢ = ay + f(x) via the Fourier
transform. Of course we do not need the transform at all to solve this ODE—we have
variation of parameters. The point here is to see more about how the Fourier transform
interacts with differential equations and how some other, less obvious properties of the
transform naturally arise.

As usual, we work backwards. Assume there exists y € L' NC'(R) with ¢/ € L' such that
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y' = ay + f(x). We take the transform of both sides of ¢’ = ay + f(z) to find

y'(k) = ay + f(k)
and then use the derivative property and linearity to have

iky(k) = ay(k) + f(k).

This is the algebraic equation that y(k) must solve—no more derivatives in here.
We rearrange this to

(ik — a)j(k) = (k).
If a # 0, then Re(ik —a) = —a # 0, so ik —a # 0 for all k € C. Then we can solve for y(k):

~

o) = JE

—a

27.8 Problem (!). If a = 0, then the division strategy above fails. Show that if y €
L'NCYR) with ¢/ € L' and ¢/ = f(x) (it is redundant here to specify f € L'), then
f(O) = 0. This is a “solvability condition” on f: under the assumptions on y, we cannot
solve 3y = f(z) for all f € L*.

At this point we might use the inversion theorem to suggest that

1 . . 1 0o 7 k ‘
y(z) = E/ y(k)e*™ dk = \/%/ ilic(—)aem dk.

This is essentially what we did with the heat equation, and then we would study this inte-
gral intensely. However, the integral above looks nothing like any result from variation of
parameters, which suggests that we can do better.

One idea is to look more carefully at the integrand. Maybe we can find g € L' such that

1
/\k —

and then the integral would be

/ " F Rk di = Var ).

Maybe there is something more profound that we can say about fﬁ(az‘) How does the Fourier
transform interact with products?

27.9 Problem (!). Explain why you should expect E(k;) # f(k)g(k) in general. [Hint:
integration 1s “additive” in the sense that fZ(f+g) = fo+ fZg, but do we know anything

about how fog and (fo) (fZg) are related?|
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We first take up the task of finding ¢ € L' such that

1
g(k) = .
9(k) ik —a

Our approach is wholly nonrigorous: we fool around. This equation is equivalent to
ikG(k) — ag(h) =1,
and the left side looks like a derivative relation:

ikg(k) — ag(k) = g'(k) —ag(k) = &' — ag(k).
So, we would like
g —ag(k) = 1. (27.4)
Now it looks like we are assuming that g € C;W(R) with ¢’ € L', but, remember, we are
only fooling around. The identity (27.4) reads

| (@@ - aglape o = Var

[e.e]

As they say, “if it moves, differentiate it.” Differentiate both sides with respect to k and pass
the derivative through the integral (why not? we are just fooling around) to find

/OO z(g'(z) — ag(z))e™** dx = 0. (27.5)

Put ¢(z) := z(¢'(x) — ag(x)). Then (27.5) says
q(k) =0
for all k£, and, notwithstanding our disappointments with the inverse transform, we want this
to imply ¢(z) = 0 for all z. Thus, maybe,

z(g'(z) — ag(z)) =0
for all x, so for x # 0,
g'(x) = ag(x).

Then g(z) = g(0)e®”, right? But, for g(0) # 0, such g explode at 00 (depending on the
sign of a), and so ¢ ¢ L'. Maybe, however, the elimination of # = 0 from consideration
above gives us an idea. We do not need g € C*(R) to have g € L'. What if we “break” the
exponential where it starts to explode?

For simplicity, assume from now on that a > 0. Put

e <0
Eae) = {o £>0

Then E} € C},(R) and in fact E} is differentiable everywhere except at 2 = 0 with

axr <O
SOUCIIE S — aE} (x).
() () {vao o (@)

So, EI seems to be doing what we expect from our very dodgy formal manipulations above.
Now we check that E] actually does what we want.
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27.10 Problem (x). Using only the definitions of L' and the Fourier transform, show that

El e L' and
EF(k) = — .
0= o= (=)

It then follows from our previous work that if 3’ = ay + f(x) with y, v/, f € L', then

~

gy = T e f e k).

zk—a

So, what is going on with the product of those transforms?

Day 28: Wednesday, March 19.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 681682 review Fubini’s theorem. Pages 435-436 discuss convolution.

We pause from considering 4 = ay + f(x) and let f, g € L*. We want to understand the
product f(k)g(k). When all else fails, go back to the definition:

or f (k ( / flx)e ™ dw) ( /_ . g(y)e ™ dy) -

We have collected those insistent, persistent factors of V27 on the left, and we have written
different variables of integration for the different integrals—this is just good mathematical
grammar. Since the integrals are numbers, we can move one inside the other by linearity:

o f (k)G / ( / fx)e e dx> e ™ dy = / / F(@)gly)e ™ ) do dy.

Can we see a single Fourier transform pop out of all this? It would be nice if the expo-
nential did not depend on both z and y, so we substitute s = = + y with x = s — y and
ds = dz in the inner integral to find

/_Z F()g(y)e ® ety dy = /_O; F(s —y)g(y)e ™ ds.
N o o

—iks

Then

If we could get that e out by itself, the double integral would look more like a Fourier
integral. We can accomplish this by interchanging the order of integration—a perilous Fu-
bination for a doubly improper integral:

/_Z /_Z f(s —y)gy)e* ds dy = /: /: F(s — y)g(y)e ™ dy ds.
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28.1 Theorem (Fubini, highly specialized). This works. More precisely let f, g € L'
and let h € Cp(R) with h bounded (there is M > 0 such that |h(s)] < M for all s € R).

Then
//f$— d:ndy—//fa:— Vh(z) dy dx

for —co <a<b< oo and —o0 <c¢c<d<oo.

We take the version of Fubini above for granted and will not prove it. Thus

e N I

(28.1)
The inner integral on the right has a special name.

28.2 Theorem. Let f € L' and g € Cpy(R) with g bounded. Then the CONVOLUTION of
f and g,

(f * o)a / 1@ - v)o(y) dy,

converges for each x € R.

28.3 Problem (+4). Prove this theorem with the comparison test. Then show that fxg =
g * f by substituting.

In our toy problem, we have assumed f € L' from the start, and now we are working
with g = E, which is definitely bounded, so the boundedness hypothesis in the definition of
convolution does not restrict us here. Now we can interpret (28.1) via convolution. Changing
variables from s back to x, we have

27050 = [ (Fxg)la)e ™ da.
but that seems to be presuming f * g € L', no?

28.4 Theorem. No. (Yes?) Let f, g € L' and suppose that at least one of these functions
is bounded. Then fxg € L' and

1F*glle < Nl llgllz -

28.5 Problem (+). Prove this theorem as follows. First, the hypotheses guarantee that
f * g is defined on R. Next, fix R > 0. Use the triangle inequality and Fubini’s theorem
and fill in the details of the following estimates:

R o R
/Rl(f*g)(ﬂf)l ey /Oo /R|f(w — 9)lle)| do dy < £l gl
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Then apply part (iii) of Problem 19.13.

Embiggened by this result, we have

Fa) = <= (= [ reaoe s ar) - L0,

This is the answer to our question of how the Fourier transform interacts with products.

28.6 Theorem. Let f, g € L* with at least one of these functions bounded. Then

T g(k)

Fk)G(k) = Nor

We digressed from the story of solving 4/ = ay+ f(x) via the Fourier transform to introduce
the important transform of E; and the even more important operation of convolution. Now
we redo this ODE from a Fourier point of view more quickly, so we can see how everything
works all together. Once more, assume y € L' NC'(R) and f’ € L'. Then our prior work
gives

and so convolution gives
1

J(k) = —2r (E) FrEF(k) = —F=EF(R).

This strongly suggests that a solution candidate should be
y(x) = —(f *EJ)(2).

We work on this convolution:

FeED) = [ fa-y dy—/ flo— et dy =~ [ f(s)ene ds

oo

after substituting s =z — y with y = z — s and ds = —dy. Thus

(f % ED)(x) = e / e (s) ds,

and so the solution to y' = ay + f(z) should be

y(x) = —e™ /00 e f(s) ds. (28.2)

Actually checking this is not too hard with the product rule and FTC1, which still works
for improper integrals.

More interesting might be the question of why the Fourier transform (laboriously) only
gave us one solution to y' = ay+ f(z). We never specified an initial condition, so we might be



Day 28: Wednesday, March 19 137

expecting an arbitrary constant somewhere in the solution. Where is it? To use the Fourier
transform, we presumed y € C'(R) with y, v/ € L'. That forces lim,_,+o y(2) = 0. The
long-ago Example 5.1 told us that the only solution to ¥ = ay + f(x) with lim, . y(z) =0
has exactly this form (28.2). The Fourier transform will not necessarily yield all solutions
to a differential equation because legitimate application of the transform presumes decay at
spatial infinity.

28.7 Problem (x). Redo the Fourier analysis of ' = ay + f(x) assuming a < 0 and using
the function
0, <0
HOES N
e, x>0.

Use the now-developed machinery of convolutions to streamline your response—mno need
for all of the asides as developed above. [Hint: you will need a formula for E; (k) when

a < 0. Can you possibly relate this to the existing formula for EX (k) 7]

28.8 Problem (x). Let E(z) = e~*l. Show that

~ 1 2
E(k) = —=—.
(k) Vork?+1

Try to do this not by using the definition of the Fourier transform but by recognizing E as
the sum of EX for some choice of a.

(28.3)

28.9 Problem (+). Suppose throughout that y" —y = f(z).

(i) Use (28.3) to show that the candidate solution for this ODE that one obtains from the
Fourier transform is -
va)=—3 [ eI ds

(ii) Show that the solution above has the form predicted by variation of parameters (The-
orem 12.4). In particular, what are the values of y(0) = yo and y'(0) = y; that emerge
from this analysis? [Hint: first work out what (12.3) looks like in this case, assuming arbi-
trary values for y(0) = yo and y'(0) = y1; at some point sinh(x) and cosh(z) should show
up—recall Problem 6.9. Then rewrite the integral above as a sum of integrals of the form
f foo and f ;o, where the exponentials in the integrand have no absolute values. Rewrite
those integrals to expose factors of €. Do algebra until sinh(x) and cosh(z) appear.|

(iii) Using the Fourier transform to find a candidate solution here presumes that y and
y' vanish at +oo (recall Problem 26.13). Suppose that y solves 3y’ —y = f(z) with
lim, 100 y(2) = lim, 100 /() = 0 and with f € L'. Argue that

y(0) +4/(0) = — /Oooe—Sf(s) ds and y(0) - y/(0) = — / e f(s) ds.
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How does this compare to the values for y(0) and y'(0) that you found in the previous
part? Note that the integrals exist by the comparison test, since f € L' and the expo-
nentials are decaying on the given intervals. [Hint: from variation of parameters, express
y(x) = A(x)e® + B(z)e™™ for some functions A and B. Argue that A :=lim, ., A(x)
and Boo = lim,_, o, B(x) both exist as finite real numbers, and so if the limits above on y
at 00 are 0, then Ay = Boo = 0.]

Day 29: Friday, March 21.

Please continue reading and working through the material from Wednesday.

Day 30: Monday, March 24.

We are going to study an aspect of end behavior for the heat equation mostly as a way of
getting further practice with properties of the Fourier transform and convolution. We need
one more function space.

30.1 Definition. A function f € Cyw(R) is BOUNDED if there exists C' > 0 such that
|f(z)] < C for all x in the domain of f. Denote the set of all bounded piecewise continuous
functions on R by L.

30.2 Problem (!). Prove that if f € L' and g € L™, then fg € L'. This is possibly one
of the most common uses of the comparison test for improper integrals in analysis. (Use
the idea in Problem 26.3 to make sense of the domain of fg.)

30.3 Problem (1). Let f € L' NC'(R) with f € L'. Prove that f € L* and find C' > 0
such that |f(z)| < C for all z € R. [Hint: Fourier inversion.|

30.4 Problem (%). Prove that L is a vector space in the sense that f + ¢ € L* and
af € L= for all f, g € L™ and « € C. (Refer to Problem 26.3 for how to make sense of
the domain of f + g.)

30.5 Problem (%). Give an example of f € L' such that f & L. [Hint: f can be mostly
0, except where it is not 0.]

We might like to put a norm on L* by

I/l := max| ().

e

The problem is that a (piecewise) continuous function may be bounded and yet never attain
a maximum on R; think of arctan or f(z) =1 —sech(z) =1—2/(e® + e *). The real norm



Day 30: Monday, March 24 139

on L comes from replacing max by sup, which requires just a little too much real analysis
for this course.
Here is what we are going to do with the heat equation. Problem 22.1 gave conditions
for a solution u to the infinite rod heat equation to satisfy
lim u(x,t) =0

t—o00

for all x (actually, uniformly in x). Now we establish the limit

lim u(x,t) =0

T—00

for all ¢ (though not uniformly in ). Here is why we should expect this: if we can interchange
the integral and the limit (BIG IF), then

%0 00 o~ (a—y)?/dt
lim u(z,t) = lim H(x—y,t)f(y) dy = lim

_ d
T—00 z—oo | z—oo J_ /47T_t f(y) Yy

o (a—y)2/at

/mm —— 1) dy

since
e—(z—y)?/4t
lim S——— f(y) = 0

z=oo /47t
for all fixed y € R and ¢ > 0.
The first step is to view the solution to the heat equation as convolution. Specifically, let
feC(R)N L*. Then
u(z,t) = (H( 1) * f)(z)
solves the heat equation for ¢ > 0. Here, of course, H is the heat kernel. This is all from

Theorem 21.9. The notation above means that we are taking the convolution in the first
variable of H and thinking of time ¢ in that convolution just as a parameter.

30.6 Problem (!). Let ¢t > 0. Check that H(-,t) satisfies the following:
H(,t)e L'NL® and H(-t)e L.

Here H(-,t) is the Fourier transform in the first variable of H. [Hint: use (21.3) to relate

~

H(k,t) and H(k,t). Cite results from Problem 19.12 for integrability.]

Going forward, we will ignore ¢ and instead think about a function m satisfying the
following. Really, m = H(-,t) for ¢ fixed; this just cuts down on the writing.

(ﬁl) m € L' (Problem 30.6 for m = H(-,t)).
(M2) 7 € L' (Problem 30.6 for m = H(-,1)).

And we will assume the following on f, which is not quite the same as in Theorem 21.9.
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(F1) fe L™
(F2) m* f € C'(R) (Theorem 21.9 for m * f = H(-,t) * f).

By (Ml), (?1), and Theorem 28.4, we have g :== m * f € L', and then by Theorem 28.6,
we have m = fﬁf/\/ﬁ Since m € L' by (1\7[2) and f € L™ by (131), we have mf € L'
by Problem 30.2. That is, § € L'. Since g € C'(R) by (F2), we may use the ideal version of
Fourier inversion from Problem 27.7 to get

g(x) = g(—).

And since g € L', we have

by the Riemann-Lebesgue lemma (Theorem 26.10). This gives

lim g(z) = lim g( z)=0.

r—Fo00 r—Fo00

Abstractly, painfully we have proved the following.

30.7 Theorem. Let f € C(R)N L™ and let
u(z,t) / H(z—y,t)f(y) dy, z € R, t >0,

where H s the heat kernel. Then

lim wu(z,t) =0.

z—+00
It happens that we have omitted an argument in our study of convolutions: to have
fxge L', weneed fx*g € Cpy(R). We never proved this, but we can get better: if f € L'

and g € L™, then f* g € C(R). That is, convolution of piecewise continuous functions is
genuinely continuous.

30.8 Theorem. If f € L' and g € L™, then f * g € C(R).
Proof. Fix z € R It suffices to show
lin (f # g)(x + h) = (f * g)(a).
We consider the difference
(Fea)o+h) = (Fra)e) = [ fo+h=g) du= [ fle=p)aly) d
— [ [y~ fa = ) do



Day 30: Monday, March 24 141

Then we estimate
x

|(fxg)(x+h)—(f*g)(z)| S/ \[f(Hh—y)—f(x—y)}g(y)\dySC/ | fla—y+h)—f(z—y)| dy,

—00 —0o0

o0

where C' > 0 is such that |g(y)| < C for all y € R. Substitute s = x — y above to find
|(fxg)(z+h)=(fxg)(z)] < C/_ [f(s+h)=f()ldy =C|[S"f = fll.. (8"f)(s) = fs+h).

It turns out that
tim 51— 1], =0

for any f € L'. Here are some pictures to suggest why this is true.

A

Vi
A}

The idea is that for A small, the graphs of f and S" f are so close that they have roughly the
same area underneath. The closeness of the graphs of S™f and f “far away” from the origin
in the first picture also indicates the proof strategy of showing limy_,q HSh f—f H =0
split the integral into three integrals over (—oo, —M]|, [-M, M|, and [M, o0), where M > 0
is large enough so that the integrals over (—oo, —M] and [M, 00) are very small, and then
exploit the piecewise continuity of f on [—M, M] to take h small enough that the integral
over [—M, M] is very small. |

30.9 Problem (+). Here is how to make the last paragraph of the preceding proof precise.
(This requires awareness of uniform continuity.)

Assume f € L' and, for simplicity, assume f € C(R), not just Cpy(R). Let € > 0. We
want to find 6 > 0 such that if 0 < |h| < ¢, then

15" f = fllpw < e
For M > 0, rewrite
1S"F = fll, = Z-(M. k) + Z(M, ) + T, (M, h),

where

(o)

M M
T_(M,h) = / S"F—fl, I(M,h) = /M|shf—f|, and I,(M,h) = / S"F— f].

00 — M
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(i) Use the triangle inequality to estimate

T (M,h) < /h_Mm +/__M!f!-

—00 o0

Since f € L', choose M so large that [ 1_—001\/1’ f] is small (say, a fraction of €). Then with

|h| < 1, argue that f’:oM\f\ is also small.

(ii) Do a similar argument to show that Z, (M, h) is small.

(iii) Use uniform continuity to show that for some 0 < 6 < 1, if 0 < |h| < 6, then Z(M, h)
is also small.

Day 31: Wednesday, March 26.

We know well that

u(xvt) = (H<7t) * f)($)7 H(5>t) =

solves the heat equation

{ut = Uy, (z,t) €D
u(z,0) = f(z),

Since H(-,t) € L' (by Problem 19.12), we can assume either f € L' or f € L™ for the
convolution H(-,t) * f to be defined for ¢ > 0. Since we presume no differentiability of u at

t = 0, we have not said anything about the requisite regularity of f. It turns out that is not
too important.

D:={(z,t) eR* |z €R, t>0}.

31.1 Example. Let
1, 2| <1
flx):= { =]

0, |z| > 1.

This f is decidedly discontinuous. But since f(y) = 0 for |y| > 1, we have

)= () D)) = [ =gt dy= = [ i,

Now w is a very nice function; the integrand meets all of the hypotheses for Leibniz’s rule

for definite integrals, and, repeatedly differentiating under the integral, we find u € C*(D).
That is, the solution u is vastly smoother than the initial data f.

The situation above is really a more general consequence of convolution. Suppose that
feL'and g € L™, so f * g is defined. Suppose further that f € C'(R) and f € L'; then
f' * g is defined, and we would expect from differentiation under the integral that
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(f*g9)(x) =0, [/_OO flx—y)g(y) dy} = /_OO el f(x —y)g(y)] dy = /_OO fx—y)g(y) dy
= (f'*g)(z).

Here is another reason why we would expect (f * g) = f'*g. Suppose f, g € L,
feCR), f € L', and g € L™. Then, again, both f * g and f’ * g are defined, and both
are in L' with
frxg(k) = V2erf/(k)g(k) = Vomikf(k)g(k) = ik(V2r f(k)g(k)) = ikf * g(k) = (f * g)' (k).
This is not a proof that f * g is differentiable, but the putative equality m = (@’ does
lead us to expect (f xg) = f'*g.

If it is true that f + g € C'(R) for f € L' NC'(R) and g € L™, then

31.2 Problem (%). For r > 0, let

x(x,r) = {1’ ol = (31.1)

0, |z| >r.

Let f € L*. Explain why (f * x(-,7))(x)/2r is the average value of f on [z — 7,z + 7],
and so we can view convolution as (up to a constant factor) an “averaging” operation, in
addition to sometimes a “smoothing” one.

We do one more application of the Fourier transform to solving PDE and rederive D’ Alembert’s

formula it
oy - LRG0 L

for the wave equation
Uy = Ugy, T, t ER
u(z,0) = f(z), x € R
u(z,0) = g(z), x € R.
Of course, the goal is not to see another derivation of D’Alembert’s formula so much as to

see the Fourier transform in action.
Taking the Fourier transform, we arrive at the ODE for u(k, -):

O[u](k,t) + K*u(k,t) = 0

u(k,0) = f(k)
Oi[u](k,0) = g(k).

This is a more notationally complicated version of the problem
y// + ]{?2 y = 0
y(0) = yo
y/(O) =,
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whose solution, by Example 6.6, is

0
y(t) = yo cos(kt) + yrt sinc(kt), sinc(T) = {im( )/E the
, T=0.
With that ODE result, we have
U(k,t) = f(k) cos(kt) + gkt sinc(kt),

and so Fourier inversion suggests the candidate solution

u(z,t) u(k,t)e* dk = f ) cos(kt)e'** dk—l—— k)t sinc(kt)e™® dk.
7w v

We examine each term on the right separately.
First, we use the complex form of the cosine,

6i’t + efi’c
2 )

(e L )3 ),

L[~ ike o _ J@+t)+ flz—1t)
E/wf(k)cos(k:t)ek dk = 5 .

This is the first term in Duhamel’s formula, so we are on the right track.
For the second term, put
|z <t
x(z,t) = {

0, |z| >t

cos(T) =

to express

\/%_ﬂ /_Z ]?(k) cos(kt)e™™ dk =

and then Fourier inversion gives

N | —

as in (31.1). We calculated in Example 26.7 that its Fourier transform is

X(k,t) = sinc(kt).

2t
\ 2T

Then we rewrite the second term as

k)t sinc(kt)e*® dk = 1 { / h g(k) (%L\/%kt)> ke dk] = % / Z G(k)X(k, t)e™ dk

_ ‘/2_ (\/%/ Lk, t)e dk:) = %a?(-,/tm).

Recall that for functions ¢ and 1, we have the general relation

O x = V2r 0

[\

= a
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and so we expect

Sxp =1 = V2.
Thus the second term in the candidate solution should be

\/_/ k)t sinc(kt)e™™™ dk = (Q*ng

31.3 Problem (!). Use the result of Problem 31.2 to show that this second candidate term
is what we expect the second term to be from D’Alembert’s formula.

31.4 Problem (!). Use the Fourier transform to find a formal solution to

up + uy = g(x,t), —oo <z, t < oo
u(z,0) = f(z), —o00 <z < 0.

Your solution should largely resemble your solution to Problem 20.3. Simplify your answer
until you arrive at the solution form from Theorem 9.6. [Hint: the new feature here,
compared to Problem 20.3, is the presence of g. It may be easier to start with fgg(x —t+
T,7T) dt, rewrite

1 o -
glz—t+T,T) = \/_2_7r/ Gk, 1)@=t gk,

and then interchange the order of integration.|

31.5 Problem (x). Use the Fourier transform to find a formal solution to

Uy = Uge + B(2,1), 2, t ER
u(z,0) = f(z), z€R
u(z,0) = g(z), z € R.

Your work should largely resemble the steps above for the wave equation (so you should use
this as an opportunity to check your understanding of those steps). Simplify your answer
until you arrive at the solution form (12.6).

31.6 Problem (+). (i) Use the Fourier transform to find a formal solution to

{ut:u$x+g(x,t), —o<zr<oo, t>0 (31.2)

u(z,0) = f(z), —00 <z < 0.

Get down to a formula that resembles (20.3) but also takes into account g; use this as an
opportunity to check your understanding of the development of (20.3) back when g = 0.

(i) In the spirit of the “propagator” operators for the transport and wave equations (recall
the discussion following (12.1)), develop an operator P such that a candidate solution for
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(31.2) is t
u(z,t) = /0 Pt —rT,x)g(-,7T) dt.

Explain clearly how you constructed P. You do not have to prove that your candidate
solution actually solves the driven heat equation; indeed, this will be delicate due to a
certain “singularity” in P (¢t — 1, z)g(-, T) that would make differentiation under the integral
unpleasant.

Day 32: Friday, March 28.

You took Exam 2.

Day 33: Monday, March 31.

Material from Basic Partial Differential Equations by Bleecker & Csordas

The examples on pp. 683-684 suggest that we cannot naively differentiate under the
integral all the time. Pages 684687 discuss dominated convergence; this is wholly
optional. Pages 687-689 discuss differentiating under the integral—mote the remark
at the top of p. 689 on piecewise continuity.

The time has come to pay our dues and think seriously about differentiating under the
integral. For a long time, we have blithely assumed that we can do this, and when we could,
it proved things like solutions to the heat equation given by convolution, and smoothing of
initial data. Why does this work?

The goal is to prove that

o, [ |t dT} — [ nism

assuming enough reasonable hypotheses on f. (This probably will not be true for all f,
but we do not want the hypotheses to be so restrictive that they would not match, say, the
convolution structure for the heat equation.) In particular, we need to assume enough so
that all integrals involved converge.

The limit definition of the derivative means that we really want to show

/_(:f(5+haT]z_f(S7T) dT:/_OO f(S+h,T)—f(S,T) dr.

lim

lim
o h—0 h

h—0

This motivates the following set-up and notation.
Let I C R, and we put

D:={(h,T)€ER* | hel, TeR}.
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Let q: D — C and suppose that either hy € I or hy € R is an endpoint of I. We want to

show
o0

lim q(h, ) de/ lim q(h,T) dr. (33.1)
—c0 h—hg

h—hg — 00

If hy is an endpoint, then we allow left or right limits; we also allow hy = +00. What do we
need first for this equality to make sense and second for it to be true?

Of course, the integrals must be defined and the limit on the right must exist. So, we
want q(h,-) € L' for all h € I, and we want the limit

Q(7) := lim g(h,T)

to exist for all T € R, and we want Q € L'. Is this enough to guarantee that the limit on
the left exists and the equality (33.1) is true?

33.1 Problem (%). No. Let

1 2
]., HST<H, h?éo, TeER
q(h,T) =

0, otherwise.

(i) To get a feel for g, first graph ¢(1,-), ¢(1/2,-), and ¢(1/4,-).

(ii) Show limy,_,0q(h,T) = 0 for any T € R. [Hint: what happens if |h| is small enough that
T <1/h|9

(iii) Compute [* g(h,T) dt and show that limy,_,o [*_g(h,T) dT = .

(iv) Explain why there exists no M € L' such that |¢(h,T)| < |M(T)| for all (h,T) € R?.
[Hint: given T > 0, compute q(1/7,7) and conclude |M(T)| > 1 when T > 0. Alternatively,
use the previous part to get a lower bound on ||M]||;, in terms of |h|; what happens as
h— 09

33.2 Problem (%). And no. Let

1 1
1, WST<W+1, h7é0, TeR
q(h,T) =

0, otherwise.

(i) To get a feel for g, first graph ¢(1,-), ¢(1/2,-), and ¢(1/4,-).

(ii) Show limy_ogq(h,T) =0 for any T € R. [Hint: again, what happens if |h| is small
enough that T < 1/|h|?

(iii) Compute [ _q(h,T) dt and show that lim,_o [~ _g(h,T) dT = 1.
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(iv) Explain why there exists no M € L' such that |q(h,T)| < |M(7)| for all (h,T) € R>.
[Hint: again, given T > 0, compute q(1/7,T) and conclude |M(t)| > 1 when T > 0.]

We need an extra hypothesis on ¢, which might feel vaguely reminiscent of the “trapping”
or “dominating” behavior of the comparison test. The right thing to assume is the existence
of M € L' such that |g(h,T)| < |[M(7)| for all (h,T) € D. (Indeed, assuming this makes the
hypothesis ¢(h,-) € L' unnecessary by the comparison test!)

Here is the technical result.

33.3 Theorem (Dominated convergence). Let I C R be an interval, let D :=
{(h,’t) e R? | hel, TER}, let hg € I or let hg € R be an endpoint of I, and let
q: D — C be a function with the following properties.

(i) q(h,-) € Cow(R) for each h € I.
(ii) The limit Q(T) := limp,_p, q(h, T) exists for all T € R.

(i) @ € Cou(R).
(iv) There is M € L' such that |q(h,T)| < |M(7)| for all (h,T) € D.

Then

o0

lim q(h,T) dT:/ hmth d’t—/ QT
h—ho — o0 _

If hy is an endpoint of I, then the result above is still true with limy,_,p, replaced by limh_ma: ;
the result is also still true for hg = £o0.

33.4 Problem (!). Assume that the hypotheses of the dominated convergence theorem
are met with ho € I and that ¢ is continuous on {(h,7) € R* | h € I, T € R}. Put Z(h) :=
fioooq(h, T) dt for h € I and prove that Z is continuous at hq.

We now apply this to give precise hypotheses on when differentiating under an improper
integral is valid. Let J C R be an interval and let Dy := {(S,T) € R? ‘ sed, te R}. Let
f: Dy — C. To ensure that [ iooo f(s,7T) dt, the integral that we are differentiating, converges,
assume f(s,-) € L' for all 5. To ensure that the appropriate derivative of this integral exists,
assume that f, exists on Dy. From now on, fix s € J.

Let

I,={heR|s+heJ} and D,={(h1)eR|hel, TeR}.

Put
f(s+h,T)— f(s,7)
h :
In the notation of the dominated convergence theorem, we are thinking that Q(t) = fs(s, T).
We are not keeping track of s anymore in the notation of ¢ or Q.

q: Dy — C: (h,T) —
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We need q(h, ) € Cpw(R), and that will be true if f(s,-) € Cpw(R) for all s € J. We also
need @) € Cpy(R), and that will be true if fi(s,-) € Cpw(R) for all s € J. All that is missing
is a dominating function.

Here it would be highly annoying if we settled for finding M € L' such that |g(h,T)| <
|M ()| for all (h,T) € D,. The reason is that we typically do not want to differentiate under
the integral at just one s; if we had to change M for each s, our result would not be very
powerful. Instead, it turns out that we just need to dominate f;.

That is, suppose there exists M € L' such that |f,(s,T)| < |M(7)| for all (s,7) € D.

Then ) | peth
Q(h,’f):f(5+ ,Tf)L_f(S,T) :El fs(U,T) dO’,

and so we estimate (if A > 0; if h < 0 we just flip the limits of integration)

<5 [ kel de < [ M@ do = 1+ b= M) = Do)

We have therefore checked all of the hypotheses of dominated convergence. (Note that the
estimate |f,(s,T)| < |M(T)| is not enough to guarantee f(s,-) € L")
Here is our streamlined result.

33.5 Theorem (Differentiating under the integral for improper integrals). Let J C R
be an interval, let Dy := {(s,’t) e R? | sed, te ]R}, and let f: D — C be a function with
the following properties.

(i) f(s,) € L' for all s € J.

(ii) fs exists on Dy.

(iii) fs(s,-) € Cow(R) forall s € J.

(iv) There exists M € L' such that |f(s,T)| < |M(7)| for all (s,7) € Dy.

o [ tem ] = [ nem e

Day 34: Wednesday, April 2.

Then

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 339-340 provide a concise historical overview of Laplace’s equation. Pages 342—
343 discuss steady-state solutions to heat and wave.

We apply this to check over differentiating a convolution. The goal is the identity

), { | te=natw) dy} — [ -t dy
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Of course, we could also put all the burden of differentiability on g.
Put F(z,y) = f(z — y)g(y). To have F(z,-) € L', we know that we need either

fel'andge L* or felL*andge L

In the notation of Theorem 33.5, we assume that Dp = R? and that both f and g are defined
on all of R. (This is not always true for functions in LP, p = 1, co.) For F, to exist, we
assume f € C'(R); it then follows that F,(,-) € Cpy(R) since f € C(R) and g € Cpy(R).

Last, we want a dominating function for F},. Because we want (f * g)' = f' * g, we are
expecting that we need either

ffel!andge L™ or f €L®andge L'
In the first case, we would estimate

|Fo(z,y)| < Clf'(z = y)l,

where [g(y)| < C for all y. But then we would need to estimate |f'(x — y)| just in terms of
y. That is, we would want M € L' such that

|f'(x —y)| < [M(y)]

for all z, y € R. This is asking too much.

34.1 Problem (!). Show that if |f'(z—y)| < |[M(y)| for all z, y € R, then |f'(s)| < |M(t)]
for all s, t € R. This would be a very strong domination condition on f’, one that is
probably too hard to check in practice.

So, the workaround is to assume f € L, which means that we should just take ¢ € L'
all along. Here is the technical result on differentiating convolution.

34.2 Theorem. Let f € L® NC'(R) with f' € L™, and let g € L*. Then f * g € C*(R)
with (f*g) = f *g.

We might call this the “smoothing” property of convolution: ¢ can be a very “bad”
function—possibly nowhere differentiable (such functions do exist!) but still piecewise con-
tinuous and absolutely integrable—and yet, if f is differentiable, then so is f * g.

34.3 Problem (!). The discussion above proves almost all of Theorem 34.2. Under the
hypotheses of that theorem, explain why f’* g € C(R). [Hint: Theorem 30.8.]

We now have the tools to check that the heat kernel does indeed give a solution to the
heat equation via convolution in the spatial variable. As usual,

6732/4t

H(s,t):ﬁ

, seER, t>0,
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and we have H, = H,,. We know that if f € L' U L>, then the convolution u(z,t) =
(H(-,t) * f)(x) is defined, since H(-,t) € L* for all ¢ > 0. Also, we can check (by induction)
that for any r > 0,

0;[H|(s,t) = pr (;) H(s,t) (34.1)
for a polynomial p, of degree r (where the coefficients of p, are independent of t). For
example,

—s2/4t 2
e S s z
HS 7t - - - (_>H ,t, = ——
(s,t) Tt ( 4t> P 7 (s, ) pi(2) 9
and

Ho(s,) =0 (3) His.0) 41 (3) Hols, ) = (5) Hs. 0, po(e) = () + i ()

The result is that for each ¢ > 0 and r > 0, we have 0.[H](-,t) € L™ since the exponential
in H vanishes faster as s — +o00 than any polynomial.

To differentiate u, we want to use our convolution theory to control the z-derivatives and
plain old differentiation under the integral for the ¢-derivative (since the behavior in ¢ does
not come from a convolution). Suppose f € L'. Then we can repeatedly apply Theorem 34.2
(with, annoyingly, f in that theorem as 0.[H](-, ) here, and ¢ in that theorem as f here) to
get

Fplul(,t) = (L [H] (1) * [)(x).

For r = 2, this gives

Uge (T, 1) = (Hss(+, 1) * f) (@) = (Hy(-, 1) * f)(2).

All that remains is to check the t-derivative (with z € R fixed). This could be challenging
if we try to do too much all at once. Rewrite

) = (HC0) = )@ = [ " He - 9.0/ () dy.

so the t-derivative of the integrand is

Hy(z —y, ) f(y) = Hes(x —y, 1) f(y)

If we are careless, we would want to bound this as

|Hy(x —y,t) f(y)] < [M(2,y)| (34.2)

for all z, y € R and ¢t > 0, where M(z,-) € L'. Remember that we are considering x € R
fixed, so the dominating function can depend on x. We know that H(-,t) € L>™ for each t,
but what happens as we vary t7

Nothing good: it turns out that

lim max |0 [H](z,t)| = oo
t—0t z€R
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for any r > 0. The point is that we will not be able to achieve that uniform estimate (34.2).
However, there is no reason to try to control all ¢ simultaneously. Instead, let n > 2 be an
integer, and consider ¢ € [1/n,n|. Given any t > 0 of interest, eventually ¢ will belong to
some such interval for sufficiently large n.

Now consider

-y

Hy(z —y,t)f(y) = Hss(x —y, 1) f(y) :p2( >H(rv—y7t)'

Let |p2| be the polynomial whose coefficients are the absolute values of those of ps. Then

|z — y‘) e—(@—y)?/at (\x — y‘) e—(@=y)*/4n
Hi(x —y,t < <n .

34.4 Problem (!). Check these estimates carefully, recalling 1/n <t <mn.

The upshot is that because the exponential vanishes faster than any polynomial, there is

C,, > 0 such that
0<n <,
< n|pa| ( n \/E =

for all z, y € R. (We would have been content to let C,, depend on z, but that turns out
not to be necessary.) And so

|Hy(z —y,t) f(y)| < Culf(y)]

for all z, y € R and t € [1/n,n|. This is the dominating condition that we wanted.
Let us celebrate with a theorem.

34.5 Theorem. Let f € L'. The function
6—82/4t

u(z,t) == (H(-,t) * f)(z), H(s,t) = At

, seR, t>0,

solves the heat equation u; = Uz, for x € R and t > 0.

34.6 Problem (+). The work above relied on having f € L'. What if we only want
f € L>? Problem 30.5 tells us that L' € L™, while Theorem 21.9 claimed that we could
get a solution to the heat equation with f € L*. (Certainly bounded initial data was
necessary for uniqueness, given our reliance on the boundedness in finite time result.)

So, how do we show that u(x,t) = (H(-,t) * f)(x) is sufficiently differentiable if only
f € L7 The challenge is that H now needs to bear a double burden: it must carry the
differentiability and it must ensure the integrability. The trick is to work with both z and
t bounded. Let n > 1 be an integer and, from now on, suppose 1/n <t <n, —n <z <n,
and f € L. We will prove the estimate

5[ H] (2 — y,8) f(y)] < C(f,n,r)e ¥,
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where C(f,n,r) > 0 depends on f, n, and r, but not z, y, or ¢, and where p, > 0 may
depend on n.

(i) First explain why this estimate allows us to invoke Theorem 33.5 to prove u; = ;.

(ii) Now we prove the estimate. To start, use (34.1) to bound

OL[H](x — y,0)f(4)] < C(f.n)lpr (’”f = y') J—-

for some C(f,n) > 0 that depends on f and n but not z, y, or t. (Remember that
x € [-n,n] and t € [1/n,n].)

(iii) Use the fact that the exponential vanishes faster than any polynomial at +oo to find
a bound of the form

- (|x . y|) e TV < Clmy).

n

(Remember that x € [-n,n| and t € [1/n,n].)
(iv) Find C,, p, > 0 such that

e—(@—v)?/8n < Cne—pny2

for all x € [-n,n| and y € R. [Hint: show that for p, appropriately chosen and |yl
sufficiently large (relative to n), we have

1Y\ , [2*—2zy
ey (222 <o,
(m)r = (55)

When |y| is sufficiently small (relative to n), argue that because |x| < n, the extreme value
theorem in R? guarantees an n-dependent bound on this expression over those x and .|

This effectively exhausts our catalogue of things to study about the heat equation and
related techniques to develop (not to mention exhausting us). We now proceed to take up
the last of the major linear PDE of the course: Laplace’s equation. Recall that transport,
wave, and heat read

up + u, = 0, Uy — Uy = 0, and  uy — Uy, = 0.

Transport and wave are, in a certain sense, symmetric in x and ¢; interchanging the order
of the variables (u(z,t) or u(t,z)) really results in an equivalent problem. That is certainly
not the case in heat, due to the imbalanced derivatives. But wave and heat are alike in that
one variable is “privileged” over the other: one variable comes with a negative sign, and so
there is a moral distinction between the time and the space variables.

Laplace’s equation is unlike these preceding three problems. Written incorrectly, it is

Ugy + Uy = Oa
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so there is still a transport/wave-type symmetry in the variables, but neither is “privileged”
over the other with a negative sign. Written correctly (as no one uses time for a variable in
Laplace’s equation), it is

Ugg + Uyy = 0,

and we think of both = and y as spatial coordinates in R?. Thus Laplace’s equation will
expose us to some more geometric and topological tools than its predecessor.

Here is one reason to care about Laplace’s equation. The two-dimensional generalizations
of the wave and heat equations (think of a surface vibrating or a stovetop being heated) are

U = Ugy + Uy  aNd U = Uy + Uy,

respectively. Perhaps one is interested in STEADY-STATE SOLUTIONS u, which are inde-
pendent of time: u; = 0 and thus uy = 0. Such solutions depend only on spatial behavior,
and so the 2D steady-state wave and heat equations both reduce to Laplace’s equation:
Ugg + Uyy = 0.
We call the operator
AU = Ugy + Uy,

the LAPLACIAN, and if Au = 0, then we say that u is HARMONIC. While we will find some
concrete solutions to Laplace’s equation, meaningful solutions often depend in a complicated
way on the geometry of the underlying domain of the desired solution, and we will not have
as neat formulas as we do for transport and wave, or even heat. Instead, our interest will
be in learning about properties of harmonic functions, and especially how those properties
require us to learn more about the geometry and topology of R2.

We now proceed to take up the last of the major linear PDE of the course: Laplace’s
equation. Recall that transport, wave, and heat read

U + Uy = 0, Uy — Uy = 0,  and  uy — Uy, = 0.

Transport and wave are, in a certain sense, symmetric in x and ¢; interchanging the order
of the variables (u(zx,t) or u(t,z)) really results in an equivalent problem. That is certainly
not the case in heat, due to the imbalanced derivatives. But wave and heat are alike in that
one variable is “privileged” over the other: one variable comes with a negative sign, and so
there is a moral distinction between the time and the space variables.

Laplace’s equation is unlike these preceding three problems. Written incorrectly, it is

Ugy + Uy = Oa

so there is still a transport/wave-type symmetry in the variables, but neither is “privileged”
over the other with a negative sign. Written correctly (as no one uses time for a variable in
Laplace’s equation), it is
Ugg + Uyy = 0,

and we think of both z and y as spatial coordinates in R%. Thus Laplace’s equation will
expose us to some more geometric and topological tools than its predecessor.

Here is one reason to care about Laplace’s equation. The two-dimensional generalizations
of the wave and heat equations (think of a surface vibrating or a stovetop being heated) are

Ut = Ugy + Uy  aDd U = Uy + Uy,
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respectively. Perhaps one is interested in STEADY-STATE SOLUTIONS u, which are inde-
pendent of time: u; = 0 and thus u;; = 0. Such solutions depend only on spatial behavior,
and so the 2D steady-state wave and heat equations both reduce to Laplace’s equation:
Ugg + Uyy = 0.
We call the operator
AU = Ugy + Uy

the LAPLACIAN, and if Au = 0, then we say that u is HARMONIC. While we will find some
concrete solutions to Laplace’s equation, meaningful solutions often depend in a complicated
way on the geometry of the underlying domain of the desired solution, and we will not have
as neat formulas as we do for transport and wave, or even heat. Instead, our interest will
be in learning about properties of harmonic functions, and especially how those properties
require us to learn more about the geometry and topology of R

Day 35: Friday, April 4.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 473-474 solve Laplace’s equation in the upper half-plane via the Fourier trans-
form. Problem 7 on p. 394 discusses some of the challenges in differentiating the
candidate solution. Example 1 on p. 341 presents the radial solution to Laplace’s
equation for n = 2; Example 1 on pp. 24-25 does it for n = 3; and the remarks on p.
26 generalize this to n dimensions.

As a first example, we solve a version of Laplace’s equation with the Fourier transform.
We do this really for more practice with Fourier transforms and some ODE concepts than
for any deep insight into Laplace’s equation.

35.1 Example. Consider the problem

Au =10 R, y>0
{“ reR Y (35.1)

u(z,0) = f(z), € R, y=0.

This asks us to solve Laplace’s equation on the UPPER HALF—PLANE{(x, y) € R? ’ y > 0}
with “boundary” data specified at y = 0 via f. Since the spatial variable x can be any
number in R, we take the Fourier transform in z and obtain an ODE in y for the transform:

As usual, this might look more familiar as an ODE if we recast it in different notation:

{Z”(y) —k2(y) =0
2(0) = f(k).



Day 35: Friday, April 4 156

We will only solve this for k # 0, as when we formally invert the transform to get a
candidate solution, the Fourier integral will not care about the value of u(k,y) at k = 0.
At the very least, then, for k # 0 we can say z(y) = c1(k)e™ +cy(k)e™™ for some constants
ck) and cy(k); here we are thinking of k as a parameter in the problem. The challenge
is that we have only one initial condition, but this is a second-order ODE. Nothing is
specifying z'(0).

However, we do have some extra structure underlying our assumptions. Namely, we
expect u(-,y) € L>: for each y > 0, there should be M(y) > 0 such that if £ € R, then
[u(k,y)| < M(y). The problem is that the term ¢;(k)e®” can be unbounded for k > 0, and
likewise the term cy(k)e ™™ can be unbounded for k < 0, unless we have further control on
c1(k) and co(k).

The simplest solution is brute force: we choose ¢; and ¢y to “turn off” the problematic
exponentials at the problematic values of k. That is, we take ¢;(k) = 0 for & > 0 and
ca(k) =0 for k < 0. Then

_ co(k)e ™™ k>0
Z(y) = cl(k)eky + 02(k>6 " — {Cl<k)ekyv E< 0.

We can write this more compactly as

ke ™ k>0 iy _ Je(k), k>0
W) = {cl(k)e_Vfly, peo — R RO k)= (), k <0,

Then we need ]?(k:) = 2(0) = c(k).

Returning to the actual problem, we have deduced that if u solves Laplace’s equation
in the upper half-plane, then we should have u(k,y) = (k)e"kly. It would be nice to
recognize the second factor as a transform, for the purposes of convolution, and, gloriously,

we can: if
1 2y

g(z,y) = Em;
then g(k,y) = e *¥. We discuss this more below. Thus
a(k,y) = gk, y) F(k) = V2mg( ) * F (),

and so our candidate solution is

ulw,) = VER(9C) * i) = 1 TV i) ds,

T oo(x_s)2+y2

once the dust settles from some algebra.

With the formal work done, we can show that u as defined above actually solves (35.1).
Most of this is just careful work with differentiating under the integral, as we show below. It
can also be shown that lim, o+ u(x,y) = f(z), which is morally similar to the result (21.5)
for the heat equation (and technically just as involved).
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35.2 Problem (+). Let f € L*. For v € R and y > 0, put

Y

u(z,y) = (L(-,y) * f)(z), L(z,y) = PN

(i) Use Theorem 34.2 to check that u(-,y) is twice differentiable for all y > 0.

(ii) Fix z € R. Let n > 1 be an integer and let D,, := {(y, s) € R? } y>1/n, s€ R}.
Use Theorem 33.5 to show that u(x,-) is twice differentiable on D,,. (Note that s is now
the variable of integration, so in that theorem switch the roles of s and T.)

(iii) Actually calculate u,, and w,, and show ., + u,, = 0.

Now we start to study more deeply the geometry of Laplace’s equation.

35.3 Example. Since the variables x and y are “symmetric” in w,, + u,, = 0, we might
look for a solution that is also “symmetric” in x and y; in particular, such a solution should
satisfy u(z,y) = u(y, z). Possibly the most symmetric structure in R? is a circle centered
at the origin, and so we look for solutions that are the same over circles. That is, u(z,y)
should only depend on the value of /22 4 32, which is the distance from (z,y) to the
origin. Thus we posit

u(z,y) = f(r(z,y),  r(z,y) = V> +y?,

where f € C?((0,00)), and we need to determine f. Since r is not differentiable at (0,0),
we do not expect this u to be defined on or differentiable on all of R?.
We first compute

1 -1
re(T,y) = Q\/TTy?% = xz[r(z,y)]
and
P (2, y) = [r(z,9)] 7" = alr(z,y)] Pro(e,y) = [r(z,y)] 7! = 2?[r(z,y)] .
Then
ug(2,y) = f'(r(z,y)re(z, y)
and so

tge(,y) = f'(r(@, y)[ra(, )] + f(r(2, 9)raa(2, y)
= f"(r(z,y)a’[r(z, )] + £ (@) (@) = 2@ y9)] 7).

Of course, the y-partials are the same, with the factors of = replaced by y. Thus
Ugy + Uy, = 0 if and only if

Fr)@ + g7+ f ) (20 = @+ 7)) =0,
where we have abbreviated r = r(z,%). Since r* = x* + y?, this becomes

£+ S e =) =0,
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and so
£+ ) =0
Recall that we only want f € C*((0,00)). We are saying that f must satisfy

F'(Va? ) + [ (Va? +2) [ Va + 2 =0

for all (z,y) € R*\ {(0,0)}; taking y = 0 and = > 0 means
(@) + 27 ) = .

This is an ODE for f, and the analysis in this paragraph is morally the same as finding
the ODE for a traveling wave profile (recall Example 11.7).

Rather than privilege x over y, we overwork our variables and take r to be the indepen-
dent variable of f; thus we want to solve

f"(r) +rtf'(r) = 0.

This is a variable-coefficient second-order linear ODE—not the friendliest of beasts. How-
ever, if we put g(r) = f'(r), then it becomes

g(r) = =r'g(r),

which is a separable ODE; it solution (fixing the initial value at » = 1, not r = 0, since
neither f nor g should be defined at r = 0) is

g(r) = g(1) exp (/1 —p dp) = g(1)e™ ™" = g(1)e™™) = g(1)r Y,

and so f must satisfy

thus

-

—~
=

SN—
Il

g(1)In(r) + f(1).

In more evocative notation,

u(@,y) = crln(v/a? + %) + ¢

solves Laplace’s equation on R? \ {(0,0)} for any c;, ¢, € R.

35.4 Problem (!). Find all functions f € C?((0,00)) such that

w(x,y, 2) = f(\/22 +y? + 22)

solves Uy, + Uy, + u,. = 0 on R*\ {(0,0,0)}. What changes in the analysis from the
preceding example does the inclusion of the variable z require?
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35.5 Problem (%). Prove the following ROTATIONAL INVARIANCE of the Laplacian.
Suppose that « is harmonic on R%. Let a, b, § € R and define

U(X,Y) :=u(cos(0)X +sin(0)Y + a, —sin(0) X + cos(0)Y + b).
This change of coordinates may be easier to visualize as
TR cos(f) sin(f)| (X L (@
Yy —sin(f) cos(f)| \Y b))

This is a rotation by the angle  coupled with a shift by the vector (a,b). Prove that
AU = 0. This is interpreted as the invariance of A under rotations and affine translations.

Day 36: Monday, April 7.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Page 385 discusses elementary topology of R?. Theorem 1 on pp. 386-387 presents
the (weak) maximum principle with a proof different from ours in class (and the one
in the notes here is a bit of a refinement of that proof from class, anyway)—the key
difference is that the book proves it by contradiction.

Because of the two-dimensional geometry underling Au = wug, + u,, = 0, there are
somewhat broader domains appropriate for v with Laplace’s equation than were available
for transport, wave, and heat. We gradually introduce some elementary topology of R? to
manage those domains.

36.1 Definition. The OPEN BALL of radius r > 0 centered at (zg,y0) € R? is

B((wo, 40);7) :=={(z,y) € R? } (z —z0)* + (y —wo)* <}

A

Open balls are immensely useful for controlling the geometry of certain subsets of R?.
In single-variable calculus, most of the interesting results occurred for functions defined on
open or closed intervals. Here is the two-dimensional analogue of open intervals.
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36.2 Definition. A set D C R? is OPEN if for each (x,y) € D, there is r > 0 such that
B((z,y);r) C D. .
"' ° , '.'...-.‘..}“
'I " Y .‘.“
\ ° - '

In single-variable calculus we also need to keep track of the endpoints of open intervals:
the points a and b function as the “boundary” of (a,b) in the sense that perturbing even
slightly from a or b lands one either in (a,b) or in R\ (a,b).

36.3 Definition. Let D C R?. The BOUNDARY of D is the set of all points (z,y) € R?
such that for every r > 0, both

B((z,y);r)ND#@ and B((z,y);r)N(R*\ D) # @.

- -

d
. AN
’ .
’ .
’ .
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We denote the boundary of D by ID.

The interval (a,b) is open, but when we include the boundary points and turn it into
[a, b], it becomes closed.

36.4 Definition. The CLOSURE of D C R? is D := DU ID.

The closure is a key component of the extreme value theorem, which we previously used
for a very anodyne subset of R? in the maximum principle for the heat equation. We review it
more carefully here since Laplace’s equation can involve much more complicated geometries.

First, recall that both kinds of intervals (a,b) and [a,b] are (at least for a, b € R)
bounded—mnothing can be all that large in those intervals.

36.5 Definition. A set D C R? is BOUNDED if there exists R > 0 such that D C
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Here are some comforting and useful results.

36.6 Problem (+). Let D C R”.

(i) Prove that if D is open, then D N JD = @, and consequently D # D.
(ii) Prove that D is bounded if and only if D is bounded.
(iii) Prove that 0D = OD.
(iv) Prove that if D is bounded, then 0D is bounded, too.
These results are comforting because we should expect them from our one-dimensional
intuition. The first is particularly useful because it ensures that we can specify the behavior

of a function defined on D separately on D and 0D and not have any conflicting overlap; in
particular, we can pose the so-called DIRICHLET PROBLEM for Laplace’s equation as

Au=0onD
u(z,y) = f(z,y) on dD,

for D C R? open, with the idea that u € C(D) N C*(D), i.e., we require differentiability only
on the “interior” D.

36.7 Remark. The notation C(D)NC*(D) is customary but awful. A function in C(D) has
domain D, whereas a function in C*(D) has domain D. For D open, we have D # D. Since
two functions with different domains cannot be equal, we really should have C(D)NC*(D) =
@. What we mean by u € C(D) N C*(D) is that u € C(D) and u‘D € C*(D), where u}D
is the RESTRICTION u|D: D — R: (z,y) — u(x,y). Best not to think too hard about all
this.

Now we have all the machinery necessary for our version of the extreme value theorem.
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36.8 Theorem (Extreme value). Let D C R be bounded and let u € C(D). Then there
exist (zmina ymin); (xmaxyymax) € D such that

U(Tmin, Ymin) = min_u(z,y) and  wW(Tmax, Ymax) = max_u(z,y). (36.1)
(z,y)€D (z,y)€D

This theorem does not tell us where the extreme values occur in D—perhaps in D, perhaps
in 0D. We can say much more for a harmonic function.

36.9 Theorem (Weak maximum/minimum principle). Let D C R be open and bounded
and let uw € C(D) be harmonic in D. Then u attains its extreme values on OD: there exist
(Zmin, Ymin), (Tmax, Ymax) € 0D such that (36.1) hold.

Proof. The important thing to prove here is not the existence of the extreme values (that is
the extreme value theorem) but rather their location: on 9D. We often think of the boundary
as a “lower-dimensional” set than D; whereas D is genuinely two-dimensional when D is open
(such a D contains lots of open balls), often the boundary is parametrized as the image of
a curve that depends on only one variable—a very one-dimensional set. Thus the boundary
may be “easier” to work with than D.

Here is how we would like the proof to work, although it will not work this way. Suppose
that u attains its maximum at (zo,yo) € D; since D is open, this means (zg, yo) & 0D. Then
Uz (20, Yo) < 0 and wuy, (o, yo) < 0 by the second derivative test. If either of these inequalities
is strict, we have Au(zg,yo) < 0. This contradicts the assumption that Awu(zg,yo) = 0. The
problem is that we cannot guarantee that either inequality is strict.

We therefore modify u into a function whose second derivatives are more tractable. Specif-
ically, we first summon up a function w € C(D) such that w(z,y) > 0 on D and Aw(z,y) > 0
on D. Then we put v(z,y) := u(z,y) + ew(x,y) for some € > 0, which we will select later.
We compute Av,(z,y) = eAw(x,y) > 0 on D. The extreme value theorem gives (z¢,y) € D
such that v attains its maximum at (z7,y7). If (27, y]) € D, the second derivative test gives
Av(z{,y7) <0, a contradiction. Thus (z{,y;) € ID.

Now we use the nonnegativity of w to compare

u(z,y) < u(x,y) + ew(z,y) = ve(z,y) < ve(al, yy) = ulz], yy) + ew(xf, y5). (36.2)

for any (r,y) € D. And last we employ e. Since w € C(D), the extreme value theorem
guarantees the existence of M > 0 such that w(x,y) < M for all (z,y) € D. Thus

05, 55) < 05, 55) + €M, (36.3)
We combine (36.2) and (36.3) to get
u(, y) < ey, yy) + ew(as, yi) < uleg, ) + €M (36.4)

for all (x,y) € D and all € > 0.
As € = 07, that eM term will disappear, and we might think that the inequality

u(z,y) < lim u(zf, yi)
e—0t
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will result. If only z{ — x, and yj — v, with (x,,y,) € 9D, then we would have

u(m, y) < U(f*a y*)

for all (z,y) € D. That would give u(x,,y.) = max, , u(z,y). But we do not have
enough data to say anything about the behavior of x| and z§ as e — 0.

However, we do know (z5,y) € 9D for all ¢, and we know 9D = 9D by Problem 36.6.
We can apply the extreme value theorem again to u on just 9D to find (x2,y2) € 0D such
that u(x,y) < u(xy,ys2) for all (z,y) € ID. Thus u(xy,y;) < u(xs,ys) for all e. We use this
to rewrite (36.4) as
(.732, y2> +eM

u(z,y) <u
for all (z,y) € D. Sending € — 07, we get u(x,y) < u(xs,ys2) for all (z,y) € D. Thus

w(z2,y2) = max u(z,y) and (xq,y2) € D,
(z,y)€D

as desired. [ |

36.10 Problem (!). Reread the proof of the maximum principle for the heat equation
(Theorem 22.6) and compare it to the one above for Laplace’s equation. In what sense does
the result for the heat equation provide more information for a more restricted geometry?
How do derivative tests from calculus appear in each proof? What are the roles of the
functions v and the parameters € in each proof? How are they similar and/or different?

36.11 Problem (x). Prove the statement in the weak maximum principle about the min-
imum of w. [Hint: how are min, 5 u(z,y) and max, 5 —u(z,y) related?|

Day 37: Wednesday, April 9.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Theorem 4 on p. 391 is the (strong) maximum principle, and again the book’s proof is
different—it uses a supremum, whereas our proof used a covering lemma. Both tools
require more knowledge of analysis beyond our course. Read Example 3 on p. 356 and
Example 3 on p. 388.

Theorem 2 on p. 387 uses the weak maximum principle to prove uniqueness for the
Dirichlet problem; Theorem 3 on that page is continuous dependence on boundary
data. Read Example 1 on p. 386.

The weak maximum principle is “weak” because while it guarantees the attainment of
the maximum on the boundary, it does not preclude the attainment of the maximum on the
“Interior.” After all, a function in general can attain its maximum in many places (think
of sine and cosine). If we add some more geometric restrictions, this cannot happen for a
harmonic function.
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37.1 Definition. A set D C R? is CONNECTED if for each (zo,v0), (z1,91) € D, there is
a continuous function v: [0,1] — D such that v(0) = (zo,y0) and y(1) = (x1,y1).

37.2 Theorem (Strong maximum/minimum principle). Let D C R? be open and
connected. If w is harmonic on D, and if there is (xg,yo) € D such that u(xg,yo) =
Max(g)ep U(T,Y) or u(xo, Yo) = Ming yyep u(z,y), then u is constant on D.

Proof. First, note what this theorem is not saying: D is not necessarily bounded, and u
is not necessarily continuous on D. Thus the extreme value theorem does not come into
play: the hypotheses simply presume the attainment of the maximum in the “interior” D.
To prove this theorem, we need a claim, which we will justify later: if B((x,,y,);r) C D for
some (T4, ¥x) € D and 7 > 0, and if w(x,, ¥x) = MAX(54)eB((2s,y.)r) W(T,Y), then v is constant
on B((Zy, Yu);T)-

Fix (z1,71) € D. Our goal is to show u(zg, yo) = u(x1, y1); that will certainly prove that u
is constant on D. We first deploy connectedness: let v: [0, 1] — D be continuous with v(0) =
(x0,y0) and (1) = (x1,y1). Since D is open, there is r > 0 such that B((zo,yo);7) € D.
The claim implies that u is constant on B((zo, yo); ), for certainly u(xo, yo) is the maximum
value of u on this ball. If (z1,y1) € B((z0,v0);7), then we are done.

Otherwise, we deploy a totally nontrivial topological trick. We can “cover” the image of
v in D with a finite number of overlapping open balls, starting with B((zo,v);r) above,
such that the center of the kth ball is contained in the (k — 1)st ball, with (x1,y;) as the
center of the last ball. Our ability to perform this covering hinges on a technical compactness
argument, which we will not pursue further here.

This means that the center of the second ball, which we call (Xi,Y]), is contained in
B((zo,y0);7), and so u(X1,Y1) = u(zo,yo). Then u attains its maximum on the second ball
at the center, and so w is constant on that ball, and specifically u equals u(xg,yo) on the
second ball. Thus u(X1,Y1) = u(xg,yo). If (x1,y1) is in the second ball, stop. Otherwise,
proceed to the third ball: its center (X3, Y3) is in the second ball, so u(Xs, Y2) = u(xg, yo),
and so u attains its maximum on the third ball at the center, and so u is constant on the
third ball. Turn the crank. ..

Here is an illustration in the case that we need only three balls. Say that z = (x¢, yo) and
w = (x1,y1). We draw two intermediate points z; and zo between them so that z; € B(z;r),
29 € B(z1;7), and w € B(zq;7). Here is the covering of the path between z and w by balls
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centered at z, z;, and 2zs.

Here we draw just B(z;r) so we can see z; € B(z;r).

Now we draw B(z1;r) with 2o € B(21;7) and B(zg;7) with w € B(zq;7).

- - -

37.3 Problem (!). Give an example of D C R* open and u harmonic on D such that u
attains its maximum in D and is not constant on D. [Hint: such a D cannot be connected;

try to define u “piecewise” on different “components” of D.|

37.4 Problem (%). Use the strong maximum principle to prove the weak maximum prin-
ciple in the case that D C R? is open, bounded, and connected.

37.5 Problem (x). Prove the “strong minimum” principle part of Theorem 37.2. [Hint:

as usual, think about —u.|
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37.6 Remark. There is a strong mazimum principle for the heat equation that says that
if the mazimum is achieved at an “interior” point of the rectangle in Theorem 22.6 (in
addition to the requisite existence on the parabolic boundary), then the solution is constant
on that rectangle. This is hard to prove because it depends on a more complicated version
of the claim from the first paragraph of the proof of Theorem 87.2. (It is fair to view the
“covering” topological trick in the last paragraph above as also quite hard—and it is—but
the situation with heat is simply harder.)

A nice immediate consequence of the (weak) maximum principle for Laplace’s equation
is a uniqueness result.

37.7 Theorem. Let D C R? be open and bounded. There exists at most one solution of

Au=0 onD
u(z,y) = f(z,y) on OD.

Proof. As usual, it suffices to show that the only solution to

Au=0onD
u(z,y) =0 on dD.

is u = 0. The weak maximum principle guarantees

max u(x,y) = max u(z,y) =0,
(M)@( y) = max u(z,y)

and the corresponding minimum principle says

min u(x,y) = min u(z,y) =20
i (,y) = min u(z,y)
as well. Thus 0 < u(x,y) <0 for all (z,y) € D. |

Now we need to fill in some gaps in our work on the strong maximum principle (recall
that we left unproved a claim within the proof). This will lead to some related results, and
manipulations of integrals, that are all valuable by themselves. Specifically, we will want to
study Laplace’s equation on balls, and polar coordinates are ideal for balls.

Recall that for any (z,y) € R*\ {(0,0)}, there exist r > 0 and # € R such that

r=rcos(f) and y=rsin(d).

The value r is uniquely determined by r» = v/ 22 + y2, whereas 6 can be replaced by 6 + 27k
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for any k € Z; the choice of # is unique if it is restricted to belong to (—m, 7]

A

~

A

g

We are interested in the following situation. Suppose that u: B((0,0); R) — R is harmonic
for some R > 0. We can ‘rectangularize” the domain of v by putting

R:={(r§)cR*|0<r<R, —71<60<7}

and then defining
U: R — R: (r,0) — u(rcos(f), rsin(6)).

The upshot here is that R is a “simpler” region than B((0,0); R), especially from the point
of view of integration. So, what does U do?

Day 38: Friday, April 11.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 366368 derive Laplace’s equation in polar coordinates and discuss periodicity
issues in 6; see Proposition 1 on p. 366 and equation (3) on p. 368. The mean value
theorem is proved at the top of p. 390; this relies on Lemma 1 from p. 389. See the
remark on p. 390 for a vector calculus interpretation of that lemma in terms of Green’s
theorem and line integrals. Page 343 proves the rotational invariance of the Laplacian
in the sense of averages of second directional derivatives.

Since this is a course on PDE, we should find a PDE that U solves. And since uz,+u,, = 0,
a natural starting point is to compute U, and Uyy. This is mostly a thankless calculation
with the multivariable chain rule and what we find is

1 1
U+ —Upp+=U, =0, 0<r <R, -t <60 <. (38.1)
T r

This looks quite a bit worse than Laplace’s equation: there is the first-order partial U,
in there, and this is actually a wvariable-coefficient PDE (and we have only ever studied
constant-coefficient PDE).

Here is that calculation, in which we suppress the inputs to v and its partials:

U (r,8) = u, cos(8) + uy, sin(f), (38.2)
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U (1,0) = [ug cos(6) + ugy sin(8)] cos(0) + [uy, cos(8) + uy, sin(6)] sin(f)
= Uy 08°(0) + 2uy, sin(6) cos(6) + u,, sin?(6),
Ug(r,0) = —uyrsin(0) + uy,r cos(0),
and
Upg(r,0) = — | — tger sin(f) + ugyr cos(0)]r sin(6)
— u,r cos(6)

+ [ — Uy, SIN(6) + wuyyr COS(G)] rcos(6)

— uyrsin(6)

= Upy? $in?(0) — 2uyyr? sin(0) cos(6) + u,,r* cos®(0)
— r[uyr cos(6) + ruy sin(6)]
= Uy, 8I0%(0) — 2u,y1? sin(6) cos(6) + wuy,r?® cos?(0) — rU,(r, ).

If we try to add U,, and Uy (the natural thing to do, since that is AU), the terms that
we would like to combine do not combine well because of the factor of r? throughout Upy.
Assuming r # 0 and dividing through by 7?2 gives

1
Urr + UGG = Ugy + Uyy — ;Ur

Thus
1 1
U (1,0) + ﬁUQ@(T’, 0) + ;Ur(r, 0) = Au(rcos(d),rsin(0)), (38.3)

so when v is harmonic we end up with (38.1).

38.1 Remark. Our strategy with Laplace’s equation in polar coordinates will be to assume
that Au = 0 and then obtain that (38.1) holds. However, one could work backwards:
solve (38.1) and then define u(z,y) = U(P(z,y),0(z,y)), where P(z,y) = /22 + y? and
O(z,y) is chosen to be continuously differentiable and to satisfy x = P(x,y) cos(O(z,y))
and y = P(z,y)sin(O(z,y)). For this to work, U(r,-) needs to be 2m-periodic.

We now build the tools to prove that one unproved claim in the proof of the strong
maximum principle. Our chief tool will be the following mean value principle, which is quite
valuable in and of itself. To appreciate the formula below, suppose that u: B((zo,v0); R) — R
is continuous for some (z¢, %) € R and R > 0. Let 0 < r < R. Then u is defined on the
circle of radius r centered at (zo, yo); any point on this circle has the form (zq+ 1 cos(8), yo +
rsin(f)) for some 6 € [—m,7|. The restriction of u to this circle is therefore the map
0 — u(xzg + rcos(f),yo + rsin(f)), and the average value of this map is

1
2—u(x0 + 7 cos(0), yo + rsin(d)) db.
m
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The mean value principle for harmonic functions states that u(zo, yo) equals this integral: the
value of u at the center of a ball is equal to the average value of u on any “concentric” circle
within this ball. This is a remarkable property of “stability” and “averaging” of harmonic
functions—the average value over circles is “stable” in that it does not change as the radius
of the circle changes.

38.2 Theorem (Mean value principle for harmonic functions). Let u be harmonic on
B((zo,90); R). Then

1 ™
u(zo,Yo) = %/ u(zo + 1 cos(f),yo + rsin(f)) df, 0 <r < R.

—T

Proof. We give the proof only for xqg = yg = 0. Define

¢:[0,R) > R:r+— %/W u(r cos(f),rsin(0)) db.

™

Then L g
»(0) / u(0,0) df = u(0,0)

:% B

and so if we can show that ¢ is constant, then ¢(r) = ¢(0) = u(0,0) for all r, and that is
our desired result.

We do this by computing ¢'(r) for r > 0 and showing ¢'(r) = 0. We differentiate under
the integral to find

&' (r) ! /7r Oy [u(r cos(8), rsin(9))] df

:% B
1 ™

:% B

[t (7 cos(), 7 sin(6)) cos(0) + w,(r cos(f),r sin(6)) sin(F)] d6.
Now here is the advantage of polar coordinates: we recall from (38.2) that with U(r,0) :=
u(rcos(f), rsin(d)) and u harmonic, we have

U, (r,0) = uy(r cos(8), rsin(6)) cos(f) + uy,(r cos(d), rsin(f)) sin(h).
Thus L g
o) =5 [ Unir0) @0

2m ) .

This may look no better, but we will compute below that, for r > 0,

T 1
/ U.(r,0) do = — // Au(z,y) dr dy,
—r r 224y2<r2

where by ffc{:2+y’“<r2 we mean the double integral over the (closed) ball{(x, y) € R? | w24y < 7“2}.
Since Au = 0, this gives the desired identity ¢'(r) = 0. [ |

Now here is that last calculation.
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38.3 Lemma. Let u € C*(B((0,0); R)). As usual, for 0 <r < R and 0 € R, let U(r,0) :=
u(rcos(),rsin(d)). Then

// Au(z,y) dr dy = p/ U (p,0)
22442 <p? -7

for any p € (0, R).

Proof. We switch to polar coordinates. Recall that for f € C(B(0,0); R) we have

/ / g DY) ATy = /0 ) /0 " F(r cos(8), rsin(6))r dr db. (38.4)

2 p
Z(p):= // Au(z,y) de dy = / / Au(rcos(8),rsin(0))r dr df
a2 +y2<p? o Jo

_ /ng /Op (Uw(r, 0) + T—12U99(7~, 0) + %Ur(r, 9)) rdrdf. (38.5)

In (38.3) we calculated
Au(r cos(6), rsin(0)) = U (r, 0) + %U%(r, 0) + %UT(T, 0) (38.6)
for r # 0. Since Au € C(B((0,0); R)), the limit as r — 0 of the right side is defined, and
so the integral over [0, p| with respect to r in (38.5) is not really improper; just think of the

integrand as being 0 at r = 0, thanks to that extra factor of r. (Morally, this is like thinking
of sinc(x) as sin(x)/x even at x = 0.)

Then
2 p
/ / (r,0) + rU,.(r,0)] dr d9+/ / UGG (r,9) dr df .

L (P) IQ(P)

We actually do need to justify why splitting up this integral is valid: does separating that
Ugg(r,0)/r term from the rest cause any problems? No: from (38.3) we have

Ugg(?”, 9)

. = rAu(r cos(0),rsin(d)) — rU,..(r,80) — U.(r,8),

and so the limit as r — 0 of the integrand in Zy(p) exists. Thus, again, the integral over
0, p] in Zy(p) is not improper, and so we think of the integrand as taking that limiting value
at r = 0.
Now we can work on the two integrals Z;(p) and Zy(p). We recognize the product rule in
the first:
Up(r,0) + rUp(r,0) = (1-Up(1,8)) + 17U, (1,0) = 0, [rU,.(r,0)],
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and so

2w P 2 s
L) = [ [ obtio)ardo= [ U0 do=p [ Uip.0) as
o Jo 0 —
by the 2m-periodicity of U,.(p, -).

This is exactly the value that we want for all of Z(p), so we hope that Zy(p) = 0. To
compute that, we interchange the order of integration (permissible by the standard version of
Fubini’s theorem for double integrals over rectangles, not the ticklish version from Theorem
28.1, because, by the remarks above, the integrand in Zy(p) is continuous):

P 2w p 9 .

r

By definition of U, we have U(r,0 + 27) = U(r,0) for all r and 6, and so Uy(r,-) is also
2m-periodic for each r. That is, Uy(r,2m) — Uy(r,0) = 0 for all r, and so Zy(p) = 0, as
desired. u

38.4 Problem (!). Prove the mean value principle for a general center (zo,%o). [Hint:
apply the version proved above to v(z,y) = u(x + xo,y + yo) for (x,y) € B((0,0); R).]

38.5 Problem (). We have largely been studying Laplace’s equation in two dimensions:
Uye + Uy, = 0. In one dimension, Laplace’s equation is y” = 0, where y = y(z). The
analogue of open balls (and, more generally, open sets) in one dimension is open intervals

(a,b).

(i) Assume here that —oco < a < b < oo. Prove that all solutions to y” = 0 on (a, b) satisfy
the strong maximum principle in the sense that if 4" = 0 on (a,b) and y is continuous on

[a,b], and if there is xy € (a,b) such that y(zo) = max,<.<py(z), then y is constant on
[a,b].

(ii) Let 2o € R and R > 0. Prove that all solutions to 4" = 0 on (x¢g — R,z + R) satisfy
the mean value equation
1 xo+Tr
S d
y(wo) = o /IO_T y(x) dx

for r € (0, R).
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It turns out that the mean value principle also characterizes harmonic functions in the
following sense.

39.1 Corollary (Converse to the mean value principle). Let D C R? be open and let
u € C*(D). Suppose that for any (zo,y0) € D and any R > 0 such that B((zo,y0); R) C D,
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u satisfies the mean value identity

w(zo, Yo) = i/ u(xo + 7 cos(6),yo + rsin(f)) db

2 J_.

for 0 <r < R. Then u is harmonic on D.

Proof. Suppose not. Then there is (xg,y9) € D such that Au(zg,yo) # 0, and so either
Au(zg,yo) > 0 or Au(zg,yo) < 0. Suppose the former; then by continuity and the openness
of D, there is R > 0 such that Au(z,y) > 0 for (z,y) € B((zo,v0); R) C D.

Now define

¢:[0,R) > R: 17— QL/ u(zg + rcos(0), yo + rsin(f)) db.

7

—Tr

Then ¢ is constant: ¢(r) = wu(zg,yo) for all r. But, as in the proof of the mean value
principle, we may compute

1
P (r) = — // Au(z,y) dx dy > 0,
271 J J (o—0)2+ (y—yo)2<r?
which is impossible if ¢ is constant. [ |

39.2 Problem (x). Let u be harmonic on B((0,0); R). Prove that

1
U(0,0) = m /\/‘,E'2+Z/2<T2 U(Jf,y) dx dy

for any r € (0, R). Since mr? is the area of the circle of radius r, we can interpret the
double integral on the right as the average value of u over B((0,0);r), and so this formula
is another version of the mean value principle in a more two-dimensional sense. [Hint: first,
obtain from the ordinary mean value principle

2

2m
u(0,0)p db = 2L/ u(pcos(), psin())p db.
0

2m Jo s

Integrate both sides from p = 0 to p = r, simplify the left side, interchange the order of
integration on the right, and think about the polar integral identity (38.4).]

Now we can fill in a lingering gap from our proof of the strong maximum principle. The
following lemma is essentially the strong maximum principle for balls; recall that we “chained
this result along” using connectedness and one topological trick to get the strong maximum
principle for arbitrary open and connected sets.

39.3 Lemma. Let u be harmonic on B((zo,v); R). If

u(To, Yo) = MAX (s y)eB((z0,v0):R) U(T, Y),
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then u is constant on B((xo,40); R).

Proof. Fix 0 < r < R. The mean value principle gives

u(zo, Yo) = L/ u(xo + 7 cos(f), yo + rsin(f)) db,

2 ),
and gently rewriting the left side gives
1 [ 1 [ .
o /ﬂu(xo,yo) df = Py /7r u(zo + 1 cos(0),yo + rsin(f)) db.
Subtracting, we find

/_7r [u(zo, yo) — u(wo + rcos(f), yo + rsin(f))] do = 0.

The integrand here is nonnegative since

u(zo, yo) = max u(z,y) > u(xo + rcos(f), yo + rsin(f))
(z,y)eB((wo,y);R)

for all 0 € [—m, 7| and r € (0, R). Since the integral is 0, the integrand must be identically
0 by Problem 15.4.

Thus
u(zo,yo) = u(xo + rcos(f), yo + rsin(9))
for any r € (0,R) and 6 € [—m,7]. Any point (x,y) € B((xo,y0); R) can be written as

u(z,y) = u(xo+rcos(f), yo+rsin(f)) for some such r and 6, and so wu is indeed constant. W

We prove one last “averaging” result for the Laplacian—mnot even for harmonic functions—
just to emphasize the role of average value and integrals in connection with A. Informally,
Au(xg, yo) is twice the average value of all of the second directional derivatives of u at (xg, yo)-

39.4 Theorem. Let u € C*(B(zo,0); R) for some R > 0 and put, as usual, U(r,0) =
u(zo + rcos(0),yo + rsin(h)), so U.(0,0) is the directional derivative of u in the direction
of (cos(),sin(0)) through (zo,yo). Then

Au(zg, yo) 1 [7
2UWT0, %) _ = [ g (0.0) do
2 27r/ At €5

—T

where the expression on the right is the average value of all of the second directional deriva-
tiwes of u at (xq, yo)-

Proof. We might be tempted to use the polar coordinates formula

1
U (r,0) = Au(zg + 7 cos(d), yo + rsin(0)) — ;UT(T, 0) — Ugg(r,0),
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but this is only valid for r # 0. Instead, we recall the formula for U, from (38.2) and use
that to calculate

Upr(1,0) = Uy (w047 cos(6), yo+rsin()) cos®(0)+2uy, (xo+1 cos(), yo+r sin(8)) sin(6) cos(0)
+ Uy, (20 + 7 cos(8), yo + 7sin(f)) sin®(9)
and so
Upr(0,0) = e (20, 10) €082 (0) + Uy (70, yo) i (20) + 1,y (0, 1o) sin’(8).
We integrate over [—m, 7] with respect to 6 and use the identities
/7T cos?(0) df = /7r sin?(f) df =7 and /7r sin(26) df =0

to obtain -
/ U.(0,0) df = 7Au(zo, o),

—T

from which the desired identity follows. [ |

Day 40: Wednesday, April 16.

The very last feature of Laplace’s equation that we will consider here is its connection to an
optimization problem. In calculus, we learn well how to find the extreme values of real-valued
functions defined on subsets of R" (typically for n = 1 and n = 2). Remarkably, solutions
to Laplace’s equation minimize certain functions—whose domains are functions!

We will show this for a very restricted domain: the unit square. This will allow us to
avoid invoking some technical, and maybe distracting, results from vector calculus and focus
just on the PDE and integral manipulations. Let

D:={(z,y) eR*|0<az <1, 0<y<l1}.

We will study solutions to the Dirichlet problem

(40.1)

Au=01in D
u = f on OD.

40.1 Problem (x). Why are solutions unique?
We first prove a highly useful “integration by parts” identity.

40.2 Problem (!). To motivate the following, let f € C*([a,b]) and let g € C*([a, b]) with
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b b
/ f/lg — _/ flg/-
40.3 Lemma. Let u € C*(D)NC(D) and v € C*(D) NC(D) with v =0 on dD. Then

//D(Au)v =— //D(uxvx + uyvy).

g(a) = g(b) = 0. Show that

Proof. We have

//D(Au)v = /01 /Ol(uxx(m,y) + wyy (z,y))v(z,y) d dy.

We focus on just the integral
1
/ Uge (7, y)v(2, y) do.
0

Integrating by parts gives
1

/0 Uz (2, y)0(2,y) do = ux(a:,y)v(:v,yﬂz;; —/0 Uz (, y)ve(z,y) de.

Since v = 0 on D, we have in particular v(1,y) = v(0,y) = 0 for all y. Thus

/01 Uge (2, y)0(2, ) do = — /01 (2, y) s (2, ) da

and so

//DuM(x,y)v(x,y) dr dy = —//Dux(x,y)vx(x,y) dzx dy.

A similar calculation, along with an interchange in the order of integration, shows

//uyy(x,y)v(x,y) de dy = —//uy(x,y)vy(x,y) dx dy, (40.2)
D D
which leads to the desired identity. [ |

40.4 Problem (!). Do that similar calculation with the interchange of integrals to obtain
(40.2).

40.5 Problem (x). Suppose that we have this integration by parts identity for a more

general D C R:
//D(A“)” = //D(uxvx + uyvy) (40.3)

for u € C*(D)NC(D) and v € C'(D)NC(D) with v = 0 on ID. Use this to prove uniqueness
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of solutions to the problem

Au=gin D
u = f on OD.

[Hint: start with two solutions, subtract, and see what boundary conditions the difference
meets. In (40.3) use u = v.|
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We apply this integration by parts result in the following quite possibly non-obvious way.
Let
V:={w e C*(DP)NC(D) ‘ w=fondD}.

Define
5:V—>R:wn—>//(wi+w§).
D

We will show that any solution w to the Dirichlet problem (40.1) is the minimizer of £ in V
in the sense that

Elu] < Ew) for all w € V,

and, conversely, any minimizer of £ in V solves the Dirichlet problem.

Proving that a solution to the Dirichlet problem minimizes £ is not all that difficult, with
one classical trick: adding 0. Let u solve (40.1) and w € V; we want to show E[u] < E[w].
We can make u show up in E[w] by that classical trick of adding O0:

Elw] = Eu+ (w —u)].

Now we work on E[u + v| with v := w — u and find
lut o] = efu) + £l0] + 2 [ [ (o + uyw,)
D

41.1 Problem (!). Check that.

The double integral on the right looks like the result of integration by parts, which would
allow us to bring Au = 0 into the calculation. What matters here is that since v = w — u
with w, u € V, we have v = f — f = 0 on 9D. So, we can integrate by parts to find

//D(vax + uyvy) = //D(Au)v =0,

Elw] = Elu+ v] = Eu] + Ev] > E[u]

since E[v] > 0 for any v. This is the desired inequality.
Now suppose that v € V minimizes £. By definition of V, we have u = f on 0D, so we
just need to show Au = 0; that Au is defined follows from the differentiability of u by its

and so
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membership in V. This is the harder part part, and the first trick is to introduce a new

function space.

For r > 0, let o
Co(D) :=={v el (D)NC(D) | v=0o0n dD}.

41.2 Problem (!). How did C{(D) show up in Lemma 40.3?

Let v € C5(D) and s € R. If we know u+ sv € V, then since u minimizes £ we must have
Elu] < Efu + sv.

41.3 Problem (!). Explain why u + sv € V.

We expand, similar to some work above,

Elu+ sv] = E[u] + s*E[v] + 2s //D(umvx + uyvy).

41.4 Problem (!). Check that.

Integrating by parts, we find

Elu] < E[u] + E[0] + 25 / /D (1o + y0,) = E[u] + 2E[0] — 25 / /D (Au),

s//D(Au)v < 3—225[1)].

This is true for all s € R. When s > 0, we just have

/ /D (Aujo < ZE]

/ /D (Aujo < lim Z€f] = 0.

41.5 Problem (x). By considering s < 0, show as well that

0< / /D (Au)v.
/ /D (Au)o = 0.

and so

and so

Thus

How does this help get us to Au = 07
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We need a second trick, and this is an instance of our frequent claim that integrals are
tools for extracting data about functions. Here the function that matters is Au, and the tool
is multiplying by v and integrating over D. The tool returns the data 0 all the time. It turns
out that this is enough to conclude that Au = 0 on D, but it is easier to see why in one
dimension.

41.6 Theorem (Fundamental lemma of the calculus of variations). Let f € C([a, b])
and suppose that fog =0 for all g € C"([a,b]) with g(a) = g(b) =0 for some r > 0. Then
f=0.

Proof. Suppose not. Then there is zg € [a,b] such that f(xg) # 0. We assume xy € (a,b)
and f(xg) > 0; the work for f(xg) < 0 is very similar, and the cases g = a or zp = b
are a problem below. Continuity implies the existence of § > 0 such that f(z) > 0 for
x € (xg — 0,29 + 0) C (a,b). This should feel very familiar, as we have made this argument
multiple times before. Here is a picture.

+f(x)
f(zo)

A

We claim there is g5 € C*([a, b]) such that gs(z) =0fora <z <zy—dand xo+6 <x <b
but gs(x) > 0 for xg — § < x < xy + 0. Here is another picture.

A5 (x)
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And here is a picture of how the product fgs; behaves.

+J(2)g5(x)

-
S

Assuming the existence of this gs, we have

zo+0 b
0< / f(2)gs(x) di = / f(2)gs(x) di =0,

0—0

where the last equality follows from the hypothesis. This is a contradiction. [ |

41.7 Problem (%). Prove the preceding theorem in the case zo = a. (The case zq = b is
similar, and you do not need to treat that.) |[Hint: show that if f(xg) # 0, then there is
x1 € (a,b) such that f(x1) # 0. Invoke the old proof.]

Now we show the existence of that gs.
41.8 Lemma. Let 6 > 0. Define
1
e - )
he: R > R: z+— ¢ exp( 52—x2)’|x|
0, |z| > 6.

Then hs € C*(R).
hg(l‘)

Proof. The challenge, of course, is ensuring differentiability at x = +09, as hs is infinitely
differentiable elsewhere by properties of piecewise functions. At x = 44, the proof is mostly a
technical induction argument that hinges on the very rapid vanishing of e/ as z — co. M

41.9 Problem (4). Perform that technical induction argument.
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The factor of e'/%” is mostly for convenience, to normalize hs(0) = 1. We put
gs: [a,b] = R: z — hs(x — x0)

to obtain the desired behavior.

Everything that we have said in one dimension carries over to two dimensions: if w € C(D)
satisfies [[zwv = 0 for all v € C"(DP) N C(D) with v = 0 on D, then w = 0. The proof is
basically the same as the above, except the function hs should be replaced by

1/62 1 2 2 2
e’ exp | — , Tyt <o
p( 52—(:B2—|—y2)> /

0, 2%+ y* > 6°.

(z,y) —
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Material from Basic Partial Differential Equations by Bleecker & Csordas

Pages 50-52 outline separation of variables with examples for heat- and wave-type
equations. Pages 126-127 do separation of variables for the heat equation u; = .
Pages 127-130 treat the boundary condition u(0,t) = w(w,t) = 0 and pp. 130-133
do the periodic boundary condition u(—m,t) = u(m,t), uy(—mn,t) = u,(m,t). See the
remarks on p. 133 about the validity of Fourier series expansions. More examples of
treating boundary conditions for the heat equation with separable solutions appear on
pp- 157-160. Pages 285-289 cover separation of variables for the wave equation. All of
these examples are worth reading for practice with the algebraic nuances of boundary
conditions.

Throughout this course, we have accrued a handful of precious solution formulas—the glo-
rious solution for the transport equation, D’Alembert’s formula for the infinite wave equation
(and its adaptations into semi-infinite and bounded problems), the convolution formula for
the infinite rod heat equation, and two specialized solutions for Laplace’s equation (the up-
per half-plane problem and the radial solution). We have sometimes used the explicit nature
of these solution formulas to understand more about solutions to those PDE, but often we
did not presume any particular solution formula, and we used the structure of the PDE and
some calculus/analysis techniques (old and new) to learn more.

There is a classical solution method that we have not yet discussed: separation of vari-
ables. (This has some moral similarities to, but overall is quite distinct from, separable
ODE.) This method yields concrete solutions to certain problems posed on bounded spa-
tial domains (namely, the boundary value problems for heat and wave, which we previously
studied without relying too much, if at all, on formulas), and it raises many interesting
questions in analysis via the generation of Fourier series. In PDE courses of times past,
separation of variables was often the major, possibly only, technique discussed—we live with
more evolved sensibilities now. Our appreciation of this method will be as much for those
analytic questions that it inspires as for the formulas that we get.
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We develop this for the heat equation u; = u,,. If we guess that u has the “product” form
u(z,t) = X(x)T(t) (42.1)
with X € C*(R) and T € C'(R), then
u(z,t) = X(x)T'(t) and  wg(x,t) = X" ()T (t).
Thus u(x,t) = X (2)T'(t) solves the heat equation u; = u,, if and only if
X(2)T'(t) = X"(x)T(¢). (42.2)

If X(z) =0 for all z, or T'(t) = 0, then u(z,t) = 0 for all z and ¢. This is boring and
trivial, so we assume that X and T' are not identically zero. At the values of x and ¢ such
that X (x) # 0 and T'(¢t) # 0, we divide (42.2) by X (x)7T'(t) to find

X"(z) _T'(t)
X(z) T(t)

(42.3)

This is interesting. In slightly more compact notation, we have functions f, g: R — R
such that

f(@) = g(t)
for all z, ¢t € R. Both the quantifier “for all” and the different variables x and ¢ are important
here! We can take ¢ = 0 to conclude f(z) = ¢(0) for all z, and so f is constant. And we can

take x = 0 to conclude f(0) = g(¢) for all ¢, and so g is constant. Even better, f and g are
the same constant:

for all x and t.
Applying this to (42.3), we find A € R such that

X'@) o T
X (z) =A d T(t)

= A (42.4)

for all z, t € R (or, at least those at which X and 7' are nonzero). We can view (42.1),
(42.3), and (42.4) as three different layers of separated variables in that we break apart the
dependence on and behavior of the z- and t-variables.

The equations in (42.4) are really

T'(t)=AT(t) and X"(x)—AX(z)=0, (42.5)

and we have spent our lives in ODE learning how to solve those. First, though, we may
wonder if we lost any legitimacy in dividing by X and T—did a scurrilous division by zero
mess up our calculations?

42.1 Problem (!). No. Convince yourself that if X and T solve (42.5), then u(z,t) :=
X (z)T'(t) does indeed solve u; = uy,.
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The equation for T is easy to solve:

The equation for X deserves treatment by cases depending on the sign of A, which can be
any real number. For A > 0, it reads

X" — (VA?X =0,
and all solutions here are
X(2) = 1Y + eV,

For A = 0, the X-equation is just
X// — 0

and solutions are
X(z) =1z + co.

And for A < 0, if we write A = —|\|, then the X-equation is
X"+ |\X =0,

thus
X(z) = c1 cos(V/|A|x) + cosin(+/|A|z).

All together, we have three types of product solutions for the heat equation. To avoid
the square root, we will replace A with A? throughout. We make an important algebraic
observation about the first case that will help later. Here, for A > 0, we have

u(z,t) = (1™ + CQB_M”)T(O)B’\% = (T(0)cre™ + T(O)CQG_’\x)e’\Qt. (42.6)

The values T'(0), ¢;, and ¢y can be arbitrary real numbers, so their products are arbitrary
too. Thus we can compress the solution to

u(z,t) = (cre™ + cze_Ax)eAgt. (42.7)

More precisely, every solution of the form (42.6) is of the form (42.7). Conversely, let Cf,
Cy € R and take T(0) = 1, ¢; = C4, and ¢y = C5 to write (42.7) in the original form (42.6).
Similarly, for the other two cases we have product solutions of the form

u(z,t) = aqr + ¢ (42.8)

and
u(z,t) = (c1 cos(Ax) + cpsin(Ax))e ™, (42.9)

where here we may assume A > 0. (Although A\ < 0 still works—why?)

42.2 Problem (x). Which, if any, of these solutions could be obtained from the Fourier
transform?
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More generally, we could make a PRODUCT ANSATZ for a function u of n variables by
writing u as a product of n functions, each of which depends on one, and only one, of the
variables of u. For example, to solve the two-dimensional heat equation

Up = Ugg + Uyy (= Au),

we would guess u(z,y,t) = X(2)Y (¢)T(t), and then find three ODE, each governing one of
X,Y and T.

42.3 Problem (x). Find all product solutions u(z,t) = X (x)7T(t) for the transport equa-
tion u; + u, = 0. Is every solution to the transport equation a product solution?

However, just because we can do something does not mean that we should. Which, if
any, of these product solutions for the heat equation are relevant? Separation of variables is
particularly useful for boundary value problems on finite spatial domains, and so we consider

= Ups, 0<x <70, 1 R
{ut( U r<mte (42.10)
U

0,t) =u(m,t)=0, t €R.

This is the heat equation for a finite rod of length 7 (chosen for convenience) with the ends
kept at the constant temperature 0. We have not bothered to specify initial conditions yet.
Which, if any, of these product solutions can meet the boundary conditions?

If we try (42.7) with A > 0, then we need

0=u(0,t) = (c1 + )’ and 0= u(m t) = (1™ + cpe )N,

If we divide through by e’\Qt, this becomes the linear system

c1+co = 0
1N + e = ().

Here the unknowns are ¢; and ¢y (and maybe \). Perhaps it is easiest to view this as a

matrix-vector problem:
1 1 C1 . 0
6)\7r 6—)\7r Cs - 0/

The determinant of this matrix is e ™ — ™, which is nonzero.

42.4 Problem (!). Why?

Thus the only solution to this linear system is ¢; = ¢o = 0, and that means u(x,t) = 0.
That is too boring, too trivial. We claim that nothing interesting happens if we try to use a
solution of the form (42.8) to meet the boundary conditions.

42.5 Problem (!). What exactly happens?
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And so we are down to solutions of the form (42.9). We want
0=u(0,t) =cre™* and 0=u(mt)= (c1 cos(AT) + ¢z sin()\ﬂ))e”\Qt.
The first boundary condition immediately implies ¢; = 0, so the second reduces to
cosin(Am) = 0.

We want to avoid c; = 0 so we avoid another trivial solution. Here is where A finally comes
into play: we can select A so that sin(Ar) = 0. Specifically, since sin(t) = 0 if and only if
T = k7 for some k € Z, we can take A = k € Z and conclude that

u(z,t) = cysin(kz)e (42.11)

solves (42.10). Strictly speaking, we should take k > 1, since we are assuming A > 0, but we
can check that the function above is a solution for any k£ € Z.

Unfortunately, while this is a nontrivial (not identically zero) solution, the only initial
condition that it can meet is very boring:

f(z) = u(z,0) = cysin(kz).

We handled much more arbitrary initial conditions in our previous treatments of the finite
rod heat equation. At the very least we could use linearity of the heat equation and “su-
perposition” to show that a finite linear combination of functions of the form (42.11) solves
(42.10) with a slightly more complicated initial condition. Specifically,

n

u(z,t) = Z by sin(kz)e

k=1
solves
Up = Upy, 0 < x <7, tER
uw(0,t) =u(m,t) =0, te R
u(z,0) = f(z), 0<a <7
with

42.6 Problem (!). Check that. Why would summing over nonpositive integers be redun-
dant, e.g., taking u(x,t) = 11£§1977bk sin(ka)e+*t?

This initial condition is still very specific. We can check that if the problem above has a
solution for some initial condition f, then f € C*([0,7]) with f(0) = f(7) = 0. But surely
not all such functions are sums of sines!

This motivates a profound idea: what if we can write an initial condition f as a series of
sines:

flx) = Z by sin(kz)?
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Can we then obtain a solution in the form
o0
. _ 1.2
u(z,t) = Z by, sin(kx)e * 17
k=1

We will review nuances of series presently; for now, the deeper questions are if we can
represent f as such a series, and if u as so defined actually gives a differentiable function.
(By the way, labeling the coefficients as by, here is just to keep us in line with some notation
that will appear momentarily.)

It turns out that it is easier to answer this question if we work with series of sines and
cosines. Here is the motivation for that. Consider a finite rod of length 27, with endpoints
labeled at 4, that is bent into a circle with the ends at +7 joined together. If heat flows
continuously around this rod, we should have u(—m,t) = wu(mr,t) and u,(—m,t) = ug(m,1).
Alternatively, we could just think that the problem

Up = Upy, —T<x <7, tER
u(—m,t) = u(m, t), ug(—m,t) =ug(mt), t R

is worth solving.

42.7 Problem (x). What happens if we try to use product solutions of the forms (42.7)
or (42.8) to solve this problem?

We get to the point and try solutions in the form (42.9). We first differentiate:
Uz (z,t) = (— crdsin(Az) + e Cos()\x))e_)‘zt.
Then we want
(c1 cos(=Am) + ¢ sin(—)\w))e_’\Qt = (c1 cos(AT) + ¢ sin()\ﬂ))e_’\zt
and
(= cAsin(=A7) + c2A COS(—)\ﬂ'))B_)\Qt = (= aAsin(A7) + e cos()m))e_’\zt.
Simplifying, this leads to the system

2cosin(A1) =0 and 2¢Asin(Ar) = 0.
42.8 Problem (!). Check that.

Here we are assuming A > 0, so to avoid a trivial solution and obtain maximum flexibility
with both ¢; and ¢, we choose A so that sin(Ar) = 0. Thus, again, A = k € Z, and we have
a solution of the form

u(z,t) = (e cos(kx) + ¢ sin(kx))e’k%.
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By linearity,

n

u(z,t) = (ar cos(kxz) + by sin(kx))e_k2t
k=0
solves
Up = Upy, —T < x <7, tER
u(—m,t) = u(m, t), ug(—m,t) =ug(mt), t R
uw(z,0) = f(z), -r<z<nw
with

flz) = Z (ak cos(kz) + by, sin(kz)).
k=0
As before, we might conjecture that if we can write the initial data f as

Z ai cos(kz) + by, sin(kz)),
k=0

then putting

u(z,t) = Z (ak cos(kz) + by, Sin(kx))e_k%
k=0
solves the boundary value problem. Does it? Can we write f in this way? What are a; and
bi? These are the fundamental questions that lead us to Fourier series.

42.9 Problem (x). Adding is sometimes easier than multiplying. What if we looked for
“sum solutions” u(x,t) = X (z)+7'(t)? Find all such solutions to the heat equation u; = ty,.
Does this result make the function w from (23.1) seem less mysterious?

Day 43: Wednesday, April 23.

Material from Basic Partial Differential Equations by Bleecker & Csordas

Sections 4.1 and 4.2 provide a huge amount of detail on Fourier series. All of this
is worth reading, although you are not responsible for the many proofs (which will
nonetheless clear up many lingering questions from class). The book defines Fourier
series over symmetric intervals [—L, L] for L > 0; we are taking L = 7 for convenience.
Trigonometric polynomials and the integral inner product are defined on pp. 189-190.
Theorem 1 on p. 192 obtains the coefficients of trigonometric polynomials in terms of
inner products. Fourier series are defined on pp. 193 and computed in several examples
on pp. 193-198 and pp. 201-202. Theorem 2 on p. 198, Theorem 1 on p. 217, and
Theorem 2 on p. 221 state “ideal” results for Fourier series convergence that relate
to the natural assumptions of our heat boundary value problem. Again, you are not
responsible for knowing the proofs of any of these theorems, but they are there if you
are interested. See Remark 1 on p. 194 and the remark on p. 204 for hints of the
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delicacy of convergence otherwise.

We first briefly review some essential aspects of series convergence.

43.1 Definition. Let (z;) be a sequence in C, i.e., a function f: N — C with f(k) = z.
The term “series” and the symbol >~} |z, have two meanings.

(i) We denote by > 3”2k the sequence of partial sums (3 _p_,zr). That is, > oo 2k is the
function f: N — C such that f(n) = _,z.

(ii) If the limat lim,,_ oo >, _, 2k of this sequence of partial sums exists, then we also denote
it by > ooy zk. That is, Yoo zx is the number > =z := lm, o0 > o i 2k

So, we can always give a rigorous meaning to the symbol > 77z, by interpreting it as a
sequence of partial sums, and sometimes we are lucky enough to have convergence and think
of this symbol as being a finite number. We will not make too much of a fuss about where
the sum starts, i.e., at k = 1 or at some other value of k.

43.2 Example. Let r € C with |r| < 1. Then for any integer n > 1 we have

1— rn+1

n

5 b=
1—7r

k=0

This can be proved by multiplying both sides of the desired equality by 1 — r and then
using the formula for a finite telescoping sum (which is quite worth knowing!). With this
finite sum established, we take the limit as n — oo and use |r| < 1 to obtain

> 1
z::rk‘zl_r.

k=0

This is the GEOMETRIC SERIES. But we could also think of Y ;7 ;7% as the sequence of
partial sums
> n 1 — pntl
k k
rt = = .
> () - ()
k=0 k=0

The most important method of determining series convergence is the same as for improper
integrals: the comparison test.

43.3 Theorem. Let (z;) and (wy) be sequences with |zx| < |wy|. Suppose that Y oo |wy]
converges. Then the series Y ;- Wi, > peolzxl, and >z all converge, and we have the
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triangle inequality:

o
> %
k=0

oo o0
< Z | 21| < Z |w|.
k=0 k=0

Our goal in studying the periodic heat BVP

Up = Ugy, —T < x <7, tER
w(—m,t) = u(m,t), u.(—mt) = u.(mt), t R
u(z,0) = f(z), - r<zx<mw

is to be able to write

Z ar cos(kxz) + by, sin(kz))
k=0

and then
Z e " (ay cos(kx) + by sin(kz)).

We first think about such expansions for f and then consider if such u converge and are
differentiable.

Some additional notation and calculations will help. For f, g € Cpw([—, 7]), as defined
some time ago in Definition 25.4, put

)= [ fo.

It is then possible to calculate the following:

2m, k=7=0
(cos(k-),cos(j-)) = qm k=j=>1
0, k#J,

T k=7
(sin(k-),sin(j-)) = {07 . #j >1

and
(cos(k-),sin(j-)) = 0 for all k, j.
Perhaps the simplest initial temperature distribution f for the problem at hand is

n

fl@) =" (ar cos(kx) + by sin(kz)), (43.1)

k=0

which we call a TRIGONOMETRIC POLYNOMIAL. Linearity of the integral gives

n 2mag, k=7=0

(f,cos(j-)) = Z (ak (cos(k-),cos(7-)) + by <sm(k:-),cos(j-))) =<{maj, k=j>1
k=0 0, k+#j.
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Similarly, we have

7Tbj, k :j Z 1

0, k#j.

The mismatch of 27 and 7 in the formula for (f, cos(j-)) and the fact that (f,sin(j-)) only

returns b; for j > 1 suggests that we revise our expression of a trigonometric polynomial
from (43.1) to

<f7 SlIl(j)> = {

a - _
f(x) = 50 + ; (ak cos(kz) + by sin(kz)).
For f in this form, we now have the more consistent formulas

a = <f7 COS(/C')) and by, = <f7 Sln(k'».
s s
This suggests (but does not demand) how we might define the coefficients a; and by, above

in the ideal trigonometric expansion of an arbitrary f € Cpw([—7, 7).

43.4 Definition. Let f € Cpy([—m,7]). The FOURIER COEFFICIENTS of f are

ag[f] = ——— {f, cos(k-)) / f(z) cos(kx)
and
by[f] := ——= {f sin(k-)) / f(z)sin(kx)
The FORMAL FOURIER SERIES of f s
FS[f](z) 3 ] cos(kx) + by [f] sin(kz)).
k::l

Actually computing the coefficients aj[f] and b[f] is mostly an exercise in integration,
often integration by parts. As with Fourier transforms, there is usually little insight to be
gained in computing explicitly the Fourier coefficients, except maybe for some very special
functions; later we will see that estimating Fourier coefficients can be more illuminating, and
useful.

43.5 Example. It is probably worth doing one explicit Fourier series calculation. Let

1, |z| <m/2
0, |z| >m/2.

f: [—7r,7r]—>R:xr—>{
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Here is its graph.

~f(x)

(o, 1 O
0 S——gr s
s r i b M

"2 2

We have a2
/ f(z) cos(kx) / cos(kx) dx.
—m/2

At k = 0, this reduces to ag[f] = 1. Otherwise, for £ > 1, we have

w=r/2 1 [. [k , km 2 . [(km
=—|sin|— ) —sin| —— )| = —sin .

R km 2 2 km 2

If k is even, then k/2 € Z, and so sin(kn/2) = 0. If k is odd, then k = 2j + 1 for some

J € Z, and thinking about the unit circle returns

sin <M) = (—1).

sin(kx)
km

ak[f] =

Thus :
2(=1)

ay[f] =0, j>1, and ayn[f] = @it

Last, since f is even and sin(k-) is odd, we have

= %/_W f(z)sin(kx) dx = 0.

All together,

3

2(—

Z]T COS((2j + 1)1’)

FS[f](= | cos(kx) + by[f] sin(kz)) = % + i

k:1 7=0

This formula by itself is probably not very enlightening, and while it may resemble an
alternating series, proving its convergence using only classical calculus methods could be,
at best, annoying.

For f € Cpw([—m,7]) and © € [—m, 7], we can always interpret FS[f](z) as a sequence of
partial sums:

FS[f](z) (ao + Z | cos(kx) + bg[f] Sin(km))) :
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Ideally we would like to have FS[f](z) = f(x), i.e.,

207 S (aulf] cos(he) + by f] sin(ha).

k=1

f(z) = lim

n—oo 2

Determining if FS[f](z) converges, and to what (whether f(z) or something else), has been a
major thrust of modern analysis. At the very least, if FS[f] = f, then f must be 27-periodic,

e, f(—m) = f(m).
43.6 Problem (!). Why?

We might wonder if a,[f] and bg[f] are the “best” coefficients to use if we want to write f
as an infinite sum of sines and cosines. For a variety of reasons, they are—not least because
under suitable hypotheses on f we will indeed have FS[f](z) = f(x). Here is a formal
indication of why these coefficients are the right ones: they are really the only possible
choice. If there are sequences (ax) and (by) such that

Z ay cos(kxz) + by, sin(kz))
k=0

for each x € [—m, 7], and if we can interchange integration and summation in the sense that

Mg

(cos(k-), g) + by, (sin(k-), g) )

k::0

for any g € Cpw([—m, 7]), then just as with the trigonometric polynomial, we obtain
ag = 2a0[f], ap = ak[f], k > 1, and bk = bk[f], k > 1.

And here is a precise indication of why the Fourier coefficients are the right ones: they
make FS[f] equal f, if f is sufficiently nice.

43.7 Theorem. Let f € C([—m,m) with f(—7) = f(x) and f'(—7) = f(r). Then
FS[fl(z) = f(z) for all x € [—m, 7.

The hypothesis that f be continuously differentiable cannot be relaxed: there exist f €
C([—m, m]) such that FS[f](x) diverges at one or more values of ! The periodicity hypotheses
f(=m) = f(r) and f'(—m) = f(m) are not unnatural if we want f to solve a heat BVP.

43.8 Problem (!). Suppose that u solves

Up = Ugy, —T<x <7, tER
u(—m,t) = u(m,t), u,(—m,t) =u,(mt), teR
u(z,0) = f(x).
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Prove that f € C*([—m,7]) with

f(=m)=f(x) and [f(-m)=f'(m).

The hypotheses of Theorem 43.7 can be relaxed, and the result is that we still obtain
convergence of the Fourier series to “something” resembling the original function.

We need a variant on the function space C},(R) from Definition 27.4. Recall that we use
the notation

fla*) = tim f(s)

s—xt+

for a function f and a point z.

43.9 Definition. Let a, b € R with a < b. Let f € Cpy([a,b]) and suppose that

o fEEn = @) fah) = fa)
h—0+ h h—0— h

exist for all x € (a,b) and that they are equal for all but finitely many points in (a,b).
Suppose also that the limits

o fak ) = fla) b h) = ()

h—0t h h—0~ h

exist. (In the expressions f(x + h), f(a+ h), and f(b+ h) we are assuming that h # 0
1s so small that f is actually defined at these points; this is possible, since f is undefined
for at most finitely many points in [a,b] by definition of Cpw([a,b]).) Then we say that f
is PIECEWISE CONTINUOUSLY DIFFERENTIABLE on [a,b], and we denote the set of all
such functions by C)([a,b]).

Here is the best that we can say about the convergence of Fourier series in general.

43.10 Theorem. Let f € Cp ([—m,7]). Then

fT) + f=7)
2

f=r") + f(@)
2

, T € (—m,m)

FS[f](x) =

, x = .

Except at the endpoints 4+, this theorem is effectively the analogue of the Fourier inver-
sion result in Theorem 27.5. In particular, FS[f](z) = f(x) at any « € (—n, 7) at which f is
continuous. Now is a good time to point out that the Fourier coefficients (or “modes”) a|f]

and bg[f] are the analogues of the Fourier coefficients f(k), while the Fourier series is the
analogue of the inverse Fourier transform.
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43.11 Example. (i) We found the formal Fourier series of

fi]-m7n] > R:x— {1’ ol < /2

0, || >m/2
in Example 43.5. The formula was not very helpful. However, now we can use the
convergence theorem. By continuity, we have FS[f](z) = f(z) for —7 < z < 7/2,
—7m/2 < x < 7w/2, and 7/2 < x < 7. At the jump discontinuities at * = £7/2, we take
averages of the left and right limits. At x = %, it turns out that FS[f](7) = FS[f](—m),
which more generally is a consequence of the evenness of f. All together, we have

(0, —m <z < —m/2

1/2, x = —7/2
FS[f](x) =<1, —7/2 <z < 7/2
1/2, x =7/2

0, 7/2 <z <m.
\

We graph f and FS[f] to compare them.

~f(x) ~f(x)
O 1 O O 1 O
o 1/2 1+ °
I e 4o
. m + T T —r m v 7r T
2 2 2 2

(ii) Define f € Cpw([—m,7]) by

(1,1‘:—71'

3, << -1
-1, -1 <z <1
1, 1<r<?2
2, x =2

(3, 2<x <.
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Note that f is not even defined at x = 1 and x = 7. Here is the graph.

+f(x)
o0—0 3+ o0—o0
2 4 )
° 1+ o—o
o | | | | L
A | | | | I
—Tr -2 -1 1 2 ™

By continuity, we have FS[f](z) for —7# < z < -1, -1 <2z < 1,1 < z < 2, and
2 <x<m At x=+m, we have

fem) +fr) 343

FS[f](x) = 5 5 3.
Otherwise, we have
FS[](—1) f(—l‘)-gf(—ﬁ) _ 3+§—1) _1,
FS[f](1) = f(l‘)—gf(ﬁ) _ —12+1 o,
and
i = JEHIE) 145,
That is,

3, << -1
1, x=-1

-1, -l<z<1
FS[fl(z) =<0, z=1

1, 1<z<?2
2, x=2

3, 2<z<m.

\

Among other things, we might note that FS[f] is defined on [—m, 7], even though f is
undefined at some points in that interval. This is just like how a function’s Fourier trans-
form can be defined on (—o0, 00) even if the function is undefined at some real numbers.
Integrals can eat and/or forgive bad behaviors at single points.
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Here is the graph of FS[f].

o———0 3
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