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I How to Use This Daily Log N

This document is our primary reference for the course. It contains all of the material that
we discuss in class along with some supplementary remarks that may not be mentioned in
a class meeting. Each individual day has references, when applicable, to relevant material
from the text. These references are spread throughout a day’s notes, and you should be
consulting both the daily log and the Meckes text more or less simultaneously.

The document contains several classes of problems, which interact intimately with the
material and which supplement (but certainly do not replace) the problems in the textbook.

(!) Problems marked (!) are meant to be attempted immediately. They will directly address
or reinforce something that we covered (or perhaps omitted) in class. It will be to your great
benefit to pause and work (!)-problems as you encounter them.

(%) Problems marked (%) are intentionally more challenging and deeper than (!)-problems.
The (x)-problems will summarize and generalize ideas that we have discussed in class and give
you broader, possibly more abstract perspectives. You should attempt the (x)-problems on a
second rereading of the lecture notes, after you have completed the (!)-problems. Completing
all of the (x)-problems constitutes the minimal preparation for exams.

(4) Problems marked (+4) are meant to be more challenging than the (!)- and (*)-problems
and will take you deeper into calculations and proofs and make connections to concepts
across and beyond the course. It will not be necessary to do any (+)-problems to master the
essential material of the course, but your experience may be richer (and more meaningful,
and more fun) by considering them. If you have done all of the (!)- and (x)-problems, and
the required and recommended problems from the textbook, and if you're still feeling bored
or wondering if something is “missing,” check out the (+)-problems. Sometimes a (!)- or (x)-
problem will reference a (+)-problem; you should read the statement of that (+)-problem,
but feel no obligation to do it.
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Day 1: Monday, August 18.

Linear algebra is everywhere. It arises naturally in every branch of mathematics—pure,
applied, computational—and in problems in all STEM fields, especially in today’s most
popular (and sultry) field of data science. This course is a second course in linear algebra
from a more abstract, general, and proofs-based perspective. We will both assume familiarity
with many “classical” topics and techniques from a standard first course in linear algebra
(such as matrix-vector multiplication), but we will also revisit those topics in greater depth
and to a broader extent. The following two problems exemplify the kinds of questions that
we will ask, and often answer, in this course.
The first problem hopefully feels very familiar from a first course in linear algebra.

1.1 Example. Let

121 7
A=12 4 2 14
0 0 2 8

For what vectors b € R? can we find x € R?* such that Ax = b?
Before proceeding, we are presuming familiarity with the Euclidean spaces R" of column
vectors and matrix-vector multiplication. We will revisit these topics. Here

by

with by, by, by € R?, and for convenience we will also write b = (by, by, b3). We will elaborate
on this notation later.
We might first note that if x = (xy, 29, x3,24), then

1+ 229 + 13 + Ty
Ax = [2(x) + 229 + 23+ Ty) | (1.1)
2.%3 +8$4

and so if x € R* and b = (b1,b9,b3) € R? satisfy Ax = b, then b, = 2b;. This is a
“solvability condition” for the problem Ax = b, and so we will not be able to solve it for
all b € R?; take b = (0, 1,0), for example.

It turns out that this solvability condition is both necessary and sufficient for being able
to solve the problem. Elementary row operations show that Ax = b if and only if Rx = c,
where

1 20 3 by — b3/2
R=10 01 4 and c=| 0b3/2 |. (1.2)
0000 by — 2Dy
In turn, the problem Rx = c is equivalent to the system
Ty + 21‘2 + 31’4 = b1 - b3/2

0 - bQ - 2b1
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The third equation is by — 2b; = 0, which is the solvability condition. In the first two
equations, we can solve for the pivot variables x; and x5 in terms of the free variables x4
and x4 to represent the solution x “parametrically” as

by — by /2 2 -3
0 1 0
0 0 1

This tells us all solutions when the solvability condition is met and in particular that
solutions are not unique.

All of this should be reasonably familiar from a first course in linear algebra. Here are
some follow-up questions, which may well also have been addressed in that first course.

1. Is there a meaningful, natural way to “force” uniqueness of the solution? Can we impose
some extra conditions on x to guarantee that, if b meets the solvability condition, then
there is exactly one x that meets Ax = b? Perhaps we could “minimize” x relative to some
norm (which need not be achieved by taking zo = x4 = 0).

2. We know that we can solve Ax = b precisely when by = 2b;. How does this solvability
condition affect, or determine, the “structure” of R3? If a vector in R® does not meet the
solvability condition, how is it related to vectors that do meet it?

3. What happens if b does not meet the solvability condition? Is there a meaningful,
natural way to “approximate” b by some other b € R? for which the “approximate” problem
AX = b does have a (possibly nonunique) solution? (Here the unknown X is just meant to
emphasize that the problem AX = b is not the same as Ax = b.)

Content from Linear Algebra by Meckes & Meckes. Sections 1.1, 1.2, and 1.3 review
linear systems, Gaussian elimination, and the RREF (in system form). I will not talk
about this in class, and I expect that you are very comfortable with this from Linear I, or
will get comfortable soon. Page 67 defines matrix-vector multiplication, but I prefer (2.3)
as the definition over (2.2). I also expect that you are comfortable with matrix-matrix
multiplication, as treated on pp. 90-96. (Skip transposes and inverses for now.) Finally,
you should be familiar with how elementary matrices perform elementary row operations;
see pp. 102-104 up to and including Theorem 2.22. We will consider matrix-vector and
matrix-matrix multiplication from more abstract perspectives in this class later, and we
will also revisit the RREF, albeit somewhat briefly, when we study dimension and rank.

1.2 Problem (!). This is an opportunity to review some of the underlying techniques that
were used in the previous example.

(i) Carry out the matrix-vector multiplication that gave (1.1).

(ii) Convince yourself that if Ax = b, then by = 2b;.
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(iii) Rewrite the solvability condition in the form b -z = 0 for some z € R®.

1.3 Problem (%). That example hinged on the equivalence of the problems Ax = b and
Rx =c.

(i) Carry out in detail those elementary row operations that establish this equivalence.
That is, convert the augmented matrix [A b} to its reduced row-echelon form [R C},
where R and c have the forms given in (1.2).

(ii) Convince yourself that the problem Rx = c is equivalent to the system (1.3).

(iii) Solve (1.3) and explain why the solution has the “parametric” form (1.4).

The second problem comes from differential equations, about which we presume no prior
knowledge beyond the basics of a standard course in single-variable calculus.

1.4 Example. Let g: R — R be a continuous function. What functions f: R — R are
twice-continuously differentiable (so f" and f” exist and f” is continuous) and solve the
ordinary differential equation (ODE)

14 f =g

That is, we want f"(z) + f(x) = g(x) for all x € R. This is a version of the ODE that
governs the motion of a simple harmonic oscillator (a mass-spring system); the mass here
is 1, the spring constant is 1, and there is no friction (because there is no term with f’),
while g encapsulates all external forces acting on the oscillator.

The answer turns out to be any function f of the form

f(z) = £(0) cos(x) + f'(0) sin(x) + (Sg) (), (1.5)
where

(Sg)(x) = sin(z) /0 i cos(y)g(y) dy — cos(x) /0 ' sin(y)g(y) dy. (1.6)

This is the dreaded method of variation of parameters. Our focus here is not deriving this
formula (Having a formula for something is not the same as understanding that thing) but
in exploiting it.

Our first conclusion should be that this ODE always has a solution, unlike the previous
linear system, and that, like the previous linear system, this solution is never unique without
some additional constraints. For example, we might fix the initial conditions to be f(0) = yo
and f'(0) = y; for some given yo, y1 € R, and that specifies exactly what f is.

We might also add some “qualitative” constraints to the problem. Since g represents an
external force, we could look at periodic forcing: say that g is 2m-periodic, so g(z + 27) =
g(x) for all z € R. Will f also be 2m-periodic? It turns out that if f in the form (1.5) is
2m-periodic, then g must meet

/O W cos(y)g(y) dy =0 and /0 Wsin(y)g(y) dy = 0. (1.7)
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These are “solvability conditions” for the problem f”+ f = g when we work with 27-periodic
functions. Not every 2m-periodic g will meet these conditions, and so we cannot always
solve the problem now. However, the solvability conditions here do guarantee existence: if
g meets (1.7), then Sg is 2m-periodic, and so f as defined by (1.5) is 27-periodic, too. This
is just like how the solvability condition for the linear system was necessary and sufficient
for existence of solutions.

We are still faced with a lack of uniqueness in this 27-periodic setting. We could impose
initial conditions, but it also turns out that requiring the solution f to meet the solvability
conditions

/OWCOS(y)f(y) dy=0 and /Oﬂsin(y)f(y) dy =0 (1.8)

guarantees uniqueness.

What if g does not meet the solvability conditions? Can we approximate g by some g
that does and then solve f” + f 9? (There is an unfortunate conflict of notation with
Fourier coefficients here, by the way.) We are working with functions on R, not vectors, and
there are probably many meaningful ways to approximate a function by other functions—by
polynomials (such as, but not limited to, Taylor polynomials), by trigonometric polynomials
(as in partial sums of Fourier series). What is best? What is the right thing to do?

1.5 Problem (!). (i) Check that any function of the form (1.5) does solve f” + f = g.
[Hint: this is not the same as proving that any solution to f" + f = g has the form (1.5);
plug this formula into the ODE and calculate away. The most complicated part will be
differentiating Sg, which will require the fundamental theorem of calculus.]

(ii) Use a trigonometric addition formula to explain why

(Sg)() = / " il — i) @ (1.9)

1.6 Problem (%). (i) Suppose that f, g: R — R are 2r-periodic with f twice-
continuously differentiable, g continuous, and f” + f = ¢. Integrate by parts to show
that ¢ must meet the solvability conditions (1.7). [Hint: use what f and g do to rewrite

/0 Wsin(y)g(y) dy = /0 ﬂsin(y)( £+ Fw)) dy

Integrate by parts in fzﬂ sin(y)f"(y) dy. How does this help? Repeat this work on the
integral with cosine.|

(ii) Show that the function f defined by (1.5) is 2w-periodic if and only if Sg is 2m-periodic.

(iii) Suppose that g: R — R is continuous and 2m-periodic and meets the solvability
conditions (1.7). Show that Sg is also 2m-periodic. [Hint: use the followz'ng facts which you
do not need to prove, to show that Sg will be 2m-periodic if T(x fo sin(x —y)g(y) dy =

0. (1) The integral property fah dy = fah dy + fch dy, valid for any continuous
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function h on R. (2) fz+27rh(y) dy = fiwh(y) dy for all x € R, whenever h is 2w-periodic
and continuous on R. Then use a trigonometric addition formula to rewrite Z(x) in such
a way that the solvability conditions from (1.7) appear. This last step is morally similar to
the proof of (1.9).]

(iv) Suppose that fi, fo, g: R — R are 2m-periodic with f; and f twice-continuously
differentiable, g continuous, and f; + f; = g for j = 1, 2. Suppose also that f; and f;
meet the solvability condition (1.8). Prove that f; = fo. [Hint: show that f = fi — fs
solves f" + f = 0. Use (1.5) to find a formula for f. Compute fzﬂ sin(y) f(y) dy and
féﬂ cos(y) f(y) dy from this formula and, using the fact that these integrals are 0 by (1.8),
show that f(0) = f'(0) =0.]

Day 2: Wednesday, August 20.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Function (N), domain of a function, codomain of a function, range of a function, image
of a set under a function, R" (as a set of functions)

The problems of Examples 1.1 and 1.4 should look cosmetically different, but they are
really asking many of the same questions. The first problem is a linear system of the form
Ax = b for A € R™" and b € R™ with, ideally, a solution x € R*. The second problem is
the ODE Af = g, where Af := f” + f with g: R — R continuous (and possibly more than
that) and f: R — R twice-continuously differentiable (and possibly more than that). Both
problems are LINEAR in the sense that

A(x) +x9) = Axy + Axy, X1, Xo € R"  and  A(ax) = a(4Ax), a € R, x e R" (2.1)

and

Alfi+ o) =Afi+Afy  and  A(af) = a(Af) (2.2)

for fi1, fa, f: R — R twice-continuously differentiable. The identities (2.1) are a consequence
of the definition of matrix-vector multiplication; we presume familiarity with this from prior
exposure to linear algebra.

2.1 Problem (!). Use the linearity of the derivative to prove (2.2).

These kinds of problems are the central object of study in this course. Specifically, we
will consider vector spaces V and W and a linear operator 7:V — W. (Many first courses
in linear algebra consider this already, and many do not. We will review notions of vector
spaces and linear operators from scratch.) Given a vector w € W, we ask if we can find
v € V such that Tv = w. If we can, we then ask if v is unique; if it is, then we write
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v =T tw. If v is not unique, we ask if there is a natural, meaningful way to choose v to be
unique (what is “natural” and “meaningful” will depend on the precise context of what V,
W, and T are). If we cannot solve Tv = w, then we ask if there is a natural, meaningful
way to “approximate” w by some other w € W such that the problem 7v = @ does have a
solution. In short, how do we characterize and understand the range of a linear operator?

Addressing these questions will involve three overlapping, interlaced areas of focus. We
will study vector spaces and their properties—in particular, subspaces, bases, and dimension.
We will study linear operators and their properties—in particular, range, kernel, composition,
invertibility, eigenvalues, and their interactions with properties of vector spaces. And we will
study geometric aspects of vector spaces and linear operators that arise in natural, meaningful
ways for many problems—in particular, inner products, norms, orthogonality, orthonormal
bases, and adjoints of linear operators. Although we will sometimes stray from a direct focus
on the problem 7v = w, that will always be our goal: what more can we understand about
linear operators?

That being said, we will start small, with functions. Functions are foundational to all of
mathematics. We will need functions to define vector spaces, the primary setting in which
we will work, and linear operators, the primary connection between vector spaces. Moreover,
essentially all vector spaces consist of functions; we will see that column vectors and matrices
are functions of “discrete” variables, while some of the most interesting infinite-dimensional
vector spaces consist of functions. And even the most precise definition of basis is ultimately
couched in the notion of function.

Here is a first stab at the definition of function.

2.2 Undefinition. A FUNCTION from a set A to a set B is a rule or operation that pairs
(or associates, or maps) every element of A with one and only one element of B.

The problem with this definition (which is why it is an undefinition) is the use of weasel
words: ‘“rule,” “operation,” “pairs,” “associates,” “maps.” What do these words mean? We
will make this annoyingly precise, but first we consider some examples to see how broad
functions can be.

PAANA4 PR3

2.3 Example. The following should all be functions.

(i) The pairing of real numbers x with their doubles 2z is a function: every real number
is paired with another number, and only one number at that.

(ii) The pairing of people in a room with the date (1 through 31) on which they were
born. Everyone has only one birthday.

(iii) The pairing of people in a room with the color of the chair in which they are seated
(assuming everyone is sitting in a chair and every chair has a discernible color). This last
function does not involve numbers at all!

The better definition of function involves more set-theoretic machinery, specifically, the
ordered pair. The idea of an ordered pair (x,y) is that another ordered pair (s,t) equals
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(x,y) if and only if z = s and y = ¢. That is, ordered pairs are equal if and only if their
corresponding components are equal-—that encodes the idea of “order.” It is not necessary
to memorize the following definition, but it is here for completeness.

2.4 Definition. Let A and B be sets. The ORDERED PAIR whose first component is x € A
and whose second component is y € B is the set

(z,y) = {{z} {=.y}}.

The CARTESIAN PRODUCT of A and B is the set A x B of all ordered pairs with first
component in A and second component in B:

Ax B={(z,y) |z € A, y€ B}.

2.5 Example. Let A ={1,2,3} and B = {4,5}. Then

Ax B={(1,4),(1,5),(2,4), (2,5), (3,4), (3,5)}.

2.6 Problem (!). Let A and B be as in Example 2.5. Determine the elements of the
following sets.

(i) Bx A
(ii)) o x A

2.7 Definition. Let A and B be sets. A FUNCTION f: A — B FROM A TO B is a set
f € A x B such that for every x € A, there is a unique y € B such that (z,y) € f. We
use the following additional terminology and notation.

(1) If (z,y) € f, then we write y = f(z).
(ii) The set A is the DOMAIN of f, and the set B is the CODOMAIN of f.
(iii) The RANGE of [ (sometimes the IMAGE of f) is the set

f(A) :={f(z) | x € A}.

(iv) More generally, if E C A, then the IMAGE OF E UNDER f is

f(E) ={f(z) |z € E}.

That a function is a set of ordered pairs encodes the act of pairing: elements of A are
paired with elements of B as ordered pairs. The more precise quantified statement that each
x € A is paired with precisely one y € B encodes the uniqueness of this pairing. In calculus
we perhaps more often think of the set {(x, f(x)) | z € A} as the GRAPH of f, but for us
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this set really us what f is.

2.8 Example. Let
f= {(L_l)?(271)7(37_1>7(471)}'

Then f is clearly a set of ordered pairs. We study possible domains and codomains of f.

(i) Let A={1,2,3,4} and B = {1,—1}. Then for each x € A, there is one and only one
y € B such that (z,y) € f, and so f is a function from A to B. Moreover, f(A) = B. It
happens that f(1) = f(3), and also f(2) = f(4), but that does not violate any part of the
definition of function. (It does mean that f is not one-to-one or injective, a condition that
we will discuss later.)

(ii) Let A={1,2,3} and B = {1, —1}. Since (4,1) € f but 4 € A, f cannot be a function
from A to B; the first condition in the definition of function is violated.

(iii) Let A =1{1,2,3,4,5} and B = {1,—1}. Since 5 € A but (5,y) ¢ f forally € B, f
cannot be a function from A to B; part of the second condition in the definition of function
is violated.

(iv) Let A = {1,2,3,4} and B = {1,—1,0}. Again, for each z € A, there is one and
only one y € B such that (z,y) € f, and so f is a function from A to B. It happens that
f(A) # B, since 0 ¢ f(A), but that does not violate any part of the definition of function.
(It does mean that f is not onto or surjective, a condition that we will discuss later.)

Content from Linear Algebra by Meckes & Meckes. Pages 379-380 define functions.
The definition on p. 379 does not use ordered pairs and is perfectly sufficient for almost
all encounters with functions that we will have in this course. We will not do much with
function composition and inversion for arbitrary functions as on pp. 380-382, but this will
reinforce work with linear operators later.

2.9 Problem (!). (i) Why is {(1,-1),(1,1),(2,1),(3,-1),(4,1)} not a function from
{1,2,3,4} to {1,—1}?

(i) Let f ={(z,2%) | # € R}. Let I = [0,00). Show that f(I) = I.

(ili) Why is {(z,y) | 2, y € R and y* = 2} not a function from R to R?

2.10 Problem (!). Suppose that A and B are sets, z € A, and f: A — B is a function.
Which, if any, of the objects z, {z}, f(z), f({z}), and {f(z)} are equal?

2.11 Problem (+4). Let A, B, C, and D be sets and let f: A — B and g: C — D
be functions. Prove that f = g if and only if A = C and f(z) = g(z) for all z € A
(equivalently, for all € ). [Hint: remember that f and g are sets of ordered pairs.
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To prove the forward implication, if f = g, we want to show r € A <— =z € C and
f(z) = g(x) for all x € A. So, take some x € A and obtain (z, f(x)) € g. Why does this
force x € C and g(x) = f(x)? To prove the reverse implication and show f = g, we want
to establish (x,y) € f < (x,y) € g. If (x,y) € f, why do we have x € A and thus
x € C? Since f(x) = g(x), why does this lead to (x,y) € g7

Life starts with sets and then we connect them with functions (which are themselves sets).
Naturally, we may also want to consider sets of functions. If A and B are sets, we denote by

BA
the set of all functions from A to B.

2.12 Example. The set {1, 2}{!} is the set of all functions from {1} to {1,2}. Any function
from {1} to {1,2} must be a set consisting of a single ordered pair whose first coordinate
is 1 and whose second coordinate is either 1 or 2. So,

{17 2}{1} - {{(1? 1)}7 {(17 2)}}

2.13 Problem (x). What are all the elements of {1, —1}%34? [Hint: there are eight.]

We will mostly consider functions whose codomains are R (and sometimes the complex
numbers C) or functions that are linear operators between vector spaces. For the former,
the additional algebraic structure of the codomain ensures that we can do algebra (and
arithmetic) on functions. Let f, g € R¥, where we are taking the domain to be R right now
just for simplicity. Then we have a natural notion of adding f + ¢, which should be that
(f +9)(x) = f(z) + g(). Be careful: we want f + g € R¥, too, but for any » € R, we have
f(z) + g(x) € R. That is,

f+g={( flz)+g()) [z R}
We might also write more formulaically
f+9:R=>R:z— f(z)+ g(x).

Likewise, for @ € R, we have a natural notion of what af should be: it is the function
on R given pointwise by (a.f)(z) = af(x). Again, af € R¥ but af(x) € R for any x € R.
Of course, we can also multiply functions f, g € R® to get a natural product fg € R¥, but
this operation turns out to be somewhat less important in linear algebra than in calculus.
Also, the set R is far too big for daily use; in calculus we restrict ourselves to much nicer
functions, chief among them the continuous, differentiable, and integrable functions.

The careful reader will note that none of the function arithmetic above involved the
domain. We did not need to be able to add inputs to f and g to be able to add their outputs.
So, if X is any set, and if f, g € RY and a € R, then we can define f + g and o f pointwise
as above.
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All of this is exactly how we defined arithmetic in R"™ in a first course in linear algebra,
except there we probably used the word “componentwise” instead of pointwise. For example,

in R?, we add
e
+ = :
() Wa Vg + Wo
We can think of these vectors as functions defined on the “discrete” domain {1,2}, and their

“componentwise” addition is really their pointwise addition.
This leads us to a rigorous (if not often useful) definition of R" and column vectors: they

are functions on the set of integers from 1 to n.

2.14 Definition. Letn > 1. Then

{1,...;n}={keN|1<k<n}=[l,nNN.

2.15 Definition. R" := R for n > 2 and R' := R.

_____________________________________________________________________________________________________________________________________________|]
Day 3: Friday, August 22.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

List of length n in a set, R™*" (as a set of functions), vector space, additive identity
for a vector space, additive inverse for a vector space, zero vector for a vector space

We really do not think of functions in R" as actual functions. Typically, if f € R", then
we put v := f(k) for k =1,...,n and declare the two symbols

U1
and  (v1,...,0,)

Un
to be equal to both each other and to f. Strictly speaking,

= (v1,...,vn) = {(k, o)}y

3.1 Remark. This can lead to some awkwardness when n = 2, as then we have

m = (v1,2) = {(1, 1), (2,v2)}.

V2

That is, for n = 2 we are unfortunately overworking the notation of ordered pair. For
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consistency, we still prefer to think of vectors in R? as functions in R1Y2 and context will
guide us as to the meaning of (vy, vy).

Here is a slight generalization of this notion of R"™ that will be useful when we speak
precisely about bases.

3.2 Definition. LetY be a set. A LIST of length n > 1 in'Y is a function in Y If
feyemb with f(k) =y for k=1,...,n, then we define (y1,...,yn) = f. That is,

W1, ) = {(ks yn) res -

So, vectors in R"™ are lists of length n in R. But we will also think about lists of length n
in R™ from time to time. This arises naturally when we talk about matrices.

Intuitively, an m xn matrix is a rectangular array of numbers with m rows and n columns.
This perspective no doubt carried us through our first course in linear algebra, and most of
the time it will do so here. However, this second pass at the subject is the time for thinking
precisely. A matrix like

{an ai2 a13:|
21 Q22 (23
is really a way of associating each of the six entries with a real number. We want to specify

where the entry falls with respect to both rows and columns, so we need two coordinates for
the entry.

3.3 Definition. (i) R™" := R mbx{L,..n} form>1 andn > 2.
(ii) R™! :=R™ for any m > 1.

(iii) R :=R.

(iv) We do not identify R™" and R™ for n > 2.

3.4 Problem (!). How are R"™" and R" different? [Hint: think about their elements as
functions. What are the domains?|

Possibly most of the meaningful examples of vectors and vector spaces in a first course
in linear algebra are at the level of column vectors. We can think of these as functions
with finite, discrete domains: the n integers in the set {1,...,n}, each of which is separated
from its neighbors by a distance of 1. At the other extremes are functions in R® or R’
for I C R an interval. Here the domains are “continuous” because intervals are unbroken
(strictly speaking, connected) and infinite (uncountably infinite, actually). Even when I is
a proper subinterval of R, the set R’ is far too large for calculus purposes.
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3.5 Definition. Let I C R be an interval.

(i) The set C(I) consists of all real-valued continuous functions on I.

(ii) A function f: I — R is CONTINUOUSLY DIFFERENTIABLE on [ if f is differentiable
on I and if f' € C(I).

(iii) Let r > 1 be an integer. The set C"(I) consists of all r-times continuously differen-
tiable functions on I. That is, f € C"(I) if and only if the r derivatives f',..., ") exist
on I with £ € C(I).

(iv) C°(I) := C(I).

(v) C(I) :=m2,C"(I). The functions in C*°(I) are INFINITELY DIFFERENTIABLE.

3.6 Example. Define
fiR—=>R:z— |z

Then f € C(R) but f € C"(R) for any r > 1.

Most of the functions that we meet in calculus courses and for which we have “familiar”
formulas are infinitely differentiable or at worst piecewise continuous (which we have not
specified here). Often in differential equations one studies an rth-order differential equation
and desires solutions that are r-times continuously differentiable; the idea is to have some
extra control over the rth derivative beyond its existence.

The sets R™ and C"(I) may look very different, but algebraically they have much in
common. We list some similar properties below for r = 0 and, for convenience, I = [0, 1].

1. Addition. We can add vectors v, w € R" componentwise and get a new vector v+w € R".
This is just a consequence of how we define vector addition in R" really as function addition
in R%m | Likewise, we can add functions f, g € C([0,1]) pointwise and get a new function
f+ g € C([0,1]). This is a little deeper: we show in calculus that defining f + g by
(f+9)(x) = f(x)+ g(x) does yield a new continuous function f + g when f and g are both
continuous.

2. Scalar multiplication. We can multiply v € R" by a € R componentwise and get a new
vector av € R". Again, this is a consequence of how we define multiplication by a scalar in
R Likewise, we can multiply o € R and f € C([0,1]) pointwise and get a new function
af € C([0,1]). Again, the extra step here is proving continuity of a.f.

3. Arithmetic works as it should. We have identities like v+w = w+v in R" and (a+3)f =
af 4+ Bf in C([0,1]). This mostly boils down to componentwise or pointwise definitions and
how arithmetic works in R.

4. Additive identity. Denote by 0, the vector in R" whose entries are all 0 € R. Then
v + 0, = v for all v € R". Denote, annoyingly, by 0 the function from [0, 1] to R whose
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value at any = € [0,1] is 0. That is,
0:[0,1] = R: 2+~ 0.
Then f+ 0= f for all f e C([0,1]).

5. Additive inverse. For v € R", the vector (—1)v satisfies v + (—1)v = 0,,. Of course, we
usually just write —v, not (—1)v, but (—1)v emphasizes that we are multiplying each entry
of v by —1. Likewise, for f € C([0,1]), we have f + (—f) = 0, where (—f)(z) = —f(z).

Content from Linear Algebra by Meckes & Meckes. The examples on p. 50 discuss
these similarities.

These properties are (some of) the fundamental ways that a vector space behaves. It is
possible to talk about vector spaces over very general fields; we will do so only for the real
and complex numbers.

3.7 Definition. The symbol F denotes either R or C and will always mean the same in a
giwen context. We denote addition in F by + as usual, so for o, B € F, we have a4+ € F.
We denote scalar multiplication in F by juxtaposition, so the product of a, B € F is af.

Content from Linear Algebra by Meckes & Meckes. Section 1.4 presents fields in the
abstract. This is wholly optional reading. Maybe the most important point is that from
a (relatively) small list of axioms (p. 39), you can prove all of the familiar properties of
arithmetic in a field. See pp. 4043 and the “Bottom Line” boxes on pp. 40 and 43. The rest
of the section revisits linear systems of equations and Gaussian elimination in the context
of a field.

3.8 Definition. A VECTOR SPACE OVER F is a list of length 4 of the form (V,F,+y,-),
where V, 4y, and - satisfy the following.

e )V is a nonempty set.
e +,: VXV =V (v,w) = v+yw is a function that satisfies the axioms below.

o - FxV—=V:(a,v)— a-visa function that satisfies the axioms below.

We call +, VECTOR ADDITION and - SCALAR MULTIPLICATION. Often we abuse
terminology and call just V the vector space. Vector addition and scalar multiplication
satisfy the following axioms.

Axioms for vector addition.

1. Commutativity: v 4+, w = w +y v for all v, w € V.

2. Associativity: v 4y (w 4y u) = (v +y w) +y u for all v, w, uw € V.
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3. Identity: there exists 0y € V such that v + 0y = v for allv € V.

4. Inverse: for each v € V, there exists w € V such that v 4+, w = 0y.
Axioms for scalar multiplication.

5. Identity: 1-v =wv for allv e V.

6. Associativity: - (f-v) = (af) v foralla, B €F andv € V.

Axioms relating vector addition and scalar multiplication.

7. Distributivity: (a+ 8)-v = (a-v) +y (B-v) foralla, B €F and v € V.

8. Distributivity again: o - (v +y w) = (a-v) +y (B-w) for alla €F and v, w € V.

Content from Linear Algebra by Meckes & Meckes. These axioms appear on p. 51;
I have taken their grouping from Strang’s Introduction to Linear Algebra (Sixth Edition).
The important thing to consider is the “Bottom Line” box on p. 51 and the notational
remarks on p. 52. Do Quick Exercise #21 on p. 52.

3.9 Remark. (i) Commutativity of vector addition means that the order in which we add
vectors is irrelevant. (Mathematicians are typically uncomfortable using the plus symbol
for something that does not commute.)

(i) Associativity of vector addition means that the way in which we group vectors is irrel-
evant for addition.

(iii) We will shortly show that the additive identity Oy is unique and therefore merits a
special symbol; of course we call this the ZERO VECTOR for V.

(iv) We can also show that the additive inverse is unique and therefore merits the special
symbol —v. That is, for each v € V, the vector —v € V that satisfies v+(—v) = 0y. It is also
possible to show that —v = (—1) - v; that is, there is an intimate, and expected, connection
between the additive inverse in V and scalar multiplication by the additive inverse of the
multiplicative identity in F.

(v) For associativity of scalar multiplication, given o, 5 € F andv € V, we obtain f-v € V
and thus a - (B -v) € V. But we also have aff € F, where juzrtaposition of o and [
here indicates their product according to arithmetic in F, and so we have (af) -v € V.
Associativity of scalar multiplication asserts that these two instances of multiplication are
really the same, as we would expect.

(vi) The first distributive aziom illustrates why we might want to decorate vector addition
as +y. On the left, o+ B is addition of numbers in F, while on the right (a - v) 4y (5 - v)
is vector addition of the vectors ac-v and B -v in V.
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(vii) Typically we do not feel the need to denote vector addition in'V by the special symbol
+y but will use the ordinary + as in F; context will make clear what kind of addition is
occurring. Likewise, we usually write av, not «-v, outside of the special emphases in these
azioms. We may or may not write 0 in lieu of Oy. (In these axioms, we are writing -, not
-y, as we already have a different notation available for multiplication in F: juxtaposition.)

3.10 Example. Let X be a set. The function set F¥ is a vector space over F when we
define addition and scalar multiplication in the natural ways:

fHrxg: X = F: oz f(x)+ g(x) (3.1)

and
a-f: X —=F:z— af(z).

This is mostly a good exercise in reading notation. For the definition of vector addition, in
(3.1), we want to pair any f, g € F* as a new function f +x g € F*, which means that
for each x € X, we have to define an element (f +px g)(z). We need to do the same for
any o € F and f € F¥.

That +rx and - satisfy the vector space axioms is mostly a consequence of these pointwise
definitions and the arithmetic and algebraic properties of F. For the additive identity, the
function

Opx: X > F:2—0

satisfies f +px Opx = f, while for the additive inverse, the function
—f: X =>F:a— —f(2)

satisfies f +px (—f) = 0. To be clear, here we are using the convention that —a = (—1)«a
for any o € F.

This shows that R" and R™*" are vector spaces over R, and more generally F" and
F™ ™ are vector spaces over F. Most of the vector spaces that we use will either be FX for
a good choice of X (like R" and R™*™) or a subspace of F! for some interval I C R (like
C([0,1])). We will rarely, if ever, use the baroque notation +px and Opx after this.

3.11 Problem (!). Using the definitions in the example above, rewrite f +px g, a - f, Opx,
and — f as sets of ordered pairs.
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Day 4: Monday, August 25.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Subspace of a vector space (N)

The vector space axioms should be unsurprising: things works the way that they should
work. What might be surprising is that these axioms are all that we need to show that things
works the way that they should work. The following shows how from those axioms we can
derive important (if unsurprising) consequences. We select these consequences to illustrate
both the use of the axioms and some common proof techniques.

4.1 Example. Let V be a vector space over F.

(1) The additive identity is unique. This proof illustrates the slogan that “what things do
defines what things are.” Suppose that w, w € V both “do the job” of the additive identity:
that is,

(Hv+w=v and (2)v+w=wforallvel.

To show uniqueness, we want to prove that w = w. This is how many uniqueness proofs
go: assume that two things do the job and show that the two things are the same.

The trick here is to exploit the “for all” quantifier by introducing the objects that we
care about. In (1), put v = w to get w + w = w. In (2), put v = w to get w + w = w.
Since addition is commutative,

W=w+w=w-+w=w.

(ii) Ov =0y for allv € V. On the left the symbol 0 € F is the additive identity in F; here
it may be helpful to distinguish the zero vector as 0y,. We could try proving this via the
slogan “what things do defines what things are” and attempt to show that Ov 4+ w = w for
any w € V. This might be hard, however, as we do not really know how v and w would
interact.

Instead, the trick is algebra in F:

O0v = (0+ 0)v = 0v + Ov,
where we have used distribution. Then we may add the additive inverse of Ov to both sides:
0v + (—=0v) = (0v + 0v) + (—0v).

We then have
OV = 0v

as desired; on the right we used associativity of addition to regroup as

(0v + 0v) + (—0v) = 0v + ((0v) + (—0v)) = 0v + 0y, = Ov.
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(iii) a0y = 0y for all « € V. This illustrates proof by cases. First, if « = 0, then we now
know that 00y, = 0y. Next, if a # 0, then we can show that a0y, does the job of the zero
vector. Let v € V. Then

aly +v = a0y +a 'v) =ala ) = (aa v = 0.
Here we used what the zero vector does in the third equality and associativity of multipli-
cation.

(iv) If av = 0y for some a € F and v € V, then « = 0 or v = 0. Here we use the
equivalence of the statements P = () or R) and (P and not )) = R. Specifically, we
show that if av = 0y and « # 0, then v = 0y. Since a # 0, we may divide: av = 0y
implies o (av) = a !0y, thus v = 0y.

(v) The additive inverse is unique. Let v € V and suppose that w, w € V “do the job” of
being the additive inverse of v. That is, v +w = 0y and v + w = 0y,. We want to show
that w = w. This is an example of the proof technique of leaving the proof to the reader.

(vi) —v = (—=1)v for all v € V. We emphasize here that —v is merely the symbol for the
additive inverse of v, and it is defined by what it does: v + (—v) = 0y. We want to show
that the vector (—1)v also does this. That is, the goal is v 4+ (—1)v = 0. We can achieve
this by factoring:

v+ (—Dv=1v+ (=1)v= (14 (=1))v = 0v = 0y.

4.2 Problem (!). Complete the proof of the uniqueness of the additive inverse begun in
part (v) of Example 4.1. [Hint: subtract the two equations v+ w = 0y and v+ w = 0y .|

Content from Linear Algebra by Meckes & Meckes. This example is largely the content
of Theorem 1.11 on pp. 57-58. Some related techniques appear in the proof of Theorem 5
for field arithmetic on pp. 42—43.

A nice example of a vector space that is both a function space and that, morally, sits
between spaces like R” and R® is the space of sequences.

4.3 Definition. Denote the natural numbers (the positive integers) by N and put
F> :=F".

A SEQUENCE in F is a vector in F*. If f € F* and f(k) = a for k € N, then we write

f=(ax).

Of course, F* is a vector space with the usual componentwise addition and scalar multi-
plication.



Day 4: Monday, August 25 21

4.4 Problem (!). So far, we have not paid too much attention to the field over which we
are considering our vector spaces. Explain why R is a vector space over the field R, C is a
vector space over both R and C, but R is not a vector space over C.

As fundamental an example of a vector space as the function space F¥ is, it is not sufficient
by itself. Spaces like R or RY or even R™ are just “too large” to be useful in calculus.
Most interesting vector spaces really arise as subspaces of some larger ambient space.

4.5 Definition. Let V be a vector space over F and letUd C V. Then U is a SUBSPACE of
V if the following hold:

(i) Presence of the zero vector: 0y, € U.
(ii) Closure under vector addition: if v, w € U, then v+ w € U.

(iii) Closure under scalar multiplication: if « € F and v € U, then av € U.

If U is a subspace of V, then U is also a vector space over F with the operations of addition
and scalar multiplication restricted to U. More technically, if ¢ is a subspace of (V,F, +y, -y),
then (U, F, +y, ) is also a vector space, where v 4+, w := v +yp w and « v := a -y v for v,
w € U and « € F. The upshot is that verifying the subspace axioms automatically implies
that U is a vector space in this way. In practice, because so many interesting vector spaces
are subspaces of F¥X for a well-chosen X, we can avoid a lot of boring work by inheriting the
pointwise vector space structure of FX.

4.6 Problem (!). Explain why U is still a subspace of V if the first axiom is replaced by
the condition that U # @.

4.7 Example. Here are some simple situations in R? to practice with the subspace axioms.

=] [ ==

is a subspace of R?. First we show that 0, = (0,0) € U; this is true by taking = 0. Next,
suppose that v, w € U; we need to show that v +w € Y. Since v = (v,0) and w = (w, 0)
for some v, w € R, we have v+ w = (v + w,0) € Y. Finally, if « € R and v € U, then

av = (av,0) € U.
(] -4

is not a subspace of R?. We only need to break one of the axioms, but we show that many
fail. First, 0o € W because 0y = (0,0) # (z,1) for any = € R.

(i) The set

(ii) The set
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Next, we probably expect that W is not closed under addition because the second
component will have us adding 1 4+ 1 = 2, which destroys the 1 in the second component.
To be explicit, we give a concrete example of how this fails:

1 2 1 21 |1+2] |3
R R S R e R
Finally, we probably expect that W is not closed under scalar multiplication because

the second component will have us multiplying oo - 1 = o # 1 when a # 1. To be explicit,
we give a concrete example of how this fails:

o af-fon

Note, however, that 1v € W for all v.€ W.

4.8 Example. Calculus teaches us that sums and products of continuous functions are
continuous and that constant functions are continuous. Thus for any interval I/ C R and f,
g € C(I), we have f+ g € C(I) and af € C(I) for all & € R; certainly 0 € C(I), too. And
so C(I) is a subspace of R’. More generally, C"(I) is a subspace of R’, too, by linearity of
the derivative. Also, C"**(I) is a subspace of C"(I) for all 7.

Much as we do not want to study all functions on a real interval in calculus, we also prefer
sequences with nice behaviors. Here are some of them.

4.9 Example. (i) Denote by ¢ the set of all BOUNDED sequences in F:
0 :={(ax) €e R*® | IM > 0VEk € N: |ag| < M}.

For example, if ay = 1 for all k, then |ax| < 1 for all k, and so (a;) € ¢*°. Likewise, if
br, = 1/2" for all k, then |by| < 1/2 for all k, and so (b) € £°.

We show that ¢*° is a subspace of F*°. The zero sequence (0) is certainly an element of
0%, since |0] < 1. (Remember that (0) is the map N — F: k£ — 0.)

Next we check vector addition. Let (ay), (by) € £>°. We want to show (ay) + (bx) € €°,
and we know (ax) + (bg) = (ap + bg). Our goal, therefore, is to find M > 0 such that
lag + bg| < M for all k. Since (ag), (by) € £°°, we know there are My, My > 0 such that
lax| < M; and |bg| < Ms. Now we need the TRIANGLE INEQUALITY:

o+ Bl <ol + 18], o, €T

Then |ay, + bi| < |ag| + |br] < My + M. Taking M = M; + Ms is the bound we want.

Last, we check scalar multiplication. Let o € F and (ax) € ¢*. We want to show
alay) € °°, and we know a(ay) = (aay). Our goal, therefore, is to find M > 0 such that
laa,| < M for all k. Since (ay) € €°°, we know there is N > 0 such that |ax| < N for all k.
Since

8| = |al|Bl, @, B €T,
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we have |aag| = |a||ag| < |a|N. Taking M = |a|N is the bound we want.

(ii) Denote by F2° the set of all convergent sequences in F:
Fo° ::{(ak) € F> | lim ay exists}.
k—o00

Then 0 € F.°, since limy_,o, 0 = 0, and F° is closed under addition and scalar multiplication
because of “how limits work.” For example, if (aj) and (bg) are convergent sequences with
limy o0 a = Ly and limy_,o by = Lo, then (ag + by) is convergent.

Content from Linear Algebra by Meckes & Meckes. I am presuming familiarity with
the calculus of sequences and the modulus for complex numbers. Example 4 on p. 56
reviews limit arithmetic for sequences. You should be familiar with the properties of
complex numbers on p. 382 of Appendix A.2. (Basically, i* = —1, and all of the arithmetic
is going to work as you think it should.)

4.10 Problem (x). (i) Prove that

o ::{(ak) cF* | lim a, = O}

k—o00

is a subspace of F*° (the notation ¢y is unfortunate, as it looks like a coefficient in some
sum, but traditional).

(ii) Prove that
U, ::{(ak) cF>* | lim a; = a}

k—o0

is not a subspace of F* when o # 0. Explain all of the ways in which V), fails to be a
subspace.

Content from Linear Algebra by Meckes & Meckes. Pages 55-57 discuss subspaces.
The book uses the notation D¥[a, b] for what we would call C*([a, b]).

Day 5: Wednesday, August 27.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Polynomial, linear combination, span, linear operator (N), identity operator

Here is a nice subspace that is effectively F"™ in disguise but is also a function space.
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5.1 Definition. A POLYNOMIAL with coefficients in F is a function p € F® of the form

n

p(z) = Z apx”

k=0

for some ay, € F, k=0,...,n. If a, # 0, then the DEGREE of p is deg(p) := n.

5.2 Example. Denote by P" the set of all polynomials in F¥ of degree less than or equal
to m. (This notation does not indicate whether the coefficients are in R or C; usually we
will not care.) Then P" is a subspace of F R We can explain this quickly in words: the zero
function is a polynomial of degree 0, adding polynomials of degree at most n results in a
polynomial of degree at most n, and scaling a polynomial does not increase its degree.

In more symbols, consider the relatively simple case of n = 2. Then 0 = 0z* + 0z + 0,
so 0 € P?. (The first four appearances of 0 in that sentence were the scalar 0 € F, while
the fifth was the function 0 € F*) If p, ¢ € P?, write p(z) = asz® + a1 + ag and
q(x) = box® + by + by, s0

(p+q)(z) = p(x) + q(z) = (ag + bo)x* + (ay + by)x + (ag + by),
thus p + ¢ € P2. And if a € T, then
(ap)(z) = ap(z) = a(ar® + a17 + ap) = (aaz)z® + (aar)z + (aag),

thus ap € P2
5.3 Problem (!). Why is ¢ :={p € P* | deg(p) = 2} not a subspace of F*?

Content from Linear Algebra by Meckes & Meckes. This is a very different perspective
on polynomials from the “formal polynomial” approach taken on p. 57.

5.4 Remark. Many of our forthcoming examples will take place in one of the four spaces
F*, P*, F>, or C"(]0,1]), or some subspace of those four. We place three of these four
spaces on a “continuum of complexity” of spaces related to FX :

F" F C"([0,1])
finite, discrete domain infinite, discrete domain infinite, continuous domain

\
4

5.5 Problem (+4). Let X be a nonempty set and let V be a vector space over F. What is
a “natural” way of defining vector addition and scalar multiplication in V¥ so that V¥ is
a vector space over F?

The spaces F" and P" can both be described efficiently by only a “few” vectors. Namely,
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if e; € F" is the vector whose jth component is 1 and whose components are otherwise 0,
then any v = (vy,...,v,) € F" has the form

VvV = Zvjej. (51)
7j=1

And if p;(x) := 27, then any p € P" has the form
p=>Y_ap (5.2)
=0

for some a; € F. This is our first encounter with bases, which give “unique coordinate
systems” for vector spaces. We will study bases in detail later (and we point out that the
basis given here for F" is nicer than the one for P" because the former is orthonormal and
talks to the dot product very nicely—in particular, v; = v - e;, and so we get an easy way of
extracting the coefficients of v € F" relative to this basis, unlike the @; in that polynomial
basis).

For now, we focus on the linear structure of (5.1) and (5.2).

5.6 Definition. Let V be a vector space over FF.

(i) A vector v € V is a LINEAR COMBINATION of some vectors vy, ...,v, € V if there

n

exist oj € F such that v = Zj:ﬂ’j' Ifn =1 and v = ayvy, then we say that v is a SCALAR
MULTIPLE of v;.

(ii) The set of all linear combinations of vq,...,v, €V is their SPAN:

n
span(vy, ..., v,) = {Zajvj ay. .., 0 € IF} .
j=1

We allow repetition among the v;.
(iii) If B C V is nonempty, the SPAN of B is the set of all (necessarily finite) linear
combinations of vectors in B:

span(B) := {Z a;v;
j=1

We are writing span({vy,...,v,}) = span(vy, ..., v,).

at,...,an €F vy, .00 0, € B, nZl}.

Content from Linear Algebra by Meckes & Meckes. Linear combinations and spans
are defined on p. 53. We will not use the notation (vy,...,v,) for the span of vy,..., vy,
as that too much resembles the (forthcoming) notation for an inner product.
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5.7 Example. Every span is a subspace. We show this only for the case of U = span(vy, vs),
where v, v9 € V for some vector space V over F.

First we want to show that 0 € /. That is, we need to write 0 = a0 + vy for some
aq, ag € F. We can do this by taking a; = as = 0.

Next, suppose v, w € U. We want to show that v +w € U. We know that we can write
v = 101 + apvy and w = Piv; + [avg for some aq, an, [, P2 € F. Then

v+ w = (a1 + B1)vr + (a2 + B2)vs € U.
Last, if « € F and v € U, then

av = a(av] + aeve) = (aaq)vy + (aag)vs € U.

This is about all that we need to say about vector spaces right now. (We will have lots
more to say in the future.) Vector spaces are the worlds in which our problems live, but we
pass between those worlds via linear operators: the special functions between vector spaces
that “respect linearity.”

5.8 Definition. Let V and W be vector spaces over F (so both over R or both over C). A
LINEAR OPERATOR from V to W is a map T € WY such that

Tw+w)=Tw) +T(w) and T(aw)=aT(v)

forallv, w eV and a € F. If V =W, then we sometimes say that T is a linear operator
ON V.

5.9 Remark. (i) When no confusion will result, we typically write Tv := T (v).

(ii) Synonyms for “linear operator” include “linear map” and “linear transformation.” The
latter is often used in a first course in linear algebra but rarely outside that. Sometimes
“linear operator” is reserved for a linear map whose domain and codomain are the same (so
VYV =W). While we will often be interested in that situation, we will use “linear operator”

even when ¥V # W.

(iii) Often (though mnot always) it will be obvious that a map T € WY between vector
spaces is linear. What may be less obvious is that T does indeed map V to W, as this
will depend on the exact properties of these spaces. And even less obvious will be a precise
characterization of the range of T, which is largely the point of the course.

(iv) We always assume that V and W are vector spaces over the same field, so either F =R
in both cases or F = C in both cases. It would be challenging to interpret T (av) = aTv if
V s a vector space over C but W is a vector space over only R.

5.10 Example. Let V be a vector space over F.
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(i) Define
Z:V—=>V:v—o.

Then Z(v +w) = v+ w = Zv + Zw and Z(aw) = av = aZv for all v, w € V and « € T,
so Z is linear. We call Z the IDENTITY OPERATOR for V and sometimes call it Zy, to
emphasize V.

(ii) Scalar multiplication gives a particularly simple kind of linear operator on any vector
space. Fix A € F and define
T:V—=V:iv— A

The vector space axioms show that 7 is linear:
Tw+w)=Av+w)= w+Iw=Tv+Tw and T(av)= A av)=a(lv)=aTv.

Later we will define arithmetic for linear operators to see that 7 = AZ.

5.11 Problem (!). Let V and W be vector spaces and let 7: V — W be a linear operator.
Prove that 70y, = 0yy. This gives an easy way to check that a map 7 € WY is not linear:
show T0y # Oyy. [Hint: try proving this in two ways. First, what is T (0y + 0y)¢ Neat,
what is T (0v) for any v € V9

Content from Linear Algebra by Meckes & Meckes. Page 64 defines linear operators.
Read in particular the paragraph below that definition and the “more substantial example”
after that. You may find the geometric perspectives on pp. 65—66 helpful. More examples
of linear operators appear on pp. 86—88. Theorem 2.7 on p. 82 extends the action of T to
a finite sum, not just a sum of two vectors.

The following quotes perhaps illustrate an interesting historical evolution of the point
of linear algebra. Hoffman and Kunze’s classic Linear Algebra (1971) states that “Loosely
speaking, linear algebra is that branch of mathematics which treats the common properties
of algebraic systems which consist of a set, together with a reasonable notion of a ‘linear
combination’ of elements in the set” (p. 28). Axler’s groundbreaking Linear Algebra Done
Right (2025), however, argues that “No one gets excited about vector spaces. The interest-
ing part of linear algebra is the subject to which we now turn—linear maps” (p. 51). And
the Meckeses unambiguously state at the start that “Our perspective is that mathemati-
cians invented vector spaces so that they could talk about linear maps” (p. xiii). The latter
two quotes indicate our priorities in this course: understanding the problem 7v = w, with
vector spaces playing (major) auxiliary roles.

5.12 Example. Fix m € C([0, 1]). For f € C([0,1]), define the new function 7 f pointwise
by
(TH)(x) = m(z)f(z).

That is, Tf = mf. Since m, f € C([0,1]) and the product of continuous functions is
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continuous, we have mf € C([0, 1]). That is,
T:C([0,1)) — C([0,1]): f — mf

is a function. (So are m, f, and mf. But m, f, and mf have domain and codomain equal
to [0, 1], whereas 7 has domain and codomain equal to C([0,1]).)

Now we check that 7 is linear. We want to show 7(f + g) = T f + Tg; that is, we
want to show the equality of the functions 7(f + ¢g) and T f + Tg. (Remember that f,
9, T(f+9), Tf, Tg,and T f + Tg are all functions.) We prove this function equality by
checking the pointwise equality

(T(f+9)(x)=(Tf+Tg)(x)

in R.
On the left, we have

(T(f + 9))(x) = m(x)((f + g)(x)) = m(z)(f(x) + g(x)) = m(x) f(x) + m(z)g(z).

The first equality here is the definition of 7 applied to the function f + g, the second
equality is the pointwise definition of the sum f + g, and the third equality is arithmetic
in R. On the right, we have

(Tf+Tg)x) = (TF)(x) + (Tg)(x) = m(x)f(z) + m(z)g(x).

The first equality is now the pointwise definition of the sum 7 f + Tg¢g, and the second
equality is the definition of 7. Together, the left and the right are equal, so T(f + ¢g) =
TF+Tg.

Last, we want to show that T (af) = oT f; that is, we want to show the equality of the
functions T (af) and o7 f. (Remember that f, af, T(af), and o7 f are all functions.)
We prove this function equality by checking the pointwise equality

(T(af)(x) = (T f)(=)

in R.
On the left, we have

(T(af))(x) = m(z)((af)(z)) = m(z)af(z) = alm(z)f(z)).

The first equality here is the definition of 7 applied to the function « f, the second equality
is the pointwise definition of a.f, and the third equality is arithmetic in R.

That “multiply by m” is a linear operator is probably not surprising. The important
thing to value in this argument is the parenthesis juggling: what does each and every object
mean?
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5.13 Example. Differentiation is inherently linear because limits are linear:

(f+g9)=f+g¢ and (af) =af

for any differentiable functions f and g and any a € R. Here we point out that chang-
ing (co)domains changes linear operators, even if the “formula” for the operator does not
change. The following are all linear.

(i) 7i:CY([0,1]) — C([0,1]): f = f'. What is important here is that if f € C*([0,1]), then

f' is continuous.

(ii) 72: P? = P': f > f’. What is important here is that “differentiation lowers the degree
by 1.7

(iii) 73: P> — P?: f — f’. What is important here is that P* C P?.

5.14 Example. Let (a;) € F*°. Write, euphemistically, (ax) = (a1, as,as,...), so we can
“see” its terms. Put T (ax) := (0, aq, as,as,...). That is, if f € F*, then

0, k=1

(T = {f(k—n, s

Then 7T is a linear operator on F>:

T((ak) + (bk)) = T(ak + bk) = (O, ay + bl, (05} + bz, as + bg, .. )
= (0, ai, as, CL3) + (0, bl, bg, b3, .. ) == T(ak) + T(bk)

and

T(a(ag)) = T (aag) = (0, aay, aag, aag, . ..) = a0, a1, ag, as, ...) = T (ag).

5.15 Problem (!). Is 7 (ax) := (X, a1, a2, as,...) linear when \ # 07

Day 6: Friday, August 29.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Linear functional, matrix-vector product, eigenvalue of a linear operator (N), eigen-
vector of a linear operator (N), eigenvalue of a matrix (N), eigenvector of a matrix

(N)
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6.1 Example. Let V = C([0,1]) and W = C*(]0,1]). Calculus teaches us the following

about integrals: for each f € V and each a, b € [0, 1], there is a real number fl;f(s) ds
with the following properties.

(/1) /ablds:b—a.
(f2) /acf(s) ds+/cbf(s) ds:/abf(s) ds for any c € [0, 1].

f3)/ s)+g(s ds—/ £(s ds+/b (s) dsand/ab(af(s)) ds:a/abf(s) ds for

any f, g€V and a € R.
b
(f4) / f(s)ds>0ifa <band f(s) >0 fora <s<hb.

Knowing these four properties of the integral alone is enough to establish the TRIANGLE

INEQUALITY:
b b
(/f@dsﬁ/ﬂﬂwd&

From that one can prove the fundamental theorem of calculus: given f € V), the function

F:[O,l}—>R:xl—>/0xf(s)ds

is differentiable with F' = f. Also, if f € W, then

/f@ww:ﬂm—ﬂm

This is effectively all of the information about integrals that we will need. For f € V,
define

Tt [0,1]%[0,1]:x|—>/0xf(8) ds

Then T f € W, since T f is differentiable with (T f) = f € V. Linearity of T follows
immediately from the linearity of the integral. (This is one of those times where showing
the linearity of the operator is not so hard, but showing that the operator maps to the
claimed codomain requires more technology.)

Our examples of linear operators so far have mapped to what we probably think of as
“actual” vector spaces (spaces with dimension at least 2). But the underlying field of scalars
F = F! is still a vector space over F.
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6.2 Example. The map

T: C([O,l])—)R:f%/o f(s) ds

is linear. This follows from the linearity of the definite integral.

(i) The “evaluate at 0” map
T:C([0,1]) = R: f = f(0)
is linear by properties of function arithmetic. Specifically,
T(f +9) = (f+9)(0) = f(0) + g(0)

and

T(af) = (af)(0) = af(0).

Linear operators that map to the field of scalars have a special name.

6.3 Definition. Let V be a vector space over F. A LINEAR FUNCTIONAL on V is a
linear operator from V to F. Unlike linear operators, we usually denote linear functionals
by lowercase Greek letters and denote pointwise evaluation with parentheses: if ¢: V — F
is linear, we write p(v), not @uv.

A linear functional is one of the simplest possible linear operators with domain V), since
its codomain is so “tame” as a vector space. We will see that linear functionals control
and measure a great deal of information about vector spaces and linear operators; they are
excellent instruments for extracting data about vectors and operators.

We have not yet introduced the most fundamental linear operator from a first course in
linear algebra: matrix-vector multiplication. We motivate the definition of this multiplication
by starting with a toy linear system and rewriting it in several ways. The first three equalities
are just componentwise equalities from our definitions of arithmetic in F?: We have

{ T, — 2m = 1 () _xl—ZxQ} _1]

3.I1 + 2132 = 11 _3$1+2I2

(2) —.171 —2.T2— - 1
= 3951} * { 2wy | {11}
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Equality (1) is the componentwise definition of vector equality. Equality (2) is the compo-
nentwise definition of vector addition. Equality (3) is the componentwise definition of scalar
multiplication. And equality (4) is how we choose to define matrix-vector multiplication.

6.4 Definition. The MATRIX-VECTOR PRODUCT of

U1
A:[al an]GIFmX" and v=|:|€F"
(%0
18
U1
AV:[aI an} | i=va+ -+ osa,.
Un,

That is, Av is the linear combination of the columns of A weighted by the entries of v.

If we show that
Av+w)=Av+ Aw and A(av)=aAv (6.1)

for all v, w € F" and a € F, then multiplication by A is a linear operator.
6.5 Problem (x). Show that (6.1) is true.
6.6 Theorem. Let A € F™*". Then the map

My: F*" - F": v Av

is a linear operator, which we call the linear operator INDUCED by A.

6.7 Problem (!). Let A € F™". Explain how A # M, as functions. In particular,
comment on domains and codomains.

6.8 Remark. Let A € R™". Ifv € R", then Av € R™ C C™, and so we could view M 4
as a linear operator from R"™ to R™, or from R"™ to C™. And if w € C", then Aw € C™,
too, so M could also be interpreted as a linear operator from C" to C™. Our notation in
Theorem 6.6 does not indicate any of this; if it matters, context will make it clear.

6.9 Problem (x). The definition of matrix-vector multiplication from Definition 6.4 may
not be the fastest way to compute matrix-vector products for “small” matrices and vectors
by hand. Recall that the DOT PRODUCT of v, w € F" is v-w = 37 v;w;. (Here we are
not conjugating if F = C.) Use Definition 6.4 to prove that the ith entry of Av is the dot
product of v with the ith row of A viewed as a vector in F".
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Content from Linear Algebra by Meckes & Meckes. Page 67 defines matrix-vector
multiplication (using dot products). Some meaningful examples of products are on pp.
68-69. Pages 73-75 review how to compress a linear system as a matrix-vector equation.

We have now met the majority of the linear operators that will serve as examples in the
rest of the course. As we prepare to tackle the overarching problem of solving, or at least
understanding, the linear equation 7v = w, we might ask what are the “simplest” kinds of
linear operators between vector spaces. Starting simple is always a good idea.

Perhaps the simplest operator between spaces V and VW is the one that maps all vectors
to OW:

T:V—>W:ve Oy,

6.10 Problem (!). Check that this is a linear operator. Then fix wg € W. Is the map
T:V—=W:v— w

ever linear?

We saw some very simple operators in Example 5.10. The identity map 7v = v is not
that complicated, but it does require ¥V = W, or at least V C W. The same requirement
shows up with the scalar multiplication operator.

For this reason, we specialize to )V = W and take the perspective that the simplest linear
operator on V is scalar multiplication. (If we get to choose the codomain, the simplest linear
operator is probably a linear functional; here we are trying to keep the codomain as general
as possible.) Many linear operators are certainly not scalar multiplication, but sometimes
they act like scalar multiplication. When?

6.11 Definition. Let V be a wvector space over F and T:YV — V be linear. A wvector
v €V \ {0} is an EIGENVECTOR of T corresponding to the EIGENVALUE \ € F if

Tv = .

So, an operator 7 acts like scalar multiplication by A on all of its eigenvectors correspond-
ing to A. We exclude 0 € V as an eigenvector because then 70 = A0 for any \ € F; that is
uselessly generous. However, 0 € F may well be an eigenvalue.

We will see that knowing the eigenvalues and eigenvectors of a linear operator affords
us tremendous control over that operator. Indeed, this “eigenequation” 7v = Av is just a
particular case of our fundamental problem 7v = w (with the added specification that the
domain and codomain of 7 be the same). Nonetheless, this equation really involves two
unknowns, A and v, and so in some sense it is more complicated—or at least solutions are
often “less likely” to exist. Often if one is assured of the existence of the eigenvalue, then
computing the eigenvector is a more feasible task, since it is then really a version of solving
Tv =w, with T replaced by T — A\Z and w = 0.

For now, we focus on computing some eigenvalues and eigenvectors (and in the process
getting more practice with linear operators).
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6.12 Example. Let

A:[é g] and My R? 5 R?: v Av.

Since Ae; = e; = ley, with e; = (1,0), the vector e; is an eigenvector of M 4 corresponding
to the eigenvalue 1.
This is something that we just “saw” from the structure of A and M4 but that a first

course in linear algebra would teach us to expect. Eventually we will develop some more
systematic procedures for computing eigenvalues.

6.13 Problem (x). Let A be as in the previous example.

(i) Show that 2 is an eigenvalue of M4 by finding an eigenvector v and checking M v =
2v.

(ii) Let A € R be an eigenvalue of M 4. Show that A = 1 or A = 2. Do not use any facts
about determinants. Try to do this “from scratch” using only the definition that M v = Av
for some v € R*\ {0,}.

6.14 Problem (%). The map

U1 U1
TZRB%RSI Vo | — |vg — 20
U3 U3

is linear. (You do not have to prove this.) Find a matrix A € R**® such that 7 = M4.
Describe in words the action of M 4 on a vector v. We will eventually show that any linear
operator 7 : F" — F™ has the form 7 = My for (a unique) A € F™*".

Eigenvalues and eigenvectors of matrices are basically the same as those of the multipli-
cation operator M 4. We make this (im)precise.

6.15 Definition. Let A € C*". A wvector v.€ C"\ {0,} is an EIGENVECTOR of A
corresponding to the EIGENVALUE \ € C if Av = \v.

6.16 Problem (!). Let A € C"*". Check that if v € C" is an eigenvector of A with
eigenvalue A € C, then v is an eigenvector of M 4 with eigenvalue .

6.17 Remark. We will only talk about eigenvalues of matrices with complex, possibly non-
real entries, and so we will always allow matriz eigenvalues to be complex. However, we
will point out some situations in which a real matrix has only nonreal eigenvalues. The
point is that a linear operator on a vector space over R may have no real eigenvalues. We
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will see how taking the underlying field to be C guarantees, in broad circumstances, the
existence of eigenvalues. The eigenvalue problem is one of the most important times in our
narrative when the choice of the field as C, not R, will very much matter.

6.18 Example. Let V = C™([0,1]) and define
T:V-=V:ff.

A function f € V \ {0} is an eigenvector for 7 with eigenvalue A\ € R if Tf = Af,
equivalently, if f* = \f. Pointwise, this means f'(z) = Af(z). Calculus tells us that all
such functions have the form f(z) = f(0)e*. Consequently, if we are given A € R, the
function f(z) = e will be an eigenvector for \. And so every scalar in R is an eigenvalue

of T.

6.19 Problem (x). For f € C([0, 1]), let

(ThH) = [ 1) ds.
0
so T is a linear operator on C([0, 1]). Use the following to show that 7 has no eigenvalues.

(1) Suppose T f = 0. Differentiate both sides. What does this tell you about f7

(ii) Suppose Tf = \f with A\ # 0. Since f = A" 'Tf, conclude that f is differentiable
and that f satisfies the ODE f' = A~'f. Obtain f(x) = f(0)e**. Substitute this into
T f = \f, evaluate the integral, and conclude f(0) = 0. What does this tell you about f7

6.20 Problem (!). Show that a vector cannot be an eigenvector for two different eigen-
values. That is, let V be a vector space over F, T € L(V), A\;, Ao € F, and v € V' \ {0}. If
Tv = Avand Tv = A\, explain why A\ = A,.

Content from Linear Algebra by Meckes & Meckes. Page 69 defines eigenvalues and
eigenvectors for both operators and matrices. The remarks at the bottom of p. 69 and the
examples on pp. 70-71 interpret eigenvalues and eigenvectors geometrically. The additional
examples on pp. 72-73 compute eigenvalues for matrices without using determinants.

Because of the German origins of the words “eigenvalue” and “eigenvector” (see the
footnote on p. 69), Tefethen and Bau’s excellent Numerical Linear Algebra suggests (p.
180 of T&B) abbreviating “eigenvector” by “ev” and eigenvalue” by “ew.” That book (pp.
181-182 of T&B) goes on to say

“Eigenvalue problems have a very different character from the problems in-
volving square or rectangular systems of linear equations...To ask about the
eigenvalues of a [nonsquare matrix| A would be meaningless. Eigenvalue prob-
lems make sense only when the [matrix is square|. This reflects the fact that in
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applications, eigenvalues are generally used when a matrix is to be compounded
iteratively. . .

Broadly speaking, eigenvalues and eigenvectors are useful for two reasons, one
algorithmic, the other physical. Algorithmically, eigenvalue analysis can sim-
plify solutions of certain problems by reducing a coupled system to a collection
of scalar problems. Physically, eigenvalue analysis can give insight into the
behavior of evolving systems governed by linear equations. The most famil-
iar examples in this latter class are the study of resonance (e.g., of musical
instruments when struck or plucked or bowed) and of stability (e.g., of fluid
flows subjected to small perturbations). In such cases eigenvalues tend to be
particularly useful for analyzing behavior for large times ¢.”

Day 7: Wednesday, September 3.

Here is an operator that has no eigenvalues.

7.1 Example. Define 7: C([0,1]) — C([0,1]) by (T f)(x) = xzf(x). That is, T is the
(unimaginatively named) “multiplication by z” operator. Suppose that 7 f = Af for some
A € R and nonzero f € C([0,1]). By “nonzero” we mean that f(z) # 0 for at least one
xz € [0,1].
Pointwise, we have T f = Af if and only if (7 f)(x) = Af(x) for all z € [0, 1], thus if
and only if
zf(x) =Af(z), 0 <z <1.

This is equivalent to
(x—=N)f(x)=0,0<z<1,

and so, for each = € [0, 1], either
r—A=0 or f(z)=0, (7.1)

or possibly both.
If x — XA = 0, that means = = A. But this is only possible if A € [0, 1]. So, we consider
two cases on \.

1. A e R\ [0,1]. Thatis, A < 0 or A > 1. Then in (7.1), it can never be the case that
x — A =0 for some z € [0, 1], and so it must be the case that f(x) = 0 for all . But then
f =0, which is not allowed for an eigenvector. So, no A € R\ [0, 1] is an eigenvalue.

2. A € [0,1]. Then for z € [0,1] \ {\}, we have from (7.1) that f(z) = 0. That is, fis 0
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for all but one point in [0, 1]. Here is the graph of f when 0 < A < 1.

f(x)

Since f is continuous at A\, we have

f(A) =lim f(z) = lim 0= 0.

T\ T

But then f(z) = 0 for all z € [0, 1], which is not allowed for an eigenvector. A similar
argument with left or right limits, when A = 0 or A = 1, respectively, shows that f = 0 in
those two cases as well. Thus no point in [0, 1] is an eigenvalue.

Here is an eigenvalue example that illustrates how the choice of vector space—context!—
matters.

7.2 Example. (i) Put
T:F>* — F*: (ak) — (ak+1).

That is,
T(al, as, as, . . ) = (CLQ, as,aq, . . )

Then 7 is the “shift by 1”7 operator on F*. Indeed, (T f)(k) = f(k + 1), and this formula
should make it easy to check that 7T is linear.
To search for eigenvalues and eigenvectors, we study the equation

T (ar) = Max)
with (ag) # 0. That is, we want a; # 0 for at least one k and
(ar+1) = (Aay).
Since sequences are equal if and only if their corresponding terms are equal, we want
Qpr1 = Aag (7.2)
for all integers k£ > 1. We see what this means for a few small values of &:

az = G141 = Aay
a3 = Gz = Ay = A(Aay) = May

aqg = A34+1 = )\CL3 = /\()\Q)Cll = )\36L1.

It looks like
ap+1 = Na
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for all k, equivalently,
arp, = \'la, (7.3)

for all k. We could prove this by induction on k from the relation (7.2).

This is the classical mathematical technique of working backwards: if T (ax) = A(ag),
then A and (a;) must satisfy (7.3). Does the logic go the other way? If A and (ay) satisfy
(7.3), is A an eigenvalue of T with eigenvector (ay)?

We need to check two things. First, we compute

T (ag) = T\ tay) = A*F D a) = AN tay) = Mag).

Next, if (ax) meets (7.3), do we have (ay) # (0)? First, we need a; # 0; this is
nonnegotiable. Then if A # 0, then (A\*~'a;) is definitely not the zero sequence, so any
A € R\ {0} is an eigenvalue with eigenvector (A'a;). We might want to be more careful
with A = 0, as there A* ta; = 0 for k > 2, regardless of the choice of a;. At k = 1, if we
interpret 0° = 1, then (a1,0,0,...) = (07'a;) is not the zero sequence and still has the
form (7.3), so it is an eigenvector for the eigenvalue 0.

We conclude that any A € F is an eigenvalue for 7.

(ii) Consider T now as an operator from ¢*° to £*°, where (> was defined in Example 4.9.
That 7 (ay) € £ for any (ay) € €*° is easy: if there is M > 0 such that |ax| < M for all
k, then certainly |ax,1| < M for all k, too. Above we showed that if T (ax) = A(ax), then
ar = A "tay for some a; € F. That is still true here, as we have not changed the “formula”
for T'. As before, for (ay) to be an eigenvector, we need a; # 0.

Do we have (\*'a;) € ¢ for all \, a; € F? If so, then there is M > 0 such that
[Ny | < M for all k, equivalently, |A|¥ < M/|ay] for all k, and so the sequence of powers
(JA]*) must be bounded. Conversely, if (|A\|*) € £, then (\*a;) € £,

It is a fact from calculus that the sequence (|A|*) is bounded if and only if |A| < 1; for
|A| > 1, we have limy,_,, |A|[* = c0. So, (\*"a;) € £ precisely when |A| < 1, and therefore
the only eigenvalues of 7" are those scalars A € F with |A| < 1. The lesson is that restricting
the domain and codomain of T vastly changed the eigenvalue behavior.

Content from Linear Algebra by Meckes & Meckes. For another perspective on the
mapping properties of this shift operator, see Example 4 on pp. 87-88.

7.3 Problem (x). We saw in Example 5.14 that the map
T:F* — F*: (ay,as,as,...) = (0,a1,as,as,...)

is linear. We show here that 7 has no eigenvalues. Suppose that 7 (ax) = A(ay) for some
(ax) € F*° and X € F.

(i) Show that
0=MXa; and ap = Aage1, k> 1.

[Hint: it suffices to establish the second equality by matching components for some small
values of k, say, up to k = 3. A rigorous proof uses induction.|
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(ii) If A =0, explain why (ax) = (0), so 0 is not an eigenvalue.

(iii) If A # 0, explain (in a slightly different way) why (ax) = (0), so A is not an eigenvalue.

Here is an eigenvalue example in which the choice of field—context again!-—matters.

a=7 )

(i) We consider M v = Av as a linear operator on R%. We have M v = Av if and only

if
—Vy = )\’Ul
U1 = )\UQ.
Like all eigenvalue-eigenvector problems; this is still overdetermined (two equations in the

three unknowns A, vy, and vs), but we can substitute the formula for v; from the second
equation into the first to find

7.4 Example. Let

—UVg = )\(/\1)2) = )\21)2,

thus
()\2 + 1)’02 =0.

If v = 0, then the second equation implies v; = 0 and so v = 0, which is not permissible.
So, to solve the eigenvalue-eigenvector problem, we need

N +1=0,

thus A = +i € R.

Recall from Definition 6.11 that if 7: V — V is a linear operator and V is a vector space
over IF, then an eigenvalue A must belong to F. Here F = R, so the operator M4 has no
eigenvalues.

(ii) Now consider M, as a linear operator on C?, with C? as a vector space over C. (It
is also a vector space over R.) The “action” of this operator is exactly the same as in the
previous part (multiply by A), but the domain of this operator is different (and larger). All
of the previous work shows that M v = Av only if A\ = +i, and now we are considering
C? as a vector space over C. So, M4 does have eigenvalues now.

(iii) Because we choose to consider a scalar as an eigenvalue of a matrix whether or not
that scalar is real, the matrix A always has eigenvalues. But A has only real entries and
these eigenvalues are purely imaginary. It can happen.

7.5 Problem (!). Find eigenvectors for the eigenvalues i in the previous example.

We will develop conditions that guarantee the existence of eigenvalues (namely, finite-
dimensionality of the domain), and we will see then that taking the field to be C really is
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essential.

Day 8: Friday, September 5.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Algebraic dual space, composition of linear operators

We now possess a (hopefully reasonable) command over the manipulation of particular,
individual linear operators. Our work in this course is always in service to the operator
equation Tv = w for 7: V — W linear and w € W given. While only one operator appears
in that equation, understanding that equation more deeply will result from understanding
how operators interact with each other, not just individual vectors.

Let V and W be vector spaces over F. Problem 5.5 offered an opportunity to show that
the set of all functions WY from V to W is a vector space over F via the expected pointwise
operations. Linear operators form a subspace of this larger function space.

8.1 Theorem. LetV and W be vector spaces over F. Let T, S: V — W be linear operators
fromV to W and let a € F. Define

T+S:V-sW:o—=Tuv+8Sv and oT:V —=>W:v— oaTw.

Then T + S and oT are linear operators from V to W.

Proof. What we need to prove here is not that 7 + S and a7 are functions from V to W
but rather that they are functions with the linear properties of a linear operator. We prove
just one thing: that (7 +S8)(vi+wv2) = (T +8)v1+ (T +8S)ve. This is mostly just an exercise
in juggling parentheses:

(T +8)(v1 +v2) =T (v1 + v2) + S(vy + v2) by definition of T + S
= Tv; + Ty + Sv; + Svy by the linearity of 7 and S

8.1
= (Tv1 + Sv1) + (Tvg + Svy) by commutativity of addition in W (8:1)
= (T + S)v1 + (T + S)vy by definition, again, of T + S.
The rest of the proof follows from similar manipulations. [ |

8.2 Problem (!). Prove the rest of the theorem.

Content from Linear Algebra by Meckes & Meckes. This is Theorem 2.5 on pp. 81-82
(its proof is an exercise in the book).

These pointwise operations turn the set of all linear operators from V to WV into a subspace
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of WY, and so we now have a dual view of a linear operator. Sometimes it is a function that
acts on vectors, and sometimes it is a vector itself.

8.3 Corollary. LetV and W be vector spaces over F. The set L(V, W) of all linear oper-
ators from V to W is a subspace of WY.

Proof. Theorem 8.1 says that if 7, S € L(V, W) and a € F, then T + S, T € L(V,W).
The zero “vector” in WY is the map Op_w: V — W: v = Oy, and it is straightforward to
check that 0y_,)y is linear, thus 0y, € L(V, W). [ |

8.4 Problem (!). (i) Prove that the zero map 0y_,y from V to W is linear.

(ii) Fix wo € W. Is the map 7:V — W: v = w ever linear?

8.5 Remark. We will severely overwork the symbol 0. Given vector spaces V and VW over
the field F, we might have 0 € F, 0 =0y, € V, 0 =0 € W, or 0 = 0p_yy € L(V,W). At
least in Euclidean space we will write 0,, € F".

Depending on W, there are two special cases of the operator space L(V, W).

8.6 Definition. Let V be a vector space over FF.

(i) L(V):=L\,V). Recall that a linear operator in L(V) is sometimes called an operator
ON V.

(i) V' := L(V,F). This is the (ALGEBRAIC) DUAL SPACE of V. Recall that a linear
operator in V' is usually called a LINEAR FUNCTIONAL on V.

We sometimes call V' the algebraic dual space to distinguish it from another meaningful
(sub)space of linear functionals on certain vector spaces, which we will meet later. That
forthcoming space will be denoted by V*, and we will not use V* to refer to L(V,F).

8.7 Problem (x). Here is a third special case of the operator space. Let W be a vector
space over F and let T € L(F, W). Put w, := T1. Show that Ta = aw, for all « € F.

Content from Linear Algebra by Meckes & Meckes. Pages 81-82 discuss the vector
space structure of L(V, W).

We have now outlined how linear operators between two vector spaces (unsurprisingly)
interact with each other. When three or more vector spaces are involved, there is another
operator interaction.
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8.8 Theorem. Let U, V, and W be vector spaces over F. Given T € L(U,V) and S €
LV, W), define
ST:U—->W:u— S(Tu).

This map ST is the COMPOSITION of S with T, and it is linear: ST € L(U, V).
Uu—-—_svy
N

s;\>_( \LS
4%

Foru e U, we often write STu := (ST )u. For T € L(V) and an integer k > 0, we put

Iv, ]{I:O
TH=S T, k=1
T'T, k> 2.

Proof. The proof is, again, parenthesis juggling. We show only that (S7)(u; + uz) =
(ST )uy + (ST)us. The parentheses so far emphasize that ST is a single object, which maps
from U to W. We have

(ST)(’LLl + UQ) = S( (Ul + Ug))

T
Tu + TUQ)

(8.2)
=S(Tur) +S(Tus)
= (ST)uy + (ST )us.
The rest of the proof follows by mostly similar calculations. [ |

8.9 Problem (!). (i) Justify each equality in (8.2). Compare your justifications to the
ones given for (8.1) in the proof of Theorem 8.1.

(ii) Finish the proof.

Content from Linear Algebra by Meckes & Meckes. Proposition 2.4 on p. 81 discusses
operator composition (its proof is an exercise in the book).

When V =W and S, T € L(V), then both operator “products” ST and TS are defined
and belong to L(V). However, we should not expect that they are equal, i.e., typically
ST # TS, and so operator composition is not COMMUTATIVE.

8.10 Example. Let

10 30
A= {_2 1] and B := {O 1]

Then A and B encode elementary row operations. While we have not yet rigorously defined
the matrix product AB, we can still compute, compare, and contrast M, M pg and MMy
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(which will, of course, have the effect of multiplying by AB and BA, i.e., of doing Mg
and MBA)-

For v = (v, v3), we have
o s~ ([ 1) o 2] -4

o 32]1
o Vo — 6?]1

but

ot = ot = o [y 5] [1]) = e, %)

vy — 201

. 3 0 U1 o 3?}1
o 0 1 U2—2’U1 o U2—2’U1 '

So, we have M yMpv = MpgMyv if and only if vy — 6v; = v9 — 20y, which happens
precisely when v; = 0.

8.11 Example. Let V = C>(][0, 1]).

(i) Let Tf = f" and (Sf)(x) = xf(x). Experience with the product rule should suggest
that 7 and S will not commute. Note that for f € V,

STf=ST)f=8(Tf) and TSf=(TS)f=T(Sf)
are functions, while for z € R,

(ST))(x) = (S(TH)x) and  (TS)f)(x) = (T(Sf))(x)

are real numbers, and we are going to see if ((S7)f)(z) and ((TS)f)(x) are equal.

So, we compute
(S(TH)@) = (T f)(z) = zf'(z)
and
(T(S(@) = (Sf)(x) = flx) +xf(z).
Then STf = TSf only when f = 0, which should not be surprising (in the sense that
ST0y = TS0y = 0y for any operators S, T on any vector space V).

(ii) Calculus teaches us that differentiation and integration are “inverse” processes that
“undo” each other. Are they? Let 7 f = f" and and (Sf)(x fo )ds,soT,S € L(V).
We compute (minding our parentheses carefully)

(STf)(w)Z(S(Tf))(x)Z/:(Tf)(S) ds:/:f'(s) ds = f(xz) — f(0)
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and
(TS(@) = (T(S)(x) = (Sf)(z) = f(z).

So, (8T)f = (TS)f only when f(0) = 0. Differentiation and integration do not com-
mute, at least without further restrictions on the functions involved, and the constant of
integration really is important.

It is worth noting some notation common to both situations above: we have T f = f’,
so, regardless of what S was, we have TSf = (Sf)". But STf = Sf’. Parentheses make
a big difference: (Sf) # Sf'.

8.12 Problem (!). Here we use the notation for the zero operator from the proof of
Corollary 8.3. Let U, V, and W be vector spaces over F and let 7 € L(U,V) and S €
L(V,W). What are Oy, T and SOy _,7

8.13 Problem (!). Let V and W be vector spaces over F and let 7 € L(V,W). What are
IwT and TIV7

Operator composition exhibits distributivity and associativity properties similar to those
of vector arithmetic.

8.14 Theorem. LetU, V, W, and X be vector spaces over FF.

(1) If T, T e L(U,V) and S € L(V, W), then

U—lxsy
S(H+T) =8 +ST; O s
ST; N
W
(i) If T € LU, V) and Sy, S» € L(V, W), then
Uu—rLsvy
(S1+8)T =8&iT + 8T N \LSJ'
SjT >_(
w

—_ —_—

% X
T5(TTh) = (T Ta)Th, Uu—sy-Tyw "y x

and so we usually just write T3T3T7.
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Proof. Once again, the proof is mostly parenthesis juggling and the correct definition of
“equals.” We prove only part of the first part: we will show

(ST +T2))u= (ST + ST)u
for all u € Y. We have
(S(T1 + T2))u

S((T1 + T2)u) by definition of S(7; + Tz)
S(Tiu + Tou) by definition of 77 + T
S(Tiu) + S(Tau) by the linearity of S
= (S8Th)u + (STau) by definition of ST;
= (8T1 + ST2)u by definition of STy + STs.

The rest of the proof is just mostly similar calculations. [ |

8.15 Problem (x). (i) Prove the rest of this theorem.

(ii) Why do we really need both of the first two statements in the theorem, when they both
appear to be saying the same thing? Articulate in words and as few symbols as possible
why they are not saying the same thing.

Content from Linear Algebra by Meckes & Meckes. Pages 81-82 discuss operator
composition. In particular, Theorem 2.6 on p. 82 contains the distributivity properties.
Do Quick Exercise #8 on p. 82.

The operator space L(V) has slightly more structure than the more general space L(V, ).
In L(V), we can compose operators and obtain another operator in L()V), and operator
composition interacts with operator addition and scalar multiplication in pretty much the
ways that we expect. Such composition is not available in L(V, W).

Here is the more general structure of L()). We resume counting axioms from Definition
3.8.

8.16 Definition. An ALGEBRA over F € {R,C} is a list of length 5 of the form
(V,F,+,-,%), where (V,F,+,-) is a vector space over F, and the VECTOR MULTIPLI-
CATION map x: V x V = V: (v,w) — v+ w satisfies the following.

Axiom for vector multiplication.

10. Associativity: u* (v*w) = (u*v)*w for all u, v, w € V.

Axioms relating vector addition and multiplication.

11. Right distribution: v (w +u) = (v*w) + (v*u) for all u, v, w € V.

12. Left distribution: (v 4 w)*xu = (v*u) + (w*u) for all u, v, w € V.

Axiom relating scalar and vector multiplication.
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13. Distribution: a(vxw) = (aw) xw = v (aw) for all« € F and v, w € V.

Of course, we would usually just call V the algebra.

8.17 Example. (i) If V is a vector space, then L(V) is an algebra. It is UNITAL because
the identity operator Zy, satisfies 7,7 = TZy = T for any T € L(V).

(ii) The function space F¥ is an algebra for any set X with multiplication given pointwise:
(fg9)(x) := f(x)g(x). This is because of how multiplication works in F. It is a COMMUTA-
TIVE algebra because fg = gf, since multiplication is commutative in F. It is also unital
because if 1(x) := 1, then 1f = f for all f € F*.

(iii) The space C([0,1]) is an algebra with pointwise multiplication of functions, since the
(pointwise) product of continuous functions is continuous.

8.18 Remark. (i) An algebra is effectively a vector space in which we can multiply vectors
and get another vector, and multiplication interacts with vector addition and scalar mul-
tiplication in pretty much the ways that we would expect. We do not assume that vector
multiplication is commutative: v xw # w * v in general. Indeed, in the prime example of
an algebra, L(V), multiplication (= operator composition) is typically not commutative.

(ii) We do not assume that an algebra V is UNITAL: that there exists 1 € V such that
vkl =1%v=nw.

(iii) The triple (V,+,*) is a ring.

Day 9: Monday, September 8.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Matrix representation of a linear operator in L(F", F™), invertible linear operator (N),
inverse of a linear operator

Operator composition on Euclidean space goes hand-in-hand with matrix multiplication.
Let A € F™*" and B € F"*P. We expect that the matrix product AB is defined with AB €
F™*P and specifically we expect that if B = [bl bp}, then AB = [Abl Abp].
Here is how operator composition motivates this.

We have M, € L(F",F™) and Mp € L(F?,F"), where M,v = Av and Mpw = Bw.
Then the composition M4 Mp is defined with M s Mp € L(FP,F™). We want the product
AB € F™? to satisfy Map = M Mp. That is, for v € F?, we want

(AB)V = Mupv = (MaMp)v = Ms(Mpv) = M4(Bv) = A(Bv).
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Since B € F™? and v € F?, we have Bv € F", and then since A € F™", we have
A(Bv) € F™.

So, all of this should seem reasonable, and the question is what the right way is to define
AB so that

(AB)v = A(Bv).

This is a good instance of the principle that what things do defines what things are. What a
matrix is is an array of data, but what a matrix does is multiply vectors (and other matrices).
And that multiplication defines what the matrix is.

9.1 Problem (!). Let A € F™*" and let e; € F" be the jth standard basis vector for F".
That is, e; is 1 in row j and 0 in all other rows. Show that Ae; is the jth column of A.
That is, if A = [al x -an}, then Ae; = a;.

If we want (AB)v = A(Bv) for all v € F?, then in particular this should hold at the jth
standard basis vector e;. So, the jth column of AB should be
(AB)ej = A(Bej) = Abj,

as we expect.

9.2 Definition. Let A € F™*" and B = [b; --- b,] € F**?. The MATRIX PRODUCT
of A and B 1is

AB:=[Ab, --- Ab,]

9.3 Theorem. Let A € F™*" and B € F"*P. Then AB € F™*P and

MAB :MAMB.

9.4 Problem (!). Everything preceding the statement of the theorem was working back-
wards (a pretty good way to work when you need to figure things out). Prove the theorem
directly.

Content from Linear Algebra by Meckes & Meckes. Pages 91-96 discuss matrix
multiplication from a variety of perspectives. Much of this should be familiar from a first
course in linear algebra. Make sure that you can do Quick Exercises #11 (p. 92), #12 (p.
93), #13 (p. 95), and # 14 (p. 96) without hesitation. We will skip transposes for now.

9.5 Problem (%). Give examples of matrices A and B for which AB is the “zero matrix,”
whose entries are all 0, yet at least one entry in each of A and B is nonzero (so neither A
nor B is the zero matrix). [Hint: work at the 2 x 2 level with upper-triangular matrices.
These are matrices of the form

a c

i}
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Along the way, convince yourself that diagonal matrices, which have the form

b

Every matrix in F™*" induces a linear operator M 4 € L(F" F™). The reverse turns out
to be true. Let 7 € L(F",F™). Is there A € F™*" such that T = M4? That is, do we
have Tv = Av for all v € F"? Is every operator from F" to F™ really just matrix-vector
multiplication?

If so, then in particular we have Te; = Ae; = a;. That is, Te; must be the jth column
of A, and so the only choice for A is

A=[Ter -+ Te,l.

intrinsically cannot work here.|

9.6 Definition. Let T € L(F",F™). The MATRIX REPRESENTATION of T with respect
to the standard bases for F" and F™ is the matrix

[T]:=[Te, -+ Te,] € F™".

9.7 Problem (!). Let 7 be the operator from Problem 6.14. How did that problem show
how to find [T]?

9.8 Problem (!). The n X n IDENTITY MATRIX is [, := [Zp.]. What is the jth column
of 1,7

Content from Linear Algebra by Meckes & Meckes. Theorem 2.8 on p. 83 proves the
existence of the matrix representation.

Now, does [T] do what we want? Do we have T = My? Let v = (vy,...,v,) € F", so
v =) "_vje;. Then

Tv=T (Z Ujej) N ZUJT@J‘ =[Ter - Teu] | 1| =[Tlv=Mgmv. (9.1)

i=1 i=1 o,

So, yes, T = M.

Now consider the maps
81: L(Fn,Fm) N men: TH [7—]

and
Sy F™ ™ A My,
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9.9 Problem (x). Prove that §; € L(L(F",F™),F™*") and Sy € L(F™" L(F",F™)).
Take a moment to marvel at our progress: we are working with linear operators whose
domains or codomains are spaces of linear operators! [Hint: for the linearity of Si, use the
componentwise—or, now, maybe columnwise—definition of matriz addition from viewing
F™ ™ as a function space. For the linearity of So, show something like M, p = M+ Mp
by using what equality means here: the pointwise—or now, maybe, vectorwise—equality

MA+BV = M v —|—MBV.]

For T € L(F",F™), we just showed
S$ST =S[T)=Mm =T. (9.2)
And for A € F™*", we claim that
A= [My].
9.10 Problem. Check this. [Hint: compute Ae; and [Mle;.|

Thus
S18:A = SiMy = [My] = A (9.3)

The actions of the operators §; and S, appear to “undo” each other. This almost resem-
bles the situation of differentiation and integration in part (i) of Example 8.11, except the
“undoing” did not quite work out because of the constant of integration.

9.11 Example. Let
Vi={fel[0,1]) | f(0)=0} and W :=C([0,1]).
For f eV and g € W, put Tf = f" and (Sg)(z) = [,9(s) ds. Then (TSg)(z) = g(x) by

the fundamental theorem of calculus, as in part (11) of Example 8.11, but now

(STf)(x / e (x) - 1(0) = f(x),

since now f(0) = 0. So, STf = fand TSg = g for all f € V and g € W. Note that we do
not say ST = TS, since the domain of ST is V and the domain of 78 is W # V.

We are seeing a very special kind of operator behavior, and it is closely related to the
existence and uniqueness of solutions of our fundamental problem 7v = w. Perhaps the
ideal situation is that given 7 € L(V, W) and w € W, there is a unique v € V such that
Tv = w. Suppose that there is S € L(W, V) such that

STv=vforallveV and TSw=w forall weW. (9.4)

Then given w € W, we just take v = Sw to solve Tv = w. And if vy, vy € V with Tv; = T s,
then STwv, = ST vy, thus v; = vy. Of course, we want to call S the inverse of 7 and write

S=T7"
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The immediate sticky point is the definite article “the.” Is there only one & € L(W, V)
that satisfies (9.4)7 Suppose that Sy, So € L(W, V) both meet (9.4). Then

Siw = §1(T Syw) because TSsw = w Yw € W
= S1(T (Saw)) by definition of TS,
= (&, T)(Saw) by associativity of operator composition
= Syw because STiv =v Vv € V.

(9.5)

By the way, we did not use TS1w = w or ST v = v here.

9.12 Definition. Let V and W be vector spaces over F. An operator T € L(V, W) is
INVERTIBLE if there is S € L(W,V) such that

STv=w foralveyY and TSw=w foralweW.

This operator S is the INVERSE of T, and we write T ' :=S.

9.13 Problem (!). Let ¥V and W be vector spaces over F. Prove that 7 € L(V, W) is
invertible if and only if there is S € LW, V) such that

ST =12y, and T8 =17Iy.

[Hint: this is just a repackaging of the definition.]

9.14 Problem (x). Let V and W be vector spaces over F. Show that if 7 € L(V, W) is
invertible, then so is 7~'. What is (7 ')"*? [Hint: show that the natural candidate for
(T1)7" does what it should do, per the definition.|

The work above did not use the linearity of &; or Sy at all, just the associativity of
composition. This argument works more generally to show that function inverses are unique
when we are thinking of composition of functions between arbitrary sets. It turns out that
if a linear operator has an inverse in the set-theoretic sense, then that inverse is unique.

More precisely, let T € L(V, W) and let f € WY such that T f(w) = w for all w € W and
f(Tv) = v for all v € V. This notation should feel strange, since usually in this course we
do not compose a linear operator with a function that is not a linear operator. Nonetheless,
it turns out that f € L(W,V). Here is why. Let wy, wy € W. We want to show that
fwy +wq) = f(wy) + f(ws). The trick is to rewrite

f(w1 + ’LUQ) = f(Tf(UJl) + Tf(IUQ)) because Tf(wl) = wq, Tf(?UQ) = W2
J(T(f(w1) + f(w2))) as T is linear: T f(w1) + T f(w2) = T(f(w1) + f(w2))
= f(wi) + f(ws) since f(Tv) =v.

9.15 Problem (x). Adapt the work above to show f(aw) = af(w) for all « € F and
weW.
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Here is what we conclude.

9.16 Theorem. LetV and W be vector spaces over F. Suppose that f € WY with T f(w) =
w for allw € W and f(Tv) = v for allv € V. Then f € LOW,V). In particular, T is
invertible and f = T .

Day 10: Wednesday, September 10.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Surjective (or onto) linear operator (N), injective (or one-to-one) linear operator (N),
bijective linear operator (N)

We saw above that for 7 € L(V, W), the existence of the inverse operator 7' proved
the unique solvability of our central problem 7v = w. The reverse is true: suppose that for
all w € W, there is a unique v € V such that Tv = w.

10.1 Problem (!). This may sound suspiciously like the definition of a function. It is not:
discuss how the following two quantified statements are different.

(i) YweV3IweW: (v,w)eT.
(i) Vwew 3w eV: (v,w) € T.

Can one be true and the other be false?

Content from Linear Algebra by Meckes & Meckes. Pages 380-382 of Appendix A.1
review function composition and inversion from a much more general perspective.

We claim that putting
S:={(w,0) e WxV | (v,w) €T}

gives a linear operator in L(W, V) such that TS(w) = w for all w € W and S(Tv) = v for
all v € V. First we need to check that S is in fact a function in V"V: given w € W, is there
a unique v € V such that (w,v) € §? Certainly: let v € V satisfy Tv = w, equivalently,
(v,w) € T. So, given w € W, there is v € V such that (w,v) € S. For uniqueness, if (w, v;),
(w,v9) € S, then (vy,w), (vy,w) € T. So Tvy = T g, and therefore by the unique solvability
of Tv = w, we have v, = vy.

Next, we check that S(Tv) = v and TS(w) = w for all v € V and w € W. (Note our
extra use of parentheses right now in applying S: we have not yet proved that it is linear.)

if v €V, we have (v, Tv) € T, so (Tv,v) € S. That is, S(Tv) = v.
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10.2 Problem (!). Use a similar argument to show that 7 (Sw) = w for all w € W.

One way to prove the linearity of S uses the following more general result about linear
operators.

10.3 Problem (!). This problem and the next outline another way of proving the linearity
of inverses. Let X and ) be vector spaces over F. Prove that a map 7 € V¥ is linear if
and only if both of the following hold.

(i) If (z1,91), (x2,42) € T, then (z1 + z2,y1 +42) € T.

(ii) f « € F and (z,y) € T, then (azx,ay) € T.

We start with (wy,v1), (wg,v2) € S. Then (vy,w;), (ve,ws) € T, and since T is linear,
we have (v 4+ v, w1 + ws) € T. And so (wy + wy,v; +v3) € S.

10.4 Problem (!). Check that if « € F and (w,v) € S, then (aw,av) € S.

We can wrap everything up in a neat little package.

10.5 Theorem. Let V and W be vector spaces over F and T € L(V,W). The following

are equivalent:

(1) For allw € W, there exists a unique v € ¥V such that Tv = w.

(ii) There exists f € V'V such that
Tf(w)=w forallweW and f(Tv)=wv forallveV.
(iii) There ezists S € L(W, V) such that
STv=w forallveY and TSw=w foralweW.

The map f above is necessarily linear, and both f and S are unique.

10.6 Example. Let

1

We check if M 4 is invertible: for v = (v1,v,), w = (w1, ws) € F, we have

e [, ) [

Vo — 2’01 Wa



Day 10: Wednesday, September 10 53

V1 = Wy
<~
Vg — 2’01 = W2

V1 = Wy
<
Vg = Wy + 2wy

— v= i
| we + 2wy

10
<— v = Mpw, B::[2 1].

These logically equivalent statements say that given w € F, if v = Mpgw, then M v =w
(solutions exist), while if M v = w for some v, then v = Mpw (solutions are unique).
So, yes, M, is invertible and M ;' = Mp.

This inverse should be what we should expect: M 4 enacts the elementary row operation
of subtracting 2 times row 1 from row 2, so M ;" should undo that by adding 2 times row
1 to row 2.

This example of course motivates the definition of invertible matrices and their inverses.

10.7 Definition. A matriz A € F™*" is INVERTIBLE if there exists B € F™*" such that
AB = BA = I,. The matriz B is the INVERSE of A and we write B = A™".

10.8 Problem (x). Let A € F™*".

(i) Prove that A is invertible if and only if M4 is invertible.

(ii) If A is invertible, show that its inverse is unique. [Hint: just appeal to the result about

M|
(iii) Show that if A is invertible, then M ' = M 4.

It turns out that if A € F"*" we only need to check one of the conditions AB = I, or
BA = I, to conclude that A is invertible. This is a consequence of either some careful ma-
nipulations with elementary row operations and upper-triangular matrices, or some abstract
arguments with dimension counting. Either way, it is nontrivial.

Content from Linear Algebra by Meckes & Meckes. Pages 97-100 review matrix
inverses. All of this should be familiar from a first course in linear algebra. Do Quick
Exercise #15 on p. 98.
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It can be profitable to decouple the existence and uniqueness problems for 7v = w and
consider each separately.

10.9 Definition. Let V and W be vector spaces over F and T € L(V,W).

(i) The operator T is SURJECTIVE or ONTO if for each w € W there exists v € V such
that Tv = w.

(ii) The operator T is INJECTIVE or ONE-TO-ONE if whenever Tvy = Ty forvy, ve € V,
we have v; = Vq.

(iii) The operator T is BIJECTIVE it it is both injective and surjective.

Bijectivity is equivalent to invertibility by Theorem 10.5. A common misconception is
that injectivity is equivalent to the uniqueness condition in the definition of a function. It is
not. Because any 7 € L(V, W) is a function in WY if (v,w;), (v,ws) € T, then w; = ws.
Injectivity, however, asks if (vy, w), (vg, w) € T forces vy = vs.

Content from Linear Algebra by Meckes & Meckes. Pages 380-382 of Appendix A.1
also review injectivity, surjectivity, and bijectivity for functions from a much more general
perspective.

10.10 Example. Let YV =W = F*.

(i) The operator T (ay,as,a;3...) := (0,a1,as,...) is injective but not surjective. The
failure of surjectivity comes from the first coordinate being set to 0: if 7 (ax) = (bg), then
by = 0. For example, there is no (a) such that T (ax) = (1,0,0,...).

For injectivity, if T (ax) = T (bx), then (0, a1, as,...) = (0, by, bg, ...), so equating the kth
coordinate for k > 2 gives ay_1 = bg_1, thus (ax) = (bg).

(ii) The operator T (ay,as,as,...) := (az,as,ay,...) is surjective but not injective. Given
(br), we could put (ax) = (0,b1,bs,...), or take any value for the first coordinate, really.
Then T(ak) = (bl, bg, bg, .. ) = (bk)

The freedom of choice above, however, destroys injectivity. Since the first coordinate is
irrelevant, we have things like 7(1,0,0,...) =7(0,0,0,...) = (0).

10.11 Problem (%). (i) Prove that 7: C*([0,1]) — C([0,1]): f + f'is surjective but not

injective.

ii) Prove that (7 f) s) ds is injective but not surjective. [Hint: I, )ds =0
0 0
for all x, dzﬁerentzate both szdes ]

10.12 Problem (x). Let V and W be vector spaces over F and T € L(V, W).
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(i) An operator £ € L(W,V) is a LEFT INVERSE of 7 if LT v = v for all v € V. Prove
that if 7 has a left inverse, then 7 is injective.

(ii) An operator R € L(W,V) is a RIGHT INVERSE of 7 if TRw = w for all w € W.
Prove that if 7 has a right inverse, then 7 is surjective.

(iii) Prove that if 7 has both a left and a right inverse, then 7 is invertible and 7' =
L =TR. [Hint: for the latter, think about (9.5).]

(iv) In proving Theorem 10.5, we established that the set-theoretic function inverse of
a linear operator is itself linear. This need not be true for a left or right inverse. Let
V =C'([0,1]) and W = C([0,1]) and put Tf = f" and (Gf)(z) := [{f(s) ds + (f(0))>.
Prove that TG(f) = f for all f € V but that G is not a linear operator

We will later prove the reverse implications: injectivity (surjectivity) implies the existence
of a left (right) inverse. This will require bases.

Day 11: Friday, September 12.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Isomorphism (N), isomorphic vector spaces (N)

Injectivity, surjectivity, and bijectivity are all properties of functions in general, not just
linear operators. However, linearity helps us characterize these properties in ways that are
not available outside of the vector space structure.

Let V and W be vector spaces over F and 7 € L(V,W). The RANGE of T is the same
as for functions in general in Definition 2.7:

TV)={Tv|veV}.

Surjectivity is just saying that 7(V) = W. What is new here is that the range inherits the
linear structure of V.

11.1 Theorem. LetV and W be vector spaces over F and T € L(V,W). Then T (V) is a
subspace of W.

Proof. We check the three subspace axioms (Definition 4.5). First, let wy, we € T(V). We

want to show that w; + wy € T(V), and so we need to find v € V such that Tv = w; + ws.

By definition, there are vy, vo € V such that Tv; = w; and Tvy = ws. By the linearity of T,
wy +wy =T+ Toe =T (vy +v2) € T(V).

Next, let & € F and w € T(V). We want to show that aw € T(V), and so we need to
find v € V such that Tu = aw. By definition, there is v € V such that Tv = w. By the
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linearity of T,
aw =aTv="T(av) € T(V).

Finally, we want to show that 0y, € 7(V), and so we need to find v € V such that
Tv = 0y. We know 70y, = 0y since T is a linear operator, so Oy, = 70y € T (V). [ |

Content from Linear Algebra by Meckes & Meckes. This is Theorem 2.30 on p. 115.
Pages 114-118 discuss the range of a linear operator. You should be familiar with all of
the results for matrices on these pages. Do Quick Exercises #20 (p. 115), #21 (p. 117),
and #22 (p. 117).

Injectivity interacts with linearity in the following way. We start by assuming Tv; = T vs,
and we want to know if v; = vq, equivalently, if v; — v = 0. We have Tv; = T, if and
only if 7(vy —vy) = 0. If v = 0 whenever Tv = 0, then 7 will be injective, because then
v, — vg = 0. Conversely, if 7T is injective, then the only solution to 7v =0 is v = 0.

11.2 Definition. The KERNEL of T is

ker(7) :={veV | Tv=0}.

11.3 Theorem. Let V and W be vector spaces over F and T € L(V, W),

(i) ker(T) is a subspace of V.
(ii) T is injective if and only if ker(T) = {0y }.
Proof. (i) We check the three subspace axioms (Definition 4.5). First let vy, ve € ker(7).

We want to show that v; + vy € ker(7), and so we need to check that 7 (v; + v9) = Oyy. By
definition, Tv; = Twvy = 0yy, and then the linearity of 7 implies

T(Ul + Uz) = Tuv + Tuvy =0 + 0yy = Oyy.

Next let o € F and v € ker(7). We want to show that av € ker(7T), and so we need to
check that 7 (awv) = 0yy. By definition, Tv = 0y, and then the linearity of 7 implies

T (av) = aTv = aly = Op.

Finally, we want to show that 0y, € ker(7"). That is, we need 70y, = Oy, and this is true
by the linearity of 7.

(ii) This was proved in the paragraph before Definition 11.2. [ |

Content from Linear Algebra by Meckes & Meckes. This is Theorems 2.36 on p. 119
and 2.37 on p. 120.

If ker(T") # {0}, then solutions to our fundamental problem 7v = w, if they exist, cannot
be unique. Indeed, suppose that Tv = w and z € ker(7) with z # 0. Then 7 (v + az) = w
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for all « € I, and since z # 0, when oy # ag, we have v + a1z # v + agz, thus every « gives
a different solution.

11.4 Problem (!). Convince yourself that every part of the last sentence above is true.
Then explain why if the problem 7 v = w has two different solutions, it has infinitely many
solutions.

The tools of bases and dimension will help us quantify more precisely what happens when
the problem 7v = w has infinitely many solutions.

11.5 Problem (x). Let V be a vector space over F.
(i) Let 7 € L(V) and A € F. Put
EX(T) ={veV|Tv=\v}.

Prove that £,(7) is a subspace of V, which we call the EIGENSPACE of T corresponding
to A.

(ii) Let 7, S € L(V) and let
U={veV|STv=TSv}.
Prove that U is a subspace of V.

[Hint: view both sets as kernels.]

Content from Linear Algebra by Meckes & Meckes. Pages 120122 discuss eigenspaces.
Do Quick Exercise #24 on p. 122.

11.6 Problem (!). Let V be a vector space over F and T € L(V).

(i) Prove that 7 is injective if and only if 0 is not an eigenvalue of 7. (Later we will
consider what conditions on the eigenvalues could guarantee surjectivity.)

(ii) Prove that A € F is an eigenvalue of 7 if and only if 7 — AZy is not injective.

11.7 Problem (%). (i) Let V be a vector space over F and 7 € L(V) be invertible. Prove
that A € FF is an eigenvalue of 7T if and only if A™! is an eigenvalue of 7 '. (By Problem
11.6, we know A # 0, so A~ makes sense here.) How is an eigenvector for \ as an eigenvalue
of T related to an eigenvector for A~ as an eigenvalue of 77

(ii) Let V = C>([0,1]) and W ={f € V) | f(0) = 0}. Example 6.18 showed that every
A € R is an eigenvalue of the differentiation operator on V. Problem 6.19 showed that the
antidifferentiation operator (Sf)(z) := [ f(s) ds has no eigenvalues as an operator on V
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(since V is a subspace of C([0, 1]), and S has no eigenvalues as an operator on that larger
space). And Example 9.11 showed that 7 and S are each other’s inverses on W. Is there
any contradiction here? If 7 has eigenvalues and S = 7 ', why does this not mean that
S has eigenvalues? [Hint: think about domains.|

11.8 Problem (%). Recall from Example 7.1 that the operator (7 f)(z) := zf(x) on
C([0,1]) has no eigenvalues, and so 7 — AZ is injective by Problem 11.6. Show that if
0 < XA <1, then T — A\Z is not surjective. [Hint: if (T — A\Z)f = g, what is g(\)¢ This
suggests a generalization of eigenvalue: for an operator 7 € L(V), a scalar A € F is a
SPECTRAL VALUE of T if 7 — AZ is not invertible. Every eigenvalue is a spectral value.

There is some special terminology for matrix multiplication operators that is worth re-
membering.

11.9 Remark. Let A € F™ ™ The kernel of the matriz multiplication operator M 4 is often
called the NULL SPACE of A:

N(A) :={veF" | Av=0,}.

The RANGE of M 4 is often called the COLUMN SPACE of A:

C(A) ={Av | v € F"} .

Content from Linear Algebra by Meckes & Meckes. Pages 118-122 discuss kernels.
You should be familiar with the results for matrices. Do Quick Exercise #23 on p. 119.

We previously observed that linear operators are the “natural” functions between vector
spaces to study because they “respect” the linear structure of those spaces. (Since linear
operators arise naturally in many problems, one might say that vector spaces are the natural
domains for linear operators because they “respect” the linear structure of those operators!)
When a linear operator 7 : V — W is invertible, or bijective, then it does more than “respect”
the linear structure of ¥V and W: it “preserves” the behavior of V in W and the behavior of
W in V. Under the lens of an invertible linear operator 7 : V — W, the spaces V and W
are “the same.”

11.10 Definition. Let V and W be vector spaces over F. The spaces V and YV are 1SO-
MORPHIC if there exists an invertible T € L(V, W), and such an invertible T is an
ISOMORPHISM.

11.11 Example. (i) P" and F"' are isomorphic. We show this just for n = 1. Recall that
p € P! is a function of the form p(x) = a;x + ag for a;, ag € F. This suggests associating p
with (a1, a0) € F?. If we want to be precise, we could note that ag = p(0) and a; = p’(0);
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these are really Taylor coefficients. That is, if p € P!, then

p(z) = p'(0)x + p(0).

And so we define
T: P = F2: p— (p'(0),p(0)).

Linearity follows from linearity of the derivative and pointwise evaluation of functions.
For injectivity, if Tp = 0, then p'(0) = p(0) = 0, so p(z) = 0x +0 = 0. Thus p = 0. For
surjectivity, let (a1, ao) € F? and put p(x) = a1z + ag, so p(0) = ap and p’(0) = a;. Then
Tp = (al, ao).

(ii) L(F",F™) and F™*" are isomorphic. The crux of this is the calculations in (9.2) and
(9.3), which we review here. Define

S: ™" — L(F",F™): A= May.

To check linearity, we want to show that S(A + B) = SA + SB, equivalently, M 4.5 =
My + Mp. This is an equality of functions, so we want M, pv = (M4 + Mp)v for
v € F". Equivalently, we want (A + B)v = Mav + Mpv; in turn, Av + Bv = Av + Bv,
which is of course true. That S(aA) = aSA is proved similarly.

For injectivity, suppose SA = Ogn_,pm. Then M v = 0,, for all v € F". In particular,
we have 0,, = M e; = Ae;, and so each column of A is the zero vector; thus A is the zero
matrix.

For surjectivity, let 7 € L(F",F™). Put [T] = [Tel Ten}. The calculation in
(9.1) shows T = My = S[T].

Content from Linear Algebra by Meckes & Meckes. Pages 78-80 discuss isomorphisms
and operator inverses. Do Quick Exercise #7 on p. 78. Theorem 2.9 on pp. 85-86 proves
the isomorphism of L(F",F™) and F™*".

11.12 Problem (x). Prove that {f € C'([0,1]) | f(0) =0} and C([0,1]) are isomorphic.

[Hint: feel free to cite some prior results.]

Day 12: Monday, September 15.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Finite-dimensional vector space, infinite-dimensional vector space, basis for a vector
space

Here is an exercise in diagram-chasing.
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12.1 Theorem. Let Vi, Vo, Wi, Wh be vector spaces over F such that Vi and Vs are iso-
morphic and Wy and Wy are isomorphic. Then L(Vi,W;) and L(Va, Ws) are isomorphic.

Proof. Say that 7 € L(V1,V,) and S € L(W;, W) are isomorphisms. We want to construct
a bijection from L(V;, W;) to L(V2, W,). One way to do this is to start with an operator
A € L(V;,W;) and try to associate it in a “natural” way with an operator in L(Vy, Ws).
Such an association would probably involve 7 and S, and so we draw the following picture.

Vv — W,

1 s

Va —= W
If we just reverse T, then we will have an operator from V, to W;.

Vi — W,

S
Vo ———> Ws
SAT!
So, we are going to map A to SAT *. This composition is indeed defined and in L(V,, W),
since T-1 € LV, V1), A€ LV, W), and S € LW, Wy).
We are running a bit short on letters, so we put

L: LV, W) = LV, Ws): A= SAT !
We need to check that £ is linear and bijective. For linearity, we compute
LA+ Ag) = S(A + A)T 1 =SAT '+ SAT =LA + LA,

This is both kinds of distribution for operator composition. We leave checking L(aA) = aLA
as an exercise.

Now we check injectivity. If LA = Oy,_yy,, then SAT ' = Op,w,. Thus A =
S '0v,om, T = 0Oy, w,. This proves injectivity. We emphasize that 0y, .y, is the zero
vector in L(Vy, W) and 0y, is the zero vector in L(Vy, Wh).

Last, for surjectivity, let A € LV, Ws). We want to find A € L(V;, W;) such that

LA=A.

Vi =25 Wy
7] Is
o

By definition of £, this happens if and only if SAT' = A, which is equivalent to A =

S7LAT.
S—LAT
Vi ———> W

7] Ts

Vo —= We
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This proves surjectivity. (By the way, the surjectivity proof really shows LA = A if and
only if A = S~ AT. This really bundles injectivity and surjectivity together, per Theorem
10.5, and so we could have skipped the injectivity proof above.) [ |

We conclude our discussion of operator inverses by considering the inverse of a product.
Let U, V, and W be vector spaces over F and let T € L(U,V) and S € L(V, W) be invertible.
We probably expect that ST € L(U, W) is invertible, and if we think of ST as “doing T
first, then doing S to the result of that,” then we might expect that (S7)" as “undoing S
first, then undoing 7.” That is, we should conjecture (ST)™' =T 'S~

12.2 Problem (!). Check that the composition 7 'S™! is defined with 77 !'S™! €
LOV,U).

Proving that (ST)™' = 7 'S~ ! is just a calculation: by Problem 9.13, we need to show
(STHT 'S =Ty and (T 'SHST)=1.

We prove only the first equality, and its proof is mostly associativity of operator composition.
Note that 77 ! =7, and SS™! = Z,,. Then

(STHT IS H=8(TT H)S ' =SLS ' =857 =Ty,
as desired.
12.3 Problem (!). Prove the other equality: (7 'S ) (ST) = Iy.

We summarize this formally.

12.4 Theorem. Let U, V, and W be vector spaces over F and let T € L(U,V) and
S € L(V, W) be invertible. Then ST € L(U, W) is invertible with inverse

(ST ' =T"'s"

12.5 Problem (%). Let U, V, and W be vector spaces over [F. Suppose that & and V are
isomorphic and ) and W are isomorphic. Prove that &/ and WV are isomorphic. What is the
isomorphism? (This, by the way, is one step in showing that isomorphism is an equivalence
relation on any set of vector spaces.)

Our fundamental problem is understanding, and maybe solving, the operator equation
Tv =w, where T € L(V, W) for vector spaces V and W over F, and w € W. Existence and
uniqueness of solutions is guaranteed if 7 is invertible, or bijective, or an isomorphism, but
checking that is the whole challenge.

The range of a linear operator controls the existence of solutions to our fundamental
problem, while the kernel controls uniqueness of those solutions (if they exist). If we want to
be able to solve our fundamental problem in as many instances as possible, then we want the
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range to be as “large” as possible. And if we want solutions to be “as unique as possible,” then
we want the kernel to be as “small” as possible. We can achieve such quantifiable results on
the sizes of ranges and kernels if we specialize to the natural situation of finite-dimensional
vector spaces.

Another approach is to obtain more “qualitative” characterizations of range and kernel
in terms of other structural aspects of 7, V, and/or W. We will do this via geometry and
the tools of inner products and norms, which can be available in infinite-dimensional vector
spaces, too. Both approaches—dimension, geometry—employ tools that very naturally arise
in many problems.

Problems often become simpler (relatively speaking) when we impose more structure. A
natural structure to impose on a vector space is that it can be written as the span of finitely
many of its vectors; this leads to great control over the vector space, as most questions boil
down to an analysis of those finitely many vectors (or fewer!), in particular questions about
operators on such spaces.

Both F" and P" have this structure:

F" = span(ey,...,e,) and P" =span(po,p1,---.,Pn), (12.1)

where e; is 1 in its jth entry and 0 elsewhere, and p;(z) = 2’. Even better, a vector in F” or
P" has a unique representation in the respective span: there is only one way to choose the
coefficients in the linear combination giving that vector. (Best of all, in " we can extract
those coefficients using dot products—mnot quite so in P".)

Because we will rely so much on spans, we briefly review some technology associated with
them. A list of length n > 1 in a set Y is a function in Y- If f € Yt we write
(f(1),..., f(n)) := f, and we say that f(j) is the jth entry (or term, or component) of the
list. If (vy) is a list of length 1, sometimes we write (v1) = (vy,...,v1). This should not be
confused with a list of length greater than 1 whose entries are all v;.

Remember that the point of lists is to encode order and allow repetition. In F?, the lists

(e17e27e3)7 (e27elve3)7 and (elae27e37e1)7
are all different, but the sets

{e17827e3}7 {e27elae3}7 and {elae27e37el}

are all the same. (Specifically, these sets are just {e;,es}.)

Now, we can talk about the span of either a list of vectors or a set of vectors. The span
of a list is the set of all linear combinations of vectors in that list; the span of a set is the
set of all linear combinations of vectors in that set.

12.6 Example. In 3, the set of entries in the list (e, e) is {e1,e2}. The span of the list
is
U1
span(er,e) =14 |va| |v1, vy €F 3,
0
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and the span of the set is the same:

U1
span({e;,ex}) =< |va| | v1, 12 €F
0

But we also have
span({ei, e, e;}) = span({e, e1}) = span({e;, es}).

If a vector is in a span, it will be convenient to associate that vector with a set of “coor-
dinates™ the coefficients needed to make that vector out of a linear combination. Because
lists encode order and prevent redundant repetition, it is easier to perform this association
for spans of lists than spans of sets. Consequently, we will only discuss spans of lists. This
is at least partially a matter of taste, for which there is no rigorous accounting.

We will need a particular structure associated with a list that we have not yet used. Let
(y1,Y2,Ys,ys) be a list in a set Y.

12.7 Example. Hopefully, it is intuitively clear why we would want to call the lists
(Y1, Y2, Y3), (Y2, y4), and (y1) “sublists” of the original list: they are lists whose terms appear
in the original list in the same order. We would not call (yo,y1,y3) or (yi1, 41, y2) sublists
of the original list.

The precise definition of sublist is worth considering, but practically speaking we will not
need to use it much.

is a SUBLIST of f if there exists a strictly increasing function h: {1,...,m} — {1,... n}
such that g(j) = f(h(j)) for each j. (By “strictly increasing,” we mean h(j) < h(j+1) for
j=1....m—1.)

12.9 Example. Consider the list (y1,y2, y3,v4) in some set Y.

(1) We want to say that (yi,9) is a sublist of (y1,y2,ys, ys). Here

f=111),(2,42),3,95), (4,94)}  and g ={(1,11),(2,42)},
with n =4 and m = 2. So we want h(1) = 1 and h(2) = 2.

(ii) If the sublist is (y2,vs), then we want g = {(1,v2),(2,94)} and h(1) = 2, h(2) = 4.

Now here is the “simple” kind of vector space structure that we will consider in detail.
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12.10 Definition. A wvector space V is FINITE-DIMENSIONAL if if is spanned by a finite
list: there exists a list (v1,...,v,) in V such that V = span(vy,...,v,). If V is not finite-
dimensional, then it is INFINITE-DIMENSIONAL.

We will soon quantify much more precisely just how “finite” the “dimension” of a finite-
dimensional vector space can be. Quantifying infinite-dimensional spaces is trickier, and not
always worthwhile.

12.11 Example. The spaces F" and P"*! are finite-dimensional by (12.1). We will prove,
with some nontrivial technology, that F* and C"(]0, 1]) are infinite-dimensional.

Definition 12.10 allows some unfortunate inefficiency in writing a vector space as a span.

12.12 Example. (i) Let
120 3
A=10 0 1 4
0000
Then the range of M 4 is both the span of all four columns of A and the span of just the
first and third columns of A, but not the span of any one column of A.

(ii) With p;(z) = 27, we have both P? = span(py, p1, p2) and P? = span(po, p1, p2, 2po), but
the former span is more efficient (a shorter list) than the latter.

12.13 Problem (!). Prove all of the claims in Example 12.12.

12.14 Problem (%). Here is a generalization of this redundancy (which will actually some-

times be helpful). Let V be a finite-dimensional vector space with V = span(vy,...,v,)
for some list (v1,...,v,) in V. Let (wi,...,w,) be another list in V. Prove that
V = span(vy, ..., Up, Wi, ..., W)

We should try to avoid the “linear redundancy” that Definition 12.10 permits by writing
a finite-dimensional vector space as the span of “just enough” vectors—enough vectors to
span the space, not too many to be unnecessary. Such a “just right” list is a basis: a unique
“coordinate system” for the space.

12.15 Definition. Let V be a finite-dimensional vector space over F. A list (vq,...,v,)
is a BASIS for V if each vector v € V can be written uniquely as the span of (vq,...,v,).
That is, for each v € V, there is a unique list (aq, ..., o) € F" such that v = Z;L:lozjvj.

12.16 Example. The standard basis vectors (ey,...,e,) better be a basis for F*. They
are: if v.= (vi,...,v,) € V, then doing the arithmetic shows v = >°" v;e;. Sov €
span(ey,...,e,). And if v = 377 jwje;, then some more arithmetic shows > 77 (v; —
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wj)e; = 0,,. Componentwise equalities then force v; — w; = 0, so v; = w;. Thus the
representation of v as a span of the list (e, ..., e,) is unique.

12.17 Problem (!). Prove that a list (vy,...,v,) in the vector space V is a basis for V if
and only if the operator

T:F" =V (aq,...,qn) — Zozjvj
j=1
is an isomorphism. (You do not have to prove that 7T is linear.)

Content from Linear Algebra by Meckes & Meckes. Pages 150-152 review spans and
introduce finite-dimensional spaces and bases (the latter from a slightly different point of
view). What we (and the Meckeses) call a basis is sometimes called an “ordered” basis in
other sources (those sources preferring to think of our bases as sets, not lists).

We will eventually prove that every finite-dimensional vector space has a basis and that
all bases are the same length. This length is, of course, the dimension of the space. It can
also be shown that every vector space, finite- or infinite-dimensional, has a basis (with some
adjustments in the definition of basis for the infinite-dimensional case) and that all bases
for a space, finite- or infinite-dimensional, have the same length (with length appropriately
defined for the infinite-dimensional case). However, a basis for an infinite-dimensional is
often just “not that useful’—assume more natural structures on the space, there are better
relatives of basis to use.

While our definition of basis encodes the most important idea that a basis is a unique
coordinate system (what things do defines what things are), it is often convenient to decouple
the “coordinate” aspect of a basis from the uniqueness. This is exactly how we worked through
Example 12.16.

12.18 Theorem. Let V be a finite-dimensional vector space. A list (vy,...,v,) is a basis
for V if and only if both of the following hold.

(i) V =span(vy,...,vy,)

(ii) If 35 v, = Oy for (ou,...,an) € F", then a; =0 for all j.

Proof. (=) Definition 12.15 of basis immediately implies (i). For (ii), we have 0y, =

> =1 0v; already, so if Oy = 377  ajv; for some (ay,...,a,) € F", then by uniqueness
O[j = 0.

(+=) Condition (i) implies that any v € V can be written in the form v = »77_ a;v; for
some (aq,...,q,) € F*. We need to prove uniqueness. Suppose also that v = Z;.l:lﬁjvj.

Some arithmetic implies 0y = » ", (a; — B;)v;. Condition (ii) then forces a; —3; =0. W
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Content from Linear Algebra by Meckes & Meckes. This is Theorem 3.10 on pp.
152-153.

Day 13: Wednesday, September 17.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Linearly independent list (N), linearly dependent list (N)

Condition (ii) in the above characterization of basis (possibly the surprising one—spans
should not be surprising) is hugely important by itself.

13.1 Definition. Let V be a wvector space (not necessarily finite-dimensional) and let
(v1,...,0,) be a list in V.

(i) The list is (LINEARLY) INDEPENDENT if ) ' a;v; = Oy for (au, ..., a,) € F", then
a; =0 for all j. In symbols,
V(ag,...,on) € F": Zajvj =0y =Vj:a; =0.
j=1
(ii) The list is (LINEARLY) DEPENDENT if it is not independent. In symbols,

o, ..., ) EF":Zajvjzov and 3j : o # 0.

J=1

13.2 Example. We discuss (in)dependence in several concrete contexts. Throughout, it is
important to think about what “being equal to the zero vector” means in different vector
spaces.

(i) The list (ey,...,e,) of standard basis vectors in F" is independent: if 37  aje; = 0y,
then doing the arithmetic yields (a,...,,) = 0,. Thus o; = 0 for all j. (These two
sentences illustrate two different uses of list notation: the list of vectors (ey,...,e,) in F",
which is really a function in (F")'", per the definition of list, and the list (v, ..., a,) €
F" = F{l"“’”}.) Here “being equal to the zero vector” means componentwise equality to the
scalar 0.

(ii) Let po(x) =1 and py(x) = . Then the list (pg, p1) is independent in C([0, 1]). Suppose
appo + agpr = 0. This is a function equality, so it means that agpo(x) + aypi(x) = 0 for all
x € [0,1]. That is, ap + ez = 0 for all .
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Intuitively, we want to show that the only line that lies on the x-axis has x-intercept 0
and slope 0. Because ag + agz = 0 for all z € [0, 1], we can pick any x that we like, so we
may as well choose “easy” values of x. At z = 0, we have ag = 0. Then it is the case that
ajx =0 for all z € [0, 1]. Taking another “easy” value, at © = 1 we conclude ay = 0.

(iii) Fix z € [0,1]. The “evaluate at z” map ¢,: C([0,1]) — R: f — f(x) is a linear
functional, so ¢, € (C([0,1]))". Note that ¢(f) = f(x). Let z1,...,z, € [0,1] be distinct.
We claim that (g, .., ¥s,) is independent. To show this, suppose that } 7 ajp,, = 0
for some (aq,...,a,) € R". Here “equals 0" means pointwise evaluation—on functions in
C([0,1]). That is, we are assuming

j=1
for all f € C([0,1]). In turn, this means

Z%‘f(%') =0

for all f € C([0,1]).
Here is the trick: because z1, ..., x, are distinct, we can “interpolate” them by functions
fi,--+, fn € C([0,1]) such that

1, 7=k
LW“‘{&j#h
Then for each k,
0= a;filr;) =,
j=1

thus ay = 0 for all k.
To figure out how to construct these f;, we draw some pictures when n = 3 (for sim-

plicity):

/\fl(I) AfQ(.I') Afg(ZL’)

> T

AN
AN

)

g

14 14
y T | y T ¢ b
v T X

This suggests taking

|
[
2 X3
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(x — z9)(x — x3) fol) = (x —z1)(x — x3)

(71 — 22) (21 — 23)’ (29 — x1)(w2 — 23)’

and  f3(x) :=

fl (ZL‘) =

(x — 1) (x — 29)

(z3 — 71)(73 — 22)

Similar, but more complicated, formulas work for the case of a general n.

13.3 Problem (!). Show that the list (1,sin(-),cos(-)) is independent in C(]0, 1]).

Here is an easier situation.

13.4 Lemma. A list of length 1 is dependent if and only if its only entry is the zero vector.
That is, (v1) is dependent if and only if v; = 0.

Proof. (=) If (v;) is dependent, then (v;) is not independent, so there is a; € F such that
aivy; = 0y and aq # 0. Thus vy = 0y.

(<) If v; = 0y, then 1- 0y = 0y, so (0y) is not independent. |

13.5 Problem (x). Prove the following easy ways of checking the dependence of a list.

(i) A list (of length at least 2) with a repeated vector is dependent.
(ii) A list with the zero vector is dependent.

(iii) A list of length 2 is dependent if and only if one vector is a scalar multiple of the
other. (Must the first be a scalar multiple of the second?)

13.6 Problem (x). The field matters when thinking about independence. Prove that the
list (1,%) is independent in the vector space ¥V = C considered over the field F = R but
dependent in the vector space VW = C considered over the field F = C.

13.7 Problem (!). Let (vy,...,v,) be an independent list in the space V, and let
(aq,...,0p) be a list of nonnegative numbers. Prove that if « > 0 for at least one k,

then 7 ajv; # Oy.

Day 14: Friday, September 19.

Here is an important characterization of a dependent list.

14.1 Theorem. Linear dependence is linear redundancy: a list of length at least 2 is
dependent if and only if one vector in the list is a linear combination of the others. That
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is, if n > 2, then (vy,...,v,) is dependent if and only if there ezists k such that
Uy = Zozjvj (14.1)
j=1
ik

for some a; € F", j # k.

Proof. (=) If (vy,...,v,) is dependent, then there exists (ay,...,a,) € F*\ {0,} such
that Z?Zlajvj = 0Oy with a; # 0 for at least one j. Let k be the largest integer such that

ap #0. If k=1, then ap =+ = a,, =0, so ayv; = 0y. Since a; # 0, we have
V1 = OV = ZOUJ‘.
j=2
If £k =n, then
n—1
_ _%
o= ( an)
7j=1

Finally, if 1 < & < n (which, incidentally, implies n > 3), we have Z?Zlajvj = 0; the sum

stops at j = k since a1 = --- = a, = 0. Then
k—1 o
J
v = —— | ;.

The case k = n is really just a special case of this one, as is the case k = 1 (which we just
singled out to avoid the awkward expression 2222).

(«<=) Conversely, (14.1) rearranges into

Zﬁjvj = Oy, B = o ].7&
=1 _]-a J= ka

and we note that g # 0. [ |

While important, this characterization puts a “burden of guilt” on one particular vector
in a list for dependence. If the list is long, it may be hard to spot which vector is a linear
combination of the others. Our original definition of dependence is more “democratic”: all
vectors are “equally guilty.”

Content from Linear Algebra by Meckes & Meckes. Pages 140-143 introduce linear
(in)dependence. The material on pp. 143-145 should be familiar from a first course in
linear algebra.
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14.2 Problem (!). Let (vy,...,v,) be alist in F™ and let A= [v; --- v,]. Prove that
the following are equivalent.

(i) The list (vy,...,v,) is independent.

(ii)) N(A) ={0,}.

(iii) My: F" — F™ is injective.
Linear redundancy, while ineffective, is not terribly hard to overcome.

14.3 Lemma. If a list of length n > 2 is dependent, then a sublist of length n — 1 has the

same span. That is, if (v1,...,v,) is dependent, then there exists a sublist (vj,,...,v;, )
of this list such that span(vy, ..., v,) = span(vj,,...,v;, ,). More precisely, if vy is a linear
combination of the other v;, then the sublist formed by removing vy, from (vs,...,v,) has
the same span as the original list (vq, ..., vy,).

Proof. Since the list is dependent, an entry v, is a linear combination of the others:

Vg — E Q;0;.
j=1

i#k
Then any linear combination of the original list (v, ..., v,) has the form
D B = B+ By o= (B + Bray)u;.
J=1 J=1 J=1 j=1
ik ik ik

The desired sublist is the original list with vy removed. Conversely, any linear combination
of the sublist is certainly in the span of the original list:

a & 7j7 j 7é k
2_:% j E_ HUj g {O, i=k.
7j=1 7=1

ik

There is yet another way of packaging dependence that nicely encodes the idea of sweeping
the columns of a matrix from left to right. For various contemporary cultural reasons, this
particular result has earned the title of “linear (in)dependence lemma,” even though most of
our current results involve linear (in)dependence.

14.4 Lemma (Linear (in)dependence lemma). Let (vy,...,v,) be a list of length n > 2
with vy # Oy. Then (vq,...,v,) is dependent if and only if there exists k > 2 such that
v € span(vy,...,vx_1). Equivalently, when n > 2 and vy # Oy, the list (vy,...,v,) is
independent if and only if v; & span(vy,...,vj_1) for each j > 2.
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Proof. (=) If (vy,...,v,) is dependent, then there exists (ay,...,a,) € F"\ {0,} such
that Z?zlajvj = 0y with «a; # 0 for at least one j. Let k be the largest integer such that
ap # 0. If k =1, then ay = --- = a,, = 0, and then av; = 0y. Since a; # 0, we have
vy = 0y. So, k > 2. Then Z?Zlajvj = 0y, and this rearranges to

k-1
a{,
v = Z (—a—z) v; € span(vy, ..., Vg_1).

j=1
J#k
(<) Conversely, if vy € span(vy,...,v;_1), then vy = Z;:llajvj for some (ay,...,ap 1) €
F*~!. Then
n ay, 1 S j S k—1

S By =0u  B=4 L =k

J=1 0, k+1<j<n.
Since ; = —1 # 0, the list (vq,...,v,) is therefore dependent. [ |

14.5 Remark. Here is why it so important to assume that vy # 0y in the linear
(in)dependence lemma. If (v, ..., v,) is an independent list, then (0,vq,...,v,) is depen-
dent. We still have vj & span(Oy, vs, ..., v;_1) for j > 2 since (v, ..., v,) is independent.

Content from Linear Algebra by Meckes & Meckes. The linear (in)dependence lemma
is Theorem 3.6 and Corollary 3.7 on p. 145. Do Quick Exercise #5 on p. 146. Try doing
Quick Exercise #4 on p. 144 using Theorem 3.6.

Here is a classical deployment of the linear dependence lemma, which in its fullest form
uses induction.

14.6 Example. A list of eigenvectors corresponding to distinct eigenvalues is independent.
That is, assume n > 2 and let 7 € L(V) have the distinct eigenvalues Ay, ..., A\, € F with
corresponding eigenvectors vy, ...,v, € V. So, A\; # A for j # k, and Tv; = A\jv;. Then
the list (vy,...,v,) is independent.

1. We first show this for the simple case of n = 3. What if the list is dependent? Since
the entries of the list are eigenvectors, none is 0y, so in particular v; # 0y. So, it must be
the case that either vy € span(v;) or v3 € span(vy, vg).

(i) In the former, we have vy = ajvy. In particular, ag # 0, as otherwise vy = 0y. The only
other thing that we know about v; and v, is how they talk with 7, so we apply 7 to both
sides to get Tvy = 1T vy, and thus \yvy = @y A\jvy. Substitute vo = aqv; on the left to find
Aoy = g Ajvy. Since o # 0, we may divide to find A\yv; = A\jvq, thus (A — Ay)vy = Oy.
Since \; # Ay, we have v; = Oy, a contradiction. So, ve & span(vy).

(ii) What if vz € span(vy,v2)? Then vs = yv; + asve. Apply T to both sides to obtain

)\31)3 = al)\lvl + 062)\2U2.
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Substitute vs = a1v1 + V9 to obtain
)\30&1?]1 + )\3012?)2 = 041>\1’01 + 052)\27)2.
Rearrange to get
Oél()\l — )\3)1)1 + 062()\2 — /\3)’02 = 0];.
We know v, & span(v;) and vy # 0y, so the list (vy,v9) is independent. Thus

Oél<>\1 — )\3) = Oég(/\g - /\3) == 0,

and since A\ # A3 and Ay # A3, we must have a; = as = 0. Thus v3 = 0y, another
contradiction. So, vs & span(vy, vs).

2. Here is how the argument works in general. We induct on n.

(1) The base case. If n = 1, then the list (v;) has only one entry, which is nonzero, since
vy is an eigenvector, and so this list is independent.

(ii) The induction hypothesis and step. Assume that the result is true for some n > 1. Now
let (v1,...,v,,Une1) be a list of eigenvectors of T corresponding to distinct eigenvalues. If
the whole list (vy,...,v,,v,51) is dependent, then since v; # 0 (again, because v; is an
eigenvector), the linear (in)dependent lemma says that v; € span(vy,...,v;_1) for some
j > 2. But (vy,...,v,) is alist of n eigenvectors of T corresponding to distinct eigenvalues,
so by the induction hypothesis it is independent, and therefore v; & span(vy,...,v,;_1) for
2 < j < n. The only possibility is that v, 41 € span(vy, ..., v,).

Write vn41 = ) 7_,@;v;, thus

n n n
)\n+1vn+1 = T'Un—H = T E ;05 = E O./jTUj = E ozj/\jvj.
Jj=1 J=1 J=1

Substitute v, = >

j=1050; to find

)‘n-‘rl Z ;05 = Z CMj/\j’Uj.
j=1 Jj=1
Rearrange to find
Zaj(/\j - )\n—l-l)vj = 0.
j=1

By the independence of (vy,...,v,), we have a;(A\; — Apq1) = 0. Since \; # A,41, this
implies a;; = 0 for all j, thus v,;; = Oy, a contradiction.

Content from Linear Algebra by Meckes & Meckes. This is Theorem 3.8 on pp.
146-147. Pages 388-389 in Appendix A.3 review proof by induction.
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Day 15: Monday, September 22.

15.1 Example. Let n > 1 and p;(z) := 27 for 0 < j < n. We can show the independence

of the list (po, ..., pn) in C*([0, 1]) by recognizing each polynomial as an eigenvector of one

particular operator corresponding to distinct eigenvalues. What should this operator be?
Perhaps the operator that immediately comes to mind is differentiation, but

pi(x) = ja? =t = jpj_i(x)

for 1 < 7 < n. Actually, this is still true at j = 0, but none of this gives p;. as a scalar
multiple of p;.

However, if we multiply by that missing factor of x, we get xp)(z) = jp;(x) for j > 1.
So, put (T f)(z) ;= xf'(z). For 1 < j <n, we have

(Tpj)(w) = 2pj(z) = xja’™" = ja’ = jp;(2),
while at j = 0 we have
(Tpo)(x) = zp)(x) =z -0 =0 = Opy(x).

Thus each p; is an eigenvector of T corresponding to the eigenvalue j; these eigenvalues
are distinct, and so the list is independent.

Finally, while we worked in C*°([0, 1]) to prove independence of (py, ..., p,), this list is
also independent in C"(]0, 1]) for any » > 0. After all, independence in any of those spaces
just means that if Z?:()ajpj = 0, then o; = 0 for all j. The underlying space really does
not matter!

Content from Linear Algebra by Meckes & Meckes. For another perspective on this
example, see the example on p. 146.

15.2 Problem (x). Prove (and also state precisely) the following.

(1) Any sublist of an independent list is independent.
(ii) A list with a dependent sublist is dependent.

(iii) A dependent list may have an independent sublist.

Now we prove that every finite-dimensional vector space has a basis.
15.3 Lemma. Any spanning list can be reduced to a basis. That is, if V be a nonzero vector
space with V = span(vy,...,v,), then there exists an independent sublist (vj,,...,v;.) of

(v1,...,v,) such that V = span(vj,,...,v;.) as well.

Proof. We induct on n.
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1. The case n = 1. For n =1, V = span(v;) and since V is nonzero, v; # 0, so the list (v;)
is independent. Since it spans V already, it is a basis.

2. The induction hypothesis and step. Assume that the result is true for some n > 1 and

suppose now that V = span(vy,...,v,, vys1). Let V,, = span(vy,...,v,). By the induction
hypothesis, V,, = span(vj,, ..., v;,.) for an independent sublist of (vj,,...,v;,), and so
span(vj,, ..., v, Unt1) = span(vy, ..., Uy, Upg1) = V.

If 41 € V,, then v,y € span(vj,,...,v;). The “removal” process from Lemma 14.3

then says that
V = span(vj,, ..., 0}, Upq1) = span(vj,, ..., v;,),
and so we are done.

If v,41 & span(vj,, ..., v;,), then the list (vj,, ..., v, ,vn+1) is independent. This is because
vj, # Oy, since the list (v;,,...,v;,) is independent, and also v;, ¢ span(vj,,...,v;, ,) for
k > 2, again by independence of the list (vj,,...,v; ). And so (vj,...,vj,v,41) IS an
independent list that spans V. [ |

Content from Linear Algebra by Meckes & Meckes. This is Theorem 3.11 on p. 153,
with a different proof (specifically, one that uses Lemmas 14.3 and 14.4).

15.4 Theorem. FEwvery nonzero finite-dimensional vector space has a basis.

Proof. Let V be a nonzero finite-dimensional vector space. By definition, V is spanned by
some finite list, and so Lemma 15.3 allows us to reduce that list to an independent sublist
with the same span. [ |

Content from Linear Algebra by Meckes & Meckes. This is Corollary 3.12 on p. 154.
Algorithm 3.13 on that page should be familiar from a first course in linear algebra.

Day 16: Wednesday, September 22.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Dimension of a vector space

We now know that every finite-dimensional vector space has a basis: a coordinate system
with no redundancy (i.e., the coordinates of a vector are unique). It would be terribly
inefficient, and maybe redundant, if two bases could have different lengths. This cannot
happen. There are multiple ways to prove that all bases have the same length; here are some
motivating considerations and then the full argument.
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16.1 Example. (i) A contradiction with systems. Suppose that the list (vq, v, v3) is
independent in F™ but the list (wy, wy) spans F™. Write

Vi = T1W1 + TaWa, Vo = y1W1 + Y%oWa, and vz = 2,W; + 20W».
We can recognize this as saying

1 Y1 o2
T2 Y2 Z2

A — 1 N1 A
T2 Y2 22
has more columns than rows, a first course in linear algebra leads us to expect that it has
a nontrivial null space. That is, there is ¢ € F*\ {03} such that Ac = 0,. But then

i v vl = w ] |

Since the matrix

C1VI+ Vo + 3V = (W1 Wa] Ac = [w; W] 0y = 0y,
and so (vq, Vg, v3) is dependent.

(ii) A contradiction with “swapping.” Say that (vy, vs, v3) is independent in V but (wy, wy)
spans V. The list (v, wy, ws) still spans V and now is dependent since v; is in the span of
(w1, ws). Since (vq, v, vs) is independent, vy # 0y, so the linear dependence lemma means
that either

wy € span(vy) or wy € span(wy). (16.1)

Suppose the latter. Then
span(vy, wy) = span(vy, wy, wy) = V.

Next, the list (v, vq,w;) also spans V and i dependent, since vy € V = span(vy, wy).
Since v; # 0Oy, the linear dependence lemma implies that either vy € span(vy) or wy €
span(vy, vy). The former cannot happen, since (v, v2) is a sublist of the independent list
(v1,v9) and therefore independent itself. So, w; € span(vy,vq), and then

span(vy, v9) = span(vy, ve, wy) = V.

But then vy € V = span(vy, vs), so (v, vg,v3) is dependent, after all.

16.2 Problem (!). Redo the work of the previous problem starting now with wy €
span(wy ), as in (16.1).

Content from Linear Algebra by Meckes & Meckes. Lemma 3.17 on p. 163 generalizes
the “contradiction with systems” approach.

Here is the general result.
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16.3 Theorem (Steinitz exchange). Any independent list is no longer than any spanning
list. That is, if V = span(wy,...,wy,) and (vi,...,v,) is independent in V, then n < m.
Additionally, the following hold.

(i) If n =m, then
V = span(vy, ..., 0,).

(ii) If n < m, then there is a sublist (wj,,...,w;,, ) of (w1,...,wy,) such that

V = span(vy, ..., U, Wiy, ..., Wj, ).

Proof. We induct on n.
1. The base case. If n = 1, then necessarily 1 < m.

(i) The case 1 = m. If m =1, then v; = ayw; for some «a; € F. Since (v;) is independent,
vy # 0,50 ag # 0, and therefore wy = a; 'v;. Then V = span(w;) = span(a; 'v;) = span(vy).

(ii) The case 1 < m. If m > 2, consider the list (vy,wy, ..., w,,), which also spans V. (This
is the sort of “helpful redundancy” foretold by Problem 12.14, and we will exploit this several
more times in the proof.) Since v; € span(wy, ..., w,,), the list (vy,wy, ..., w,,) is dependent.
Since vy # 0, by the linear (in)dependence lemma, either

wy € span(vy) or wj; € span(vy,wy,...,w;_1) for some j > 2.

In the first case,

span(vy, Wy, . . ., Wy,) = span(vy, Wa, . . ., Wy,).
In the second case, let (wj,,...,w;, ) be the list formed by removing w; from the list
(w1, ..., Wy). Then
span(vy, wy, . .., Wy,) = span(vy, wj,, ..., wj, ).

2. The induction hypothesis and step. Assume that the statement is true for some n > 1.

Now let (v1,...,v,,v,41) be independent in V. Then (vy,...,v,) is also independent, so
n < m. If n = m, then V = span(vy,...,v,), SO U,41 € span(vy,...,v,). This contradicts
the independence of (vy,...,v,, Upt1), SO 1 < m, and therefore n + 1 < m.

(i) The case n+1 =m. If n+1 = m, we have V = span(vy,...,v,,w;,) for some j.
The list (v, ..., Un, Unt1,wj, ) is dependent, and by the linear dependence lemma, the only
possibility is that w;, € span(vy,...,Un, Upy1). Thus V = span(vy, ..., v, Upt1).

(ii) The case n+1 < m. If n+1 < m, we have V = span(vy,..., v, wj,,...,wj,_ )
for some sublist (wj,,...,w;, , ). Here n —m > 1, thus n —m > 2. Again, the list
(U1, -+, Uny Un1, Wy, , - . . ,wj, ) is dependent, so either

wj, € span(vy, ..., U, Vpt1)
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or
wj, € span(vy, ..., Uy, Upt1, Wy, - .., wj,_,) for some k with 2 <k <n —m.

In the first case, we have

V = span(vy, ..., Un, Uni1, Wiy, - -, W, ).
In the second case, let (wy,,...,wy, ,, ,) be the list formed by removing w;, from the list
(wj,, ..., wj, ). Then

V = span(vy, . .., Upn, Ups1, Weyy - -y W, 4 )- |

As is often the case in mathematics, what we really want is the corollary.

16.4 Corollary. All bases for a finite-dimensional space have the same length. That is, if

(v1,...,v,) and (Vy,...,v,) are bases for V, then n = p.

Proof. The list (vq,...,v,) is a basis and therefore independent and the list (vy,...,7,)
spans V (because it, too, is a basis), and so n < p. Reverse the roles of the lists to conclude
p < n, thus p = n. [ |

Content from Linear Algebra by Meckes & Meckes. This is Theorem 3.19 on p. 164,
albeit with a different proof.

Since all bases for a finite-dimensional space have the same length, we can associate a
single quantity with that length.

16.5 Definition. Let V be a finite-dimensional vector space. The DIMENSION of V is 0
if V = {0y}, and otherwise it is the length of any basis for V. We denote the dimension
of V by dim(V). If we are discussing a vector space and refer to dim(}V), we are tacitly
assuming that V is finite-dimensional. We do not adopt the occasional convention that if
V is infinite-dimensional, then dim(V) = co.

Content from Linear Algebra by Meckes & Meckes. Page 164 defines dimension. Read
carefully the paragraph after that definition. Algorithm 3.25 on p. 166 should be familiar
from a first course in linear algebra.

16.6 Example. (i) Since (ey,...,e,) is a basis for F", unsurprisingly dim(F") = n.

(ii) Since (po, ..., pn) is a basis for P", with p;(x) = 27, and since this list has length n+1,
dim(P") =n+ 1.

(iii) Fori=1,...,mand j =1,...,n, let E;; be the m x n matrix whose (i, j)-entry is 1
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and whose other entries are 0. For example, if m = 2 and n = 3, then

10 0 00 0
E“:{o 0 0] and EQS:L) 0 1]'

It should be conceptually unsurprising to accept, but perhaps notationally annoying to
prove, that the list of these E;; is a basis for F™*". There are mn such E;;, and so
dim(F™*"™) = mn.

16.7 Problem (x). Dimension gives the “correct” notion of “size” for a vector space, at
least when the space is finite-dimensional. Let V be a nonzero vector space. Prove that V
contains infinitely many vectors.

16.8 Problem (!). Let V be a one-dimensional vector space over IF and let W be a vector
space. Let 7 € L(V,W). Find a “formula” for 7 that resembles the result of Problem 8.7.

The following two problems contain extremely useful results about independence, basis,
dimension, and subspaces that we will use often.

16.9 Problem (%). Prove (and state precisely) each of the following. Let V be a finite-
dimensional vector space.

(1) Any independent list is no longer than any basis.
(ii) Any independent list of length dim()) is a basis for V.

(iii) Any spanning list of length dim(V) is a basis for V. [Hint: if it is not a basis, apply
Lemma 15.3. What contradiction results?]

(iv) Any independent list of length less than dim()) can be extended to a basis for V.
Content from Linear Algebra by Meckes & Meckes. Some of these results appear as

Propositions 3.20 and 3.21 on p. 165 and Theorems 3.26 and 3.27 on p. 167 and Theorem
3.28 on p. 168. Read the example on p. 167.

16.10 Problem (%). Let V be a vector space and let U be a subspace of V. Prove the
following.

(i) IfV is finite-dimensional, then ¢/ is also finite-dimensional and dim(//) < dim(V).

(ii) If V is finite-dimensional and dim(H) = dim(V), then U = V.

Content from Linear Algebra by Meckes & Meckes. This problem is Theorem 3.29 on
p- 168.
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16.11 Problem (!). Let V be a finite-dimensional vector space, let W be a vector space,
and suppose that 7 € L(V, W) is not injective. Let (21, ..., 2,) be a basis for ker(7), with
1 <p < dim(V). Last, let w € W and vy € V such that Tvy = w. Prove that any other
v € V with Tv = w has the form

p
V= Vg + E OCij
=1

for some (aq,...,q,) € FP. This makes more precise our earlier observation (preceding
Problem 11.4) that if 7 is not injective and 7v = w has a solution, then the problem has
infinitely many solutions.

Day 17: Friday, September 26.

You took Exam 1.

Day 18: Monday, September 29.

Our first application of the results of Problem 16.9 will be to show that infinite-dimensional
vector spaces exist.

18.1 Theorem. If a vector space contains an independent list of any arbitrary length, the
space is infinite-dimensional. That is, let V be a vector space such that for each integer
n > 1, there is an independent list (vy,...,v,) in V. Then V is infinite-dimensional.

Proof. Suppose that V is finite-dimensional with n = dim(}). The hypotheses imply that
V has an independent list of length n 4 1. This is impossible in a finite-dimensional vector
space. |

Content from Linear Algebra by Meckes & Meckes. This is Theorem 3.18 on p. 163.

18.2 Example. For each r > 1, the space C"(]0,1]) is infinite-dimensional. Here is why.
Example 15.1 shows that the list (po, ..., p,) is independent in C*([0, 1]) for any n > 1,
where p;(z) = /. This is also an independent list in C"([0, 1]) for any 7. Since C"([0,1])
contains an independent list of arbitrary (finite) length, it must be infinite-dimensional.

The Steinitz exchange lemma is very powerful because it relates the lengths of independent
lists and spanning lists. Here is a slightly weaker result that more directly relates the lengths
of bases and spanning lists. We discuss it to reinforce the proof technique of induction and to
show an interesting role of linear operators in the proof. Our primary tool* is the following.

*The proofs of Lemma 18.3 and Theorem 18.5 are due to Jochen Gluck, available at
https://mathoverflow.net /questions/499774 /alternative-proofs-that-two-bases-of-a-vector-space-have-
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18.3 Lemma. Suppose that T € L(V, W) is not injective and V = span(vy,...,v,). Then
the list (Tvy,...,Tuv,) is dependent.

Proof. Since 7 is not injective, there is v € V such that Tv = 0y, and v # 0. Write
v = Z?Zlocjvj, where a; # 0 for at least one j (otherwise, v = 0y). Then Oy = Tv =

>0 Tv; with, again, a; # 0 for at least one j. [

We also need the following result.

18.4 Problem (%). (i) Show that surjections preserve spans. That is, if T € L(V, W) is
surjective and V = span(vy, ..., v,), then W = span(T vy, ..., Tv,).

(ii) Show that this result is false if 7 is not surjective. That is, give an example of T €
L(V, W) such that T is not surjective, V = span(vy, ..., v,), but W # span(T vy, ..., Tv,).

18.5 Theorem. No spanning list is shorter than any basis. We give two versions of this
result.

(1) Let (wy,...,wy,) be a list in F" such that F" = span(wy, ..., w,,). Then n < m.

(ii) Let V be a finite-dimensional vector space with V = span(ws, ..., w,,). Suppose that
(v1,...,v,) 18 a basis for V. Then n < m.

Proof. (i) We induct on n.

1. The case n = 1. Any list has length at least 1, so 1 < m.

2. The induction hypothesis and step. Suppose that the result is true for some n > 1

and consider a spanning list (w1,...,w,,) in F""'. The goal is to show that n + 1 < m.
Equivalently, we want n < m—1. This, combined with the nature of the induction hypothesis,
suggests that we try to relate (wq, ..., w,,) to a spanning list for F" of length m — 1. Then

we will have n < m — 1 by the induction hypothesis.
We accomplish this in the most natural way of relating F*"™! to F™: just take the first n
components of a vector in F"*. Define

T:F" S F v (v, 0,).

Then T is surjective, as T (vq,...,0,,0) = (v1,...,v,) for any (vy,...,v,) € F", and not
injective, as 7,1 = 0,. By surjectivity, the list (7Twy,...,Tw,,) spans F". By the lack of
injectivity, this list is also dependent, and so there exists a sublist of length m — 1 that also
spans F". By the induction hypothesis, n <m —1,son+1 < m.

(ii) Define 7:F" — V: (ai,...,a,) = >0 ja5v;. Then T is an isomorphism. In par-
ticular, 7' is surjective, so (T 'wy,..., T 'wy,) spans F". Then n < m by the previous
part. [ |

the-same-size.
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We have previously seen that an operator on a vector space over R need not have eigen-
values (Example 7.4), and likewise an operator on an infinite-dimensional space also need
not have eigenvalues (Example 7.1, Problems 6.19 and 7.3), but also that an operator on
an infinite-dimensional space can have infinitely many eigenvalues (Examples 6.18 and 7.2).
None of this can cannot happen on a finite-dimensional vector space over C.

18.6 Problem (!). Let V be be a finite-dimensional vector space over F (here we do not
require F = C) and let 7 € L(V). How many distinct eigenvalues can 7 have?

This is an upper bound on eigenvalues. Here is the lower bound: when the field is complex,
an operator on a finite-dimensional vector always has at least one eigenvalue (in C). To prove
this, we need some results about polynomials.

Let V be a vector space over F and let 7 € L(V). Recall that we can take powers of 7
for integers k > 0, put

Iy, k=0
TFH=S T, k=1
T, k> 2.

Then we can define an “operator-valued” polynomial. If p(z) := > }'_ azz" is a polynomial
with coefficients in k, put

p(T) = Z aka.
k=1

18.7 Problem (x). Let P(F) denote the vector space of all polynomials (of any degree)
with coefficients in F. Let V be any vector space over F and fix 7 € L£(V'). Show that the
map

friP(F) = L(V): p p(T)

is linear.

Content from Linear Algebra by Meckes & Meckes. Page 217 discusses operator
polynomials.

There is another useful way to express polynomials, and that nicely carries over to operator
polynomials. Here we need product notation: if wy,...,w, € C, then

ﬁw‘ L Jw, n= 1
j=1 T (H?:_fwj)wny n Z 2.

With this notation, we state the fundamental theorem of algebra: every polynomial with
complex coefficients factors into a product of linear factors with complex coefficients.

18.8 Theorem (Fundamental theorem of algebra). Let p(z) = >_,_,arz" be a polyno-
mial of degree n with coefficients in C: a, € C, a,, # 0. There is a list (z1,...,2,) € C"
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such that

Content from Linear Algebra by Meckes & Meckes. Page 217 discusses the FTA.

For example, 241 = (z+4)(z—1i). Thus every polynomial p has (at least) two expressions:
the Taylor expansion p(z) = >, _,axz" and the factored form above. The key difference is
that even though all of the coefficients a; may be real, some or all of the roots z; may be
complex. Just consider p(z) = 2% + 1.

We can also consider arbitrary operator products. If V is a vector space and (S, ..., S,)
is a list in L(V), we put
“ S, n=1
j=1 (H )7 nZ a2

Now let V be a vector space over C and T € L(V). If a polynomial p(z) = > _,arz* with
coefficients in C factors as .
H z— zj),

do we have

as well?
18.9 Lemma. Yes.
Proof. We induct on n.

1. The base case. When n = 1, we have p(z) = a1z + ap with a; # 0, thus p(z) =
ai1(z — (—ap/ay)) as well. The same algebra shows

a1T+ CL()IV = a (T — (%) Iv) .
1

2. The induction hypothesis and step. Suppose the result is true for some n > 1. Now let p
be a polynomial of degree n + 1 and write p in two ways:

n+1 n+1

z) = Z apz® = api1 H(z — 2;).
k=0 Jj=1

Let

n
[T
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so ¢ is a polynomial of degree n, and therefore we can write

= Z bkzk
k=0
for some b, € C. The induction hypothesis then implies
T) =Y T =an [[(T - %1y),
k=0 j=1
and so

a(THT = zny) = (an+1 [ - ZﬂV)) (T = 2np1Zy) = ang1 [ [(T = %Ty).

7=1 7=1

If we can show that

p(T) = a(T)T = znniy), (18.1)

then we will be done.
We do this in two passes. First, we rewrite

= Z b2t Z brZni1 2" (18.2)

= —b()Zn_H + Z(bk_l — bkan)Zk + bn2n+1

k=1
Put
—bozpy1, k=0
k=9 b1 —bpzny1, 1<k <n
bn, k=n+1,
so we have shown
n+1 n+1

Zakz —p chz
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By uniqueness of a polynomial’s coefficients, we have a; = ¢;. Thus

n+1

T) = Z Cka.
k=0

Second, the same algebra from (18.2) with z replaced by 7 shows

q(T)( Zn-i-lIV Z ka - Zn—‘rlIV)

= —bozpi1l + Z(bk_l — bpzna1)TH 4+ b, T (this is the fruit of (18.2))

k=1
n+1 n+1
= Z Cka = Z CLka = p(T
k=0 k=0
This is the desired equality (18.1). [

18.10 Problem (4). (i) Let V be a vector space and S, T € L(V). Suppose that S and
T commute: ST = TS. Prove that ST is invertible if and only if both S and T are
invertible. [Hint: for any A € L(V), we have AST = ATS and STA=TSA]

(ii) Let p be a polynomial, V be a finite-dimensional vector space over C, and T € L(V).
Prove the POLYNOMIAL SPECTRAL MAPPING THEOREM: A € F is an eigenvalue of T
if and only if p(\) is an eigenvalue of p(T). [Hint: if p is constant, then p(T) = p(0)Zy.
Otherwise, let A € C, factor p(z) — p(A) = a[[;_,(z — 2;), where n = deg(p). Ezplain why
z; = A for at least one j. Then explain why the following are equivalent: (i) p(T) — NIy
is invertible, (ii) [T;_,(T — zZy) is invertible, and (ii1) T — z;I is invertible for each
1<j<n]

Day 19: Wednesday, October 1.

Now here is why we care about operator polynomials: they are the key to proving that any
linear operator on a finite-dimensional space has an eigenvalue. The proof of this fact is an
abstraction of the following concrete situation.

0 —1
)
We show that the linear operator M4: C* — C? has eigenvalues in C (without using
determinants).

Here is the trick. The list (v, M v, M?vV) is linearly dependent in C* for any v € C?,
since the list has three entries, but dim(C?) = 2, of course (when we consider C? as a vector

19.1 Example. Let
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space over C). For simplicity, we pick v = e, and we compute
Ae; =e, and A’e; = Aey, = —e;.
Then the list is (e;, ez, —e;), and the (hopefully obvious) linear dependence relationship is
le; + Oey + 1(—eq) = 0,.

That is,
A261 + ]261 = 02,

and so
(Mi + I((:Q)el = 02.

Put p(z) = 2> + 1. Then p(M4)e; = 0y, and since p factors as p(z) = (z +i)(z — i),

this also says that
(MA+iI@2)(MA—izc2)el = 02. (191)
Now we consider cases.

First, if (M4 — iZ¢2)e; = 0y, then M e, = ieq, so e; would be an eigenvector of M4
corresponding to the eigenvalue i. Second, if w := (M4 — iZ¢2)e; # 0y, then (19.1) forces
(Ma+iZe2)[(My —iZc2)eq] = 09, That is, (My +iZc2)w = 02 and w # 0, thus w is an
eigenvector of M 4 corresponding to the eigenvalue —i.

19.2 Problem (!). (i) Which is which? Compute (M4 —iZ¢2)e; and decide if it e; is an
eigenvector corresponding to i, or if (M4 — iZ¢z2)e; is an eigenvector corresponding to —i.

(ii) Use the approach above to find the other eigenvalue. [Hint: try v = es.]

Content from Linear Algebra by Meckes & Meckes. Read the example on p. 219 and
do Quick Exercise #32 on that page.

The trick of Example 19.1 generalizes substantially.

19.3 Theorem. LetV be a nonzero finite-dimensional vector space over C and T € L(V).
Then T has an eigenvalue: there exist A € C and v € V \ {0} such that Tv = Av.

Proof. Let v € V\ {0y} and let n = dim(V). The list (v, Tv, T?v,...,T"v) of length n+1
whose jth entry is 77v must be linearly dependent. Then there is a list (ag,...,any1) €

F"*1\ {0,41} such that 1
n+

Z a; T7v = Oy.
=0
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If a1 =0, let m < n be such that o, # 0 and o; = 0 for 7 > m + 1. Then

Z OéjTjU = OV
=0
Write .
p(Z) = Z CYij,
=0
so p(T)v = 0y, and factor
p(2) = am H(Z - %)
=1

for some z; € C. Then, ignoring «,, # 0,

m

H(T - ij-v)v = Ov.

J=1

If (T — 2;Zy)v = 0y, then Tv = z;v, and since v # 0y, this shows that v is an eigenvector
of T with eigenvalue A. Otherwise, let 2 < r < m be such that

H(T - ijv)l) 7é OV but H (T — ZjIV)U = Ov.
j=r j=r—1

Such an r must exist, as if it does not, we would have H?;(T — 2z;Zy)v # 0y. Then

Op=[] (T-2D)v=(T—-2)[[(T — Iy
j=r—1 Jj=r
This shows that [}, (7T — 2;Zy)v is an eigenvector for 7 with eigenvalue z,. ;. |

Content from Linear Algebra by Meckes & Meckes. Proposition 3.66 in the book.
Axler opines in Linear Algebra Done Right (2025) that “The main reason that a richer
theory exists for operators [in L())] than for more general linear maps [in L(V, )] is that
operators [in L(V)| can be raised to powers” (p. 137). Being able to raise 7 € L(V) to
nonnegative integer powers was key to the construction of eigenvalues.

It has taken a fair amount of machinery, but we have a powerful result: if a vector space
can be expressed as the span of a finite list of its vectors, then it can be expressed as a span
of a finite list of its vectors with superb efficiency. This is the double efficiency of a basis:
every vector has a unique representation as a linear combination of vectors in the basis, and
every basis has the same length. The greater service of these results is not, however, to
vector space structure but to operator behavior (an example of which we just saw regarding
eigenvalues). In particular, dimension counting gives us powerful control over the existence
and uniqueness of solutions to our fundamental problem.
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19.4 Theorem. Let V and W be vector spaces over F and let T € L(V,W).

(1) Suppose that W is finite-dimensional and T is surjective. Then either V is infinite-
dimensional or dim(W) < dim(V).

(ii) Suppose that V is finite-dimensional and T is injective. Then either W is infinite-
dimensional or dim(V) < dim(W).

(iii) Suppose that T is bijective and one of V or W is finite-dimensional. Then both V
and W are finite-dimensional and dim(V) = dim(W).

Proof. We leave the proofs of the first two parts as exercises. The third part is a mostly
immediate consequence of the first two. If V is finite-dimensional with basis (vy,...,v,),
then since 7 is surjective, Problem 18.4 shows that the list (7vq,...,Tv,) spans W, so W
is finite-dimensional as well. The second part then implies dim()) < dim(W), and the first
part implies dim(W) < dim(V). If we only know that W is finite-dimensional, reverse the
preceding argument with 7! in place of 7. [

The contrapositives are quite useful, in a negative sense. The first part says that for 7 to
be surjective, V needs to be “large enough” relative to WW: a surjection has to “cover” all of
W. If dim(V) < dim(W), then no operator 7 € L(V, W) can be surjective, and so existence
will sometimes fail in the problem 7v = w. (Uniqueness may also fail, too.)

The second part says that for 7 to be injective, W needs to be “large enough” relative
to V: an injection “spreads out” all of V into W. If dim(W) < dim(V), then no operator
T € L(V,W) can be injective, and so uniqueness always fails in the problem Tv = w.
(Existence may also fail, too.)

By the way, these results should feel familiar from considering how injectivity and surjec-
tivity interact with set cardinality. But in the context of vector spaces, dimension replaces
cardinality as the correct and useful measurement of “size” of a space.

Content from Linear Algebra by Meckes & Meckes. Proposition 3.39 presents the
contrapositives (based on a different proof). Read the paragraph on p.181 that begins
“Proposition 3.39 also has important geometric consequences...” for an enlightening dis-
cussion of those geometric consequences.

The following problems outline approaches to proving the first two parts of Theorem 19.4.

19.5 Problem (x). This problem completes the proof of part (i) of Theorem 19.4. You
should reread (and maybe redo) Problem 18.4 along with this problem, too. Let T €
L(V, W) be surjective and suppose that dim(W) = m. Show that either V is infinite-
dimensional or V is finite-dimensional with m < dim(V). [Hint: given a basis (w1, ..., w.y)
for W, let v; € V satisfy Tv; = w;. Argue that (vq,...,vy) is independent.]
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19.6 Problem (%). This problem studies part (ii) of Theorem 19.4.

(i) Show that the image of an independent list under an injection is still independent.
That is, prove that if 7 € L(V,W) is injective and (vy,...,v,) is independent, then
(Tvy,...,Twy,) is also independent.

(ii) Give an example to show how this result may fail if 7 is not injective.

(iii) Let 7 € L(V, W) be injective and dim(V) = n. Show that dim(7(V)) = n and thus
n < dim(W).

We can prove a stronger result than part (iii) of Theorem 19.4 offers: an operator T €
L(V, W) is bijective precisely when V and W have the same dimension. The tool that we
use encourages us to consider how bases discretize problems: they reduce consideration from
an entire vector space to just a (very special) list of vectors. Here is one way that this
discretization shows up in encounters with operators.

19.7 Theorem. Bases determine operators. Let V and W be vector spaces over F, with
V finite-dimensional. Let (vq,...,v,) be a basis for V and let (wy,...,wy,) be a list. There
is a unique operator T € L(V, W) such that Tv; = w; for each j. Specifically, T is the

operator
TZ ;U5 = Z oWy (192)
j=1 j=1

This method of defining T is EXTENSION BY LINEARITY.

Proof. 1. Uniqueness. First we should see why (19.2) is the “right” definition of 7. If

T € L(V, W) satisties Tv; = wy, and if v € V has the expansion v = 3 7, ajv;, then

Tv= 'TZ a;v; by definition of v

J=1

— Z a;Tv; by the linearity of T

j=1
= Z a;w; by the assumption on 7.
j=1
This also basically leads to a proof of uniqueness for 7. Suppose that S € L(V, W) also

satisfies Sv; = w; for each j. We want to show that 7 = S, equivalently, that 7v = Sv for
each v € V. So, fix v € V and write v =37 a;v;. Then

Tv= Z ajw; by definition of T

j=1

n
= Z a;Sv; by the assumption on §
j=1
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=S Z a;v; by the linearity of S
j=1
= Sv by definition of v.

This calculation did not use the linearity of 7 as defined in (19.2) This is good, because
we have not yet established the linearity of 7, but it also suggests that doing so should be
“easy.” It “is.”

2. Ezistence: T is a function. First, however, we need to check that (19.2) actually gives a
function in WY. We are saying that

T I:{ <Z&j@j,2@jwj> ‘ (051, e ,Oén) € Fn} .
i=1 j=1

Does this give T € WY? Be careful in that we are defining 7v based on a “choice” from v:
we are choosing to represent v as a linear combination of the list (vy,...,v,), and then we
are using this choice of representation—the coefficients on v; in that linear combination—to
define Tv. If we could write v = Z?Zlajvj and v = Z?Zlﬂjvj with perhaps oy # (5 for some
k, then our definition of 7 could yield two different values for 7wv! But the representation
of v is unique, since (vy,...,v,) is a basis for V.

One (possibly excessive) way to view this set-theoretically is to put

n
V= E OéjUj

Jj=1

Ty ::{(v,(al,...,an)) eV xF"

and
Ts :z{((al,...,an),Zajwj) ‘ (Q1,...,0ap) € IF”}
j=1

The unique representation property of a basis ensures 7; € (F")Y. In fact, 77 is the inverse
of the operator from Problem 12.17. And certainly 75 € W', Then we can define T as
the composition T := T30 Ty, or T (v) = T2(T1(v)). Problem 12.17 and the linearity of the

inverse of a linear operator ensure that 77 is linear, and we could also check the linearity of
T5. We do that, effectively, in the next step.

3. Linearity. Finally, we check (part of) linearity. Let v, v € V with v = Z?:lajvj and
v =" Bjvj. Then v +v = 37" (a; + f;)v;, so

n

T(v+70) = Z(O{j + B w; = Zajwj + Z/ijj =Tv+Tv.
j=1 =1

J=1

We leave the proof that T (av) = oTv as an exercise. |

19.8 Problem (!). Finish the proof.
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Content from Linear Algebra by Meckes & Meckes. “Extension by linearity” is Theo-
rem 3.14 on p. 155.

19.9 Problem (!). Let ¥V and W be vector spaces over F and S, T € L(V, W) and let
(v1,...,v,) be a basis for V. Prove that S = 7 if and only if Sv; = Tv; for all j.

19.10 Problem (x). (i) Let (vy,...,v,) be a basis for the vector space V over F and let
Al,..., Ay € F. Define a linear operator 7: V — V by setting Tv; = \;v; and extending
T to V by linearity. Prove that the eigenvalues of 7 are the scalars Ay, ..., \,.

(ii) Prove that if the \; are all distinct (that is, A\; # A, for k # j), then the eigenspace
corresponding to A\; (Problem 11.5) is span(vg). [Hint: if Tv = Ao with v # 0y, write
v =" av;. Obtain 377 aj(Nj — Ap)v; = Op. How does this help?]

19.11 Problem (%). Let V be a finite-dimensional vector space over F and let 7 € L(V).
Suppose that each v € V \ {0y} is an eigenvector for 7. (We are not right now assuming
that each v is an eigenvector for the same eigenvalue.) Prove that 7 = AZy, for some A € F.
[Hint: consider the action of T on each basis vector in a basis (vq,...,v,) forV and then
on the vector Y 7 v;.|

Day 20: Friday, October 3.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Dual basis, double algebraic dual space

Now here is the improvement of part (iii) of Theorem 19.4.

20.1 Theorem. Let V and W be vector spaces over F. Then dim(V) = dim(W) if and
only if V and W are isomorphic.

Proof. (=) Let n = dim(V) = dim(W).

1. Construction of the isomorphism. Let (vy,...,v,) be a basis for V and (wy, ..., w,) be a
basis for WW. We claim that

n n
T:V—=W: Zajvj — Zajwj
= =1

is an isomorphism. Theorem 19.7 assures us that 7 € WY and T € L(V, W), so we just
have to check that 7 is bijective.
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2. Checking surjectivity. Let w € W. We want to find v € V such that Tv = w. Since
W = span(wy,...,w,), we may write w = Z?zlajwj for some (ay,...,a,) € F". With
vi= Z?zlajvj, the definition of 7 gives Tv = w.

3. Checking injectivity. Suppose Tv = 0. We want to show that v = 0y. With v =
2 j—104Vj, SO
OW = TU = Zajwj.
j=1
Since (wy, ..., w,) is independent, «; = 0 for all j, and therefore v = 0y.

(«<=) This is part (iii) of Theorem 19.4. |

Content from Linear Algebra by Meckes & Meckes. This is Theorem 3.23 on p. 165.
Theorem 3.15 on p. 156 gives another perspective on the isomorphism operator. Corollary
3.16 on p. 158 should be familiar from a first course in linear algebra.

20.2 Example. (i) Part (i) of Example 11.11 showed that P" and F"™! are isomorphic,
so dim(P") = dim(F"*!) = n + 1.

(ii) Let V and W be finite-dimensional vector spaces with dim(V) = n and dim(W) = m.
Then V and F" are isomorphic, as are W and F™. By Theorem 12.1, L(V, W) and L(F", F™)
are isomorphic. And by part (ii) of Example 11.11, L(F",F™) and F™ " are isomorphic.
Thus L(V, W) and F™*" are isomorphic, by Problem 12.5, and so

dim(L(V,W)) = dim(F™*") = mn
by part (iii) of Example 16.6.

The following gives us practice with linear functionals and dual spaces via dimension
counting.

20.3 Example. Let V be a finite-dimensional vector space. Recall that the dual space of
Vis V' := L(V,F). Then dim(V') = dim(L(V,F)) = dim(V) dim(F) = dim(V), so V and

V' are isomorphic. We analyze this isomorphism in the following steps.

1. If dim(V) = n, then there are bases (vy,...,v,) for V and (¢1,...,¢,) for V' of the
same length. Any v € V can be written as v = )" a;v;, while any ¢ € V' has the form

j=1
© = 1_Bkpr. Then

p(v) = (Z Oéj”j) = Z%’@(Uj) = Zaj <Z Bk%pk(vj)) = Z Z%ﬂk%(“y’)-
j=1 j=1 j=1 k=1 j=1 k=1 0.0

This is a pretty awful expression; uncharacteristically, bases have not made things simpler.
The problem is that we have not chosen the right bases here, or more precisely the right
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basis for V. Things would be much simpler if we had better control over py(v;).

2. Start again with the basis (vy,...,v,) for V. We can define a linear operator ¢ €
L(V,F) = V' by specifying its values on this basis. Specifically, for k =1,...,n, let

(=4 b=
Vi) =
PR TN 0, k£

Then if v = Y a;v;, we have i (v) = a,. We can therefore think of ¢y as the kth

j=1
“coordinate functional” on V), and the list (1, ..., ,) turns out to be a basis for V', which
we call the DUAL BASIS FOR V' RELATIVE TO THE BASIS (vy,...,v,) FOR V.

3. To show that this list is a basis, we only need to check either its independence or that it
spans V. (Why?) We check spanning here: given ¢ € V', we want to write ¢ = > ' By
That is, we want p(v) = > 1 Brpx(v) for all v € V. Given v € V, write v =37 ajv;, s0
¢vr(v) = ag. Then, as in (20.1),

Plv) = D azelvy) = D wi0)e(,)

So, o = > 1 1¢p(v))p;, as desired.

We extract from this example two useful identities: if V is a finite-dimensional space with
dim(V) =n > 1, basis (vy,...,v,) for V, and corresponding dual basis (41, ..., p,) for V',
then

v = ngj(v)vj, veVY and ¢= ng(vj)cpj, peV.
=1

j=1

20.4 Problem (x). Prove that the dual basis is an independent list (from scratch—without
using that it is a basis). [Hint: if 337 vj¢; = Ov, evaluate the left side at vy, for k =
1,...,n|

20.5 Problem (%). We have previously said that linear functionals can tell us a great deal
of information about a vector space, and sometimes we can think of them as “instruments”
that we apply to vectors in a space. Here is one such instance of this claim. Let V be a
finite-dimensional vector space and v € V. Prove that v = 0y if and only if p(v) = 0 for
all o € V'. [Hint: use the generosity of the universal quantifier to evaluate the dual basis
vectors at v.]

20.6 Problem (x). Here is a concrete example of a dual basis. Let V = P'. For p € V,
put

e1(p) ==p(0) and (p) = /O p(x) dz,
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S0 1, pa € V' (you do not have to prove this).

(i) Prove that (1, p9) is independent and therefore (why?) a basis for V. [Hint: if ay,
oy € F are such that ayp1(p) + aapa(p) = 0 for all p € P, pick p as simply as possible.]

(ii) Find a basis (p1,p2) for V such that (¢1,¢2) is the dual basis relative to that basis.
[Hint: the goal is that ¢;(pr) = 1 for j = k and 0 for j # k; this gives four equations,
which nicely match the four (why?) unknowns that control the basis (p1,p2).]

20.7 Definition. LetV be a vector space. The DOUBLE (ALGEBRAIC) DUAL SPACE of
VisV' = (V) =L(V,F).

By Example 20.3, if V is finite-dimensional, then we have dim(V") = dim(}’) = dim(V),
and so V and V" are also isomorphic. What is interesting is not that V and V" are isomorphic
but how they are isomorphic. There is a particular isomorphism that is in some sense “the
best,” and we study that now. Unsurprisingly, it relies on dual bases.

Here we will adopt the occasional custom of denoting an element of V' by ¢’ and of V"
by ¢”. So, ¢'(v) € F is defined for v € V, and likewise ¢"(¢’) € F is defined for ¢’ € V' and
¢" € V". (The primes have nothing to do with derivatives.)

Let V be a finite-dimensional vector space with dim(V) = n > 1. Start with a basis
(v1,...,v,) for V. Then let (¢],..., ¢} ) be the dual basis for V' relative to (vq,...,v,), and
let (¢f,...,¢") be the dual basis for V" relative to (¢}, ..., ¢,). So we have the identities

1 k= 1, 0=k
(v) =<4 and y =<’ 20.2
2 (v5) {O’k%j @1 (Pr) {O,g%k (20.2)
as well as the representations
v = ng}(v)vj, veY and ¢ = Z o), ¢ eV (20.3)
j=1 k=1

If it looks as though we are defining v and ¢’ in terms of themselves, we are, from a certain

point of view. This is not wholly dissimilar from Taylor series—say, if p(z) = Z?:()ajxj , then

since a; = p'(0)/;!, we also have p(x) = ijo(p(j)(())/j!)xj, and so p is morally “defined in

terms of itself.”
For the latter sum in (20.3), this means

P'0) =D Gp)ph(v), veV,
k=1

so in particular taking v = v;, we get
P (05) =D G@)eh(vs) = ().
k=1

We record this for future use.
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20.8 Lemma. Let V be a finite-dimensional vector space with dim(V) = n > 1. Let
(v1,...,0,) be a basis for V, let (¢}, ..., ¢,) be the dual basis for V' relative to (vy, ..., v,),
and let (o, ..., 0 be the dual basis for V" relative to (@, ..., ¢.). Then

w; () = ¢'(v;), ¢ €V.

We can think of each v; as “representing” ¢: the action of ¢} on a functional ' € V is
just “evaluate at v;.” This sort of representation turns out to be true for all ¢” € V" when
V is finite-dimensional. First we check that the “evaluate at” functional is indeed a linear
functional on V'.

20.9 Lemma. LetV be a vector space (not necessarily finite-dimensional). Forv € V and
o eV, put
0y () = ¢ (v).
Then ¢, € V" and the map
T: V=V 00l (20.4)

s linear.

Proof. 1. First we show that Jv € V' for any v € V. If ¢}, ¢y € V', then
(T0)(eh + @3) = @ (¢l +¢35) = (01 + ¢5) (1) = G (V) + @5(v) = (1) + @(2)
= (Jv))(#1) + (Tv) ()

We are using slightly more parentheses here than usual to emphasize that Jv is a single

functional in V". That ¢! (ap’) = ap!(¢’) is similar—all of this, really, is just how we define

pointwise addition and scalar multiplication in F¥. Thus Jv € V' for any v € V.

2. Now we check that 7 € L(V,V"). For vy, vy € V, we want to show J (v1+v2) = Jvi+T vs.
Recall what equality means here: we want

(T (01 +v2))(¢') = (Tv1 + Tv2) ()
for all @ € V. On the left, we have
(T (v1 +02))(¢') = @' (v1 +v2) = ¢ (v1) + ¢ (v2),
while on the right

(Jv1 4+ Jvo)(¢') = (Toi)(¢') + (Tv2)(¢') = ¢ (v1) + ¢ (v2).

This gives the desired equality, and showing J(av) = aJv is similar. [ |

Day 21: Monday, October 6.
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Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Finite-rank operator (N), rank of a linear operator

Now we prove that “evaluate at” does give an isomorphism between V and V" when V is
finite-dimensional. There are other isomorphisms between these two spaces, but this is the
most “natural” one.

21.1 Theorem. LetV be a finite-dimensional vector space. The map J € L(V, V") defined
in (20.4) is an isomorphism, called the CANONICAL ISOMORPHISM between V and V".

Proof. 1. First we check that J is injective. Suppose Jv = Oy = 0y_r. We want to show
that v = 0y. Let ¢’ € V'. Then

(T¢) (V) = Ovory’ =0,

Also,
(T () = ¢'(v),
by definition of 7. Hence
¢'(v) =0
for any ¢’ € V. By Problem 20.5, this implies v = 0y,.

2. Next we check that J is surjective. This is possibly the hardest step right now, and we
will shortly find an easier way to do it. Let ¢©” € V". We want to find v € V such that
" = Jv. That is, we want v to satisfy ¢"(¢’) = ¢'(v) for all ¢’ € V'. What v could do this?

Here it is helpful to introduce bases. Fix a basis (vy,...,v,) for V. Let (¢},...,¢.,) be
the dual basis for V' relative to (vy,...,v,). And let (¢],...,¢}) be the dual basis for V"
relative to (¢}, ...,¢}). This allows us to use (20.2) and (20.3).

We start by working backwards: let ¢ € V" and suppose that there exists v € V such
that ©"(¢") = ¢'(v) for all ¢ € V. Then in particular ¢"(¢}) = ¥} (v), and so we are led to

take v =3, _ " (L) Uk

3. Here is the actual proof of surjectivity. Let ¢” € V" and put v = > 7" (¢} )vk. Let
¢ € V'. We show that ¢”"(¢’) = ¢'(v).
The representation ¢' = >, ) (")), gives

o () =" (Z @2’(9@’)@2) = ()" ().
=1 =1
The representation v = Y _,_, ¢} (v)vy, gives

P'(v) =¢ <Z d’(w%)%) = ()¢ (vi)-

k=1 k=1
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Comparing these calculations (and adjusting the dummy index of summation), we just need
to show that ¢} (¢") = ¢'(v). And this is the result of Lemma 20.8, which motivated our
entire study of “evaluate at” in the first place. [

21.2 Problem (%). Let V be a finite-dimensional vector space with dim(V) =n > 1, and
let (¢},...,¢.) be a basis for V'. Prove that there exists a basis (vy,...,v,) for V such
that (©},...,¢)) is the dual basis relative to this basis for V. That is, construct a basis

(v1,...,v,) for V such that
1, j=k
j(vk) = {

0, j # k.

[Hint: let (Y, ..., ) be the dual basis for V" relative to (¢}, ..., ¢.,). Let v, € V satisfy
() = @' (vg) for any ¢ € V'. Use the fact that the canonical isomorphism between V
and V" is an isomorphism to prove that (vq,...,v,) is independent and therefore a basis

for V.|

Dimension counting helps predict success or failure with the fundamental problem when
it is posed on finite-dimensional spaces. An operator 7 € L(V, W) cannot be surjective if
dim(V) < dim(W) or injective if dim(V) > dim(W).

This informs us when existence or uniqueness fails. What else can we do with failure?
How can we understand failure better? If V is finite-dimensional, there is a relationship
among dim(ker(7)), dim(7(V)), and dim(V) which, if we know any two of these values,
allows us to know the third. In particular, this allows us to quantify how existence failure
and uniqueness failure interact.

21.3 Definition. Let V and W be vector spaces. An operator T € L(V, W) is FINITE-
RANK if T(V) is finite-dimensional, and the RANK of T is rank(7T) := dim (7 (V)).

21.4 Problem (!). (i) Let ¥V and W be vector spaces and 7 € L(V,W). Prove that T is
finite-rank with rank(7) = 0 if and only if 7 = 0y_,y, i.e., the zero operator.

(ii) Let ¥V and W be vector spaces with V finite-dimensional. Prove that every operator

in L(V, W) is finite-rank.

(iii) Let V be an infinite-dimensional vector space. Prove that the identity operator Zy, is
not finite-rank.

21.5 Problem (x). Let U, V, and W be vector spaces with U finite-dimensional. Let
T € LU,V) and S € L(V,W). Suppose that T is finite-rank. Prove that ST is also
finite-rank. How are rank(7") and rank(ST) related? Are they ever equal?

The “nullity” of a linear operator is a somewhat old-fashioned way of referring to the
dimension of ker(7); “rank” is rather more in vogue.
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Content from Linear Algebra by Meckes & Meckes. Pages 172-175 discuss rank and
nullity. We will discuss the rank of matrices later (and the rank of a transpose still later
after that), but you should be familiar with the results in Theorem 3.32, Algorithm 3.33,
and Theorem 3.34 from a first course in linear algebra. Do Quick Exercises #16 and #17
on p. 173 and #18 and #19 on p. 175.

Here is how these two dimensions are related.

21.6 Theorem (Rank—nullity). Let V be a finite-dimensional vector space, let W be a
vector space (not necessarily finite-dimensional), and let T € L(V,W). Then

dim(ker(7)) + dim(7(V)) = dim(V).

If T e L(V,W) fails to be invertible (or an isomorphism, or a bijection), then either
injectivity or surjectivity fails. Rank-nullity allows us to quantify this failure.

First, if existence fails and 7 (V) # W, then dim(7(V)) is not as “large” as it could
be. If dim(7(V)) is “too small,” then dim(ker(7)) will have to be “large enough’ to make
dim(ker(7)) + dim(7(V)) = dim(V) true. This means that if existence fails “sufficiently
much,” then uniqueness also fails with a “certain large degree of freedom.”

Second, if uniqueness fails and ker(7) # {0y}, then dim(ker(7)) is not as “small” as it
could be. If dim(ker(7)) is “too big,” then dim(7(V)) will have to be “small enough” to
make, again, dim(ker(7)) + dim(7(V)) = dim(V) true. This means that if uniqueness fails
with a “certain large degree of freedom,” then uniqueness also fails “sufficiently much.”

Day 22: Wednesday, October 8.

22.1 Example. We can use rank-nullity to prove a curious result about linear functionals.
Let V be a finite-dimensional vector space with dim()V) =n > 1. Let ¢ € V' be a nonzero
functional, so there is at least one vy € V such that ¢(vy) # 0. (Since we are not working
with elements of V", we are not decorating ¢ as ¢’ to distinguish it from elements of V".)

We claim that ¢ is surjective, so (V) = F, and therefore dim(¢(V)) = 1. By rank-
nullity, dim(ker(y)) = dim(F) — dim(¢(V)) = n — 1. Thus the kernel of a nontrivial
functional is quite large. Indeed, if it were any larger, then we would have dim(ker(y)) = n,
and then ¢ = 0 would be the zero functional after all.

Here is the proof of surjectivity. Let a € F. Since p(vg) # 0, we have

=S = (Gm) <70

The first equality is algebra (or arithmetic) in F via o = a - 1, and the second equality is
the linearity of ¢, since a/p(vg) € F and vy € V.

Now we prove rank—nullity.
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Proof (of Theorem 21.6). Let n = dim(V). We leave the cases dim(ker(7)) = 0 and
dim(ker(7)) = n as exercises. So, put p := dim(ker(7)) and assume 1 < p < n. Let
(v1,...,vp) be a basis for ker(7), and extend this list to a basis (v1,...,Vp, Upt1,...,vy,) for
V. Note that Tv; =0for j=1,...,p.

We claim that (Tvp41,...,7Tv,) is a basis for 7(V). If so, then since this list contains
n — p entries, we will have dim(7(V)) =n —p = dim(V) — dim(ker(7)).

First we check that span(7vpy1,...,Tv,) = T(V). For v € V, write v = Y77 a;v;, so
Tv =3 1a;Tv; =37 a;Tv;. Thus Tv € span(Tvpi1,. .., Tv,), and certainly this
span is contained in 7 (V).

Next we check that (Tvp41,...,7Tv,) is independent. Suppose that Z?:p 10T = Oy,
We will show that a; = 0. Then T3 7 . aju; = Ow, so >0 ayv; € ker(T). Since
(v1,...,vp) is a basis for ker(7), we can write > 7 ajv; = > 7 Bjv;. Rearrange this to
read Y " v;v; = Oy, where

L ajalgjgp
T B prl<i<n

Since (vy,...,v,) is a basis for V, we have v; = 0, so in. particular a;; = 0. [ |

22.2 Problem (!). Finish the proof of rank—nullity by treating the cases dim(ker(7)) =0
and dim(ker(7)) = n = dim(V).

22.3 Problem (%). Try proving the rank—nullity theorem in a different way. Let dim (V) =
n and dim(7(V)) = r. If r = 0, then T(V) = {0y} and T = 0y_,yy, thus ker(7) = V,
and there is nothing to prove; if » = n, then given a basis (vy,...,v,) for V, the list
(Tvi,...,Tvy,) spans T (V) and therefore is a basis for V, so Tv; # Oy, and therefore
ker(7) = {0y}. So, assume 1 < r < n and let (wy,...,w,) be a basis for 7(V). Try to
show then that dim(ker(7)) = n—r. Describe as precisely as possible where you get stuck.

Content from Linear Algebra by Meckes & Meckes. Theorem 3.35 on p. 175 is rank—
nullity. We will prove the matrix version later.

22.4 Problem (!). Use the rank—nullity theorem to explain why we could have stopped
the proof of Theorem 21.1 after proving the injectivity of J (which was probably easier
than proving surjectivity).

22.5 Problem (!). Let ¥V and W be vector spaces. Use rank-nullity to prove the con-
trapositives of parts (i) and (ii) of Theorem 19.4. (To be clear, these contrapositives are
true because we already proved the theorem. Here you are giving a different proof using
rank-nullity. )

(i) Show that if dim(V) < dim(W), then no operator from V to W is surjective. [Hint: if
there is a surjection, obtain the contradiction dim(V) > dim(W).|
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(ii) Show that if dim(WW) < dim(}), then no operator from V to W is injective. [Hint: if
there is an injection, obtain the contradiction dim(V) < dim(V).|

Here is the most important consequence of rank-—nullity when the dimensions of the do-
main and codomain are the same.

22.6 Problem (!). Show that if dim(V) = dim(W), then an operator is injective if and
only if it is surjective (and so we only need to check one condition for invertibility).

Content from Linear Algebra by Meckes & Meckes. Corollary 3.36 on p. 178 and
Proposition 3.39 on p. 180 give related versions of the results in this problem. Read and
work through the proof of Corollary 3.37 on p. 179 as an exercise. The material about
matrices on the bottom of p. 180/top of p. 181 should be familiar from a first course in
linear algebra. Read (hopefully again) the geometric perspectives in the paragraph on p.
181.

Day 23: Friday, October 10.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

RREF of a matrix (N—be able to give an example of a matrix not in RREF)

A first course in linear algebra typically develops many results about basis and dimension
from the point of view of matrices and subspaces of Euclidean space. There is a fairly trans-
parent way to prove the rank—nullity theorem for matrix multiplication operators from the
reduced row echelon form (RREF) of a matrix. We briefly sketch this approach here, starting
with an existential construction of the RREF that does not rely on Gaussian elimination at
all.

23.1 Definition. The RANK of A € F™ " is the dimension of its column space:

rank(A) := dim(C(A)) = dim(M4(F")).

23.2 Problem (!). Here is a version of Problem 22.5 for matrices. Let A = [a; -+ a,] €
F™ ™. First explain why rank(A) < min{m,n}. Then prove the following. (In all argu-
ments, you may use Problem 22.5 and rank-nullity, but do not refer to any standard results
about the RREF or pivots. The logically correct, if pedagogically unsound, goal here is to
develop properties of matrices from the more abstract operator results.)

(i) If m < n, then the list (ay,...,a,) in I is dependent and ker(A) # {0,}.
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(ii) If n < m, then C(A) # R™.

(iii) If m = n, then there is a matrix B € F*"*" such that AB = I,, if and only if there is
a matrix C € F"™*™ such that CA = I,,,.

A major result of a first course in linear algebra should be that for any A € F™*", there
is an invertible matrix £ € F"™*™ such that F A is in reduced row echelon form, sometimes
“row reduced echelon form,” and either way RREF. We refresh our memory of the RREF
with the following six examples, which effectively encompass all possible cases.

23.3 Example. The matrices

{10} 3(1) [1023] [1203} (1)(1)(2)2
0 1 0 0 010 4 00 1 4 00 0 0
1 20 3
and 001 4
0000

all have something in common (beyond their rank, which is 2). Actually, they have the
following four properties in common.

e Any row whose entries are all 0 is below any row with nonzero entries.
e If a row has nonzero entries, then the first nonzero entry in that row is 1.
e Such a “leading 1”7 is the only nonzero entry in its column.

e If i < j and row j has a leading 1, then the leading 1 of row j appears in a column after
the column of the leading 1 in row ¢. (This is possibly the hardest condition of the RREF
to state in language that is both technically precise and intuitively evocative.)

We should also note that by “shuffling” the columns of the fourth and sixth matrices,
we can make the 2 x 2 identity matrix appear in a block. Put

P23 = [el €3 €9 94:| c F4><4'

Then
1 2 0 3 1 0 2 3
{éggﬂz{é?gﬂP and 0 01 4]=101 0 4| P
00 0O 00 0O

It turns out that the four (or six, with shuffling) matrix structures in this example are
“canonical”: every matrix can be converted into one of these forms. First we name this form.
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23.4 Definition. A matriz R € F™*" is in REDUCED ROW ECHELON FORM 07 ROW
REDUCED ECHELON FORM, abbreviated either way as RREF, if it has the following
four properties.

Row Property 1. Any row of R whose entries are all zero is below any row with some
nonzero entries. That is, if the entries of row io of R are all zero, and row i1 has at least
one nonzero entry, then i, < is.

Row Property 2. If a row contains nonzero entries, the first nonzero entry of that row
ts 1. This entry is called the LEADING 1 or the PIVOT for that row.

Column Property 1. The other entries of any column containing a leading one are 0.
That is, a column containing a leading 1 is a standard basis vector for F™.

Column Property 2. Suppose that 1 < i1 < i < m and rows i1 and is both contain
nonzero entries. Let the leading 1 of row i1 be an entry in column j;; and the leading 1 of
row ig be an entry in column j;,. Then j, < ji,. That s, the leading 1 of a given row is
“to the left” of the leading 1’s in the rows below.

23.5 Problem (!). Explain all of the reasons why

100 00
03001
000O0O
20000
00100

is not in RREF.

Now we state precisely the major result on reducing (nonzero) every matrix to RREF.

23.6 Theorem (RREF). Let A € F™" be nonzero. There exists an invertible matric
E € F™ and a unique matric Ry € F"™*" such that EA = Ry and Ry is in RREF.
The matriz Ry 1s the ROW REDUCED ECHELON FORM, or REDUCED ROW ECHELON
FORM, of A, and we write rref(A) := Ry. In particular, Ry has one of the following four
possible forms, depending on the value of r := rank(A).

(i) r=m=mn. Then Ry = I,.

(ii) r=n <m. Then

(iii) r =m <n. Then
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for some permutation matriz P € F™ and F € Fx(=—m),

(iv) 1 <rank(A) < min{m,n}. Then

I, F
r=[5 0|7

for some permutation matriz P € F™ and F € F™>*(—m),

We will prove this theorem later. For now, we use it to prove rank-nullity for matrices.

Content from Linear Algebra by Meckes & Meckes. Page 15 defines the RREF and
Theorem 1.1 on that page outlines the standard existence proof using Gaussian elimination
and elementary row operations. Do Quick Exercise #8 on p. 16. Section 2.4 reviews
encoding those elementary row operations via matrix multiplication. This is Theorem 2.21
on p. 103, and the factorization EA = rref(A) is Theorem 2.24 on p. 105. Do Quick
Exercises #16 on p. 104 and #17 on p. 105.

23.7 Theorem (Rank-nullity for matrices). Let A € F"*". Then

dim(N(A)) + rank(A) = n.

Proof. If A is the zero matrix, then N(A) = F" and C(A4) = {0,,}, so dim(N(A)) = n,
dim(C(A)) = 0, and the result is immediate. Now assume r := rank(A) > 1. Then rref(A)
has one of the four forms from Theorem 23.6. We assume that it is it the last: there is an
invertible matrix E € F™ ™, a matrix F' € F”* ") and a permutation matrix P € F™"

such that
I, F
b [ f]

Here we adopt the sometimes uncomfortable custom that the “row” of zero blocks, or the
block of F', could be missing, which really would allow rref(A) to have one of the other three
forms in Theorem 23.6. With this convention, it will not be necessary to treat separately
the cases r = m =n, or r = m < n, or r = n < m. (Alternatively, one could prove this
theorem for each of those cases individually.)

We want to show that dim(N(A)) = n — r. First, we have Ax = 0,, if and only if

E~! {IO ﬂ Px=0,,.

Put y = Px, so this is equivalent to

I, F|_
{O O}y—Om.

Now compress y = (y(T), Y(n-r)), With possibly y,_,) absent if n = . We therefore have
Ax = 0,, if and only if

0, =Ly" + Fyu_n=y" + Fyq_.
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If n =r and y(,—) is absent, then this says y = y(r) =0, =0,, thus Px =0,. Since P is
a permutation matrix and therefore invertible, we get x = 0,,, in which case N(A) is trivial
(as expected).

If r < n, then we have y = —Fy™™)_ Then

(r) (n—r)
y = n—r)| = n—r = y .
{y( )} { y" ) Ly

Since x = P~ 'y, we conclude

All together, we have shown

N(A) = C (P1 [[fD , (23.1)

dim(N(A)) = rank (P—l { I:_F D S (23.2)

Thus

23.8 Problem (!). Prove (23.1) and (23.2).

Content from Linear Algebra by Meckes & Meckes. This version of rank—nullity is
(still) Theorem 3.35 on p. 175 with its matrix-oriented proof.

23.9 Problem (x). Let

121 7
A=1(2 4 2 14
0 0 2 8

Express N(A) as the column space of some matrix, and show that this other matrix has

the form
—F
1
)

for some permutation matrix P and some block F. Is F' what you expect it to be? [Hint:
feel free to cite Example 1.1 throughout your work.|

Now we develop the factorization of a matrix into its RREF. We work only with nonzero
matrices. Let A = [al e an} € F™" be a nonzero matrix, so A has at least one nonzero
entry. Let rank(A) =7, so 1 <r < min{m,n}. We construct a basis for C(A) as follows.
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Let j; be the smallest integer in {1,...,n} such that a;, # 0,,. That is, 1 < j; < n,
and if j; > 2, then a; = 0, for j = 1,...,5;1 — 1. If 51 = n, stop here. Otherwise,
proceed recursively and, for 2 < ¢ < r, let j; be the least integer greater than j;_; such
that a; ¢ span(aj,,...,a;, ;). That is, ji_1 +1 < j; < n, and if j,_; +1 < j;, then
a; € span(a;,,...,aj; ) for j=yj,_1+1,...,75 — 1.

Each list (aj,,...,a;,) is independent by the linear (in)dependence lemma, so we cannot
continue this procedure past column k£ = r. Otherwise, we would have an independent
list of length r + 1 in C(A). But we can continue this process through column k = r.
Otherwise, for some 1 < s < r, every column of A would be in span(aj,,...,a;,), and then
dim(C(A)) < s < rank(A).

We call these columns aj, of A selected in this manner the PIVOT COLUMNS of A. It is
not possible to choose the pivot columns in more than one way: the first pivot column is the
first nonzero column of A, while the ith pivot column (i > 2) is the first column of A not in
the span of the previous i — 1 pivot columns. That is, if rank(A) = r, then there is a unique
list (j1,...,4-) in {1,...,n} such that j; < j;11 for i = 1,...,r — 1 and that each entry in
(aj,,...,4a;,) is a pivot column of A.

Here is a summary of what we have established.

23.10 Lemma. Let A = [a; --- a,] € F™" with rank(A) = r > 1. There eists a
unique list (j1,...,Jr) i {1,...,n} such that the following hold.

(i) If j < j1, then a; = 0,,.
(iii) Ifr > 2 and i > 2, then a;, € span(a;,,...,a;, ,).

(iv) If r > 2,4 > 2, and j < j;, then a; € span(a;,,...,a; ,). If j > j., then a; €
span(aj,,...,a;,).

Proof. We did not explicitly prove the last part, so we do so now. If j < j;, then a; = 0,
as otherwise the first nonzero column would occur before column j;, which, by definition, s
the first nonzero column. And if j; < j < j;11, then column j is not a pivot column. But if
a; ¢ span(a;,,...,a;,), then column j;;; would not be the first column after column j; not
to be in span(a;,, ..., a;,). So, a; € span(a,,, ..., a;,). |

Parts (i) and (ii) of Lemma 23.10 together encode the idea that the first pivot column of
a matrix is the first nonzero column of that matrix. Parts (iii) and (iv) together encode the
idea that the ith pivot column of a matrix (i > 2) is the first column of that matrix not in
the span of the previous ¢ — 1 pivot columns.

This notation is getting burdensome, so we should pause for an example.



Day 24: Monday, October 13 105

23.11 Example. Let

0121 7
A=10 2 4 2 14
000 2 8

We should recognize this matrix as a variant of our very first Example 1.1. Here a; = 03,
a, is the first nonzero column, az = 2a;, a, is not a multiple of a,, and a5 = 3a; +4a,. So,
the list (ag,a4) is independent and spans C(A), thus r = rank(A) = 2, j; = 2, and j, = 4.

Day 24: Monday, October 13.

We pause to check the consistency of our pivot terminology.

24.1 Lemma. Let R € F™*" be a nonzero matrixz in RREF. Suppose that columns jy, ..., j,
contain leading 1's, with j; < jiy1 fori = 1,...,r — 1. Then r;, = e;, the list of pivot
columns of R is (rj,,...,r; ), and rank(R) = r.

Proof. 1. For eachi=1,...,r, there is k with 1 < k <r such that rj, = e;. Any column
with a leading 1 is a standard basis vector e, € F™ by Column Property 1. We need to show
1 < k < r. Suppose that for some %, there is £ > r + 1 such that r;, = e;. In particular, row
k > r + 1 has a nonzero entry.

However, rows 1 through r now contain at most » — 1 leading 1’s, and so at least one
row between rows 1 and r has no leading 1. Then that row must have all zero entries (as
otherwise it has a nonzero entry, thus a leading nonzero entry, thus a leading 1). But then
a row between rows 1 and r has all zero entries, whereas a row between rows r + 1 and m
has a nonzero entry. This contradicts Row Property 1.

So, for each ¢ = 1,..., 7, there exists k; with 1 < k; < r such that r;, = e;,. We want to
show k; = 4. To be clear, saying r;, = e;, means that the leading 1 in row k; occurs in column
7i- Moreover, each row from row 1 to row r has a leading 1; otherwise, as demonstrated in
the paragraph above, that row would have all zero entries, whereas a row below it would
have nonzero entries.

2. If j < j1, then r; = 0,,. Suppose instead that r; # 0,, for some j < j;. Then row 7 of
r; is nonzero for some 7, and so row ¢ has a leading nonzero entry, thus a leading 1, in some
column k£ < j. But column j; is the first column with a leading 1.

3. rj = e;. Suppose instead that r;, = e, with k£ > 2. Since R is a nonzero matrix, row 1
cannot have all zero entries, for then there would be a nonzero entry in row 2 or below, and
that would contradict Row Property 1. So, row 1 has a nonzero entry, thus a leading nonzero
entry, thus a leading 1. This entry cannot occur in column j with j < 71, as column j; is
the first column with a leading 1, and it cannot occur in column j;, since row 1 of column j
is zero. The leading 1 in row 1 therefore occurs in column j > j;.

Now take iy = 1, j;, = j, 12 = k, and j;, = j71. Then 41 < iy but j;, < j;;. The leading
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1 of row ¢; is an entry in column j;,; the leading 1 of row i, is an entry in column j;,. This
contradicts Column Property 2. We must therefore have r;, = e;.

4. r;, = e; for 2 < ¢ < r. Suppose that this is not true and that 7 is the first column for
which it fails. That is, ¢ > 2, r;, # e;, but

rj, =€, 1 </(<¢—-1 (24.1)

We must have rj, = e, for some 1 < k <7, so now k # i. Then the leading 1 of row k is in
column j;. Let the leading 1 of row ¢ be in column j.

Case 1: v < k. Take iy =1, iy = k, 5;, = 7, and j;, = j; to find, from Column Property 2,
that j < j;. Since j is the index of a column with a leading 1, and j < j;, it must be the
case that j = j, for some 1 < ¢ <4 —1. But then r; =r;, = e, by (24.1), and so the leading
1 in column j is in row ¢ < 7, not in row 1.

Case 2: k < i. Then r;, = e; by (24.1), but also r;, = e; by the assumption above. This
says that columns j;, and j; both contain leading 1’s for row £, which is impossible, because
a leading 1 for a row can only appear in one column.

5. If j; < j < jis1, then r; € span(r;,,...,r;). Since span(r;,,...,r;,) = span(eq,...,e;),
this is true if r; has zero entries in rows ¢ + 1 through m. Suppose instead that r; has
a nonzero entry in one of those rows ¢ + 1 through m. Suppose that this happens in row
¢ > 1+ 1, so row £ has a nonzero entry in column j and so it has a leading nonzero entry
in column j or before, thus a leading 1 in column j or before. As column j is not a pivot
column, it does not have a leading nonzero entry in any of its rows, and so the leading 1 in
row ¢ > 1+ 1 occurs in a column before column j. If this column is column j, < j, then
rj = e, We now know that r; = e, sok =/¢> 17+ 1. Then jiy1 = jr < J < Jit1, 2
contradiction.

6. If j > j,, thenr; € span(r;,,...,r; ). First, the entries in rows r + 1 through m of R are
all zero. Otherwise, a row in rows r+ 1 through m would have a nonzero entry, thus a leading
nonzero entry, thus a leading 1. But R already has leading 1’s in rows 1 through r, and so R
would have at least r + 1 leading 1’s, a contradiction. So, every column in R has zero entries
in rows r 4 1 through m, so every column of R is in span(ey,...,e,) = span(rj,,...,r;,).

7. rank(R) = r. Since rj;, = e;, the list (r;,,...,r;,) is independent. We have shown that
any column r; with j # j; for all 7 is in the span of this list, so this list spans C(R) and
therefore is a basis for C(R). Thus rank(R) = r. |

We will use these properties of pivot columns to factor a matrix into its RREF—without
doing any Gaussian elimination at all. Let A € F™" with rank(A) = r > 1, and let
(aj,,...,a;) be the pivot columns of A. The map

T:F = C(A): (a1,...,00) = Y, (24.2)
=1
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is an isomorphism. In particular,

T 'a;, =e. (24.3)
24.2 Example. With
0121 7
A=10 2 4 2 14},
000 2 8

Example 23.11 tells us that (ag,a4) is the list of pivot columns. Here j; = 2 and j, = 4.
So, the isomorphism 7 from (24.2) is

a 1 1
T |:Oé1:| = 2 + 9 2
2 0 2

We have

’ 3
and 7' |14 :H (24.4)
8

In particular, a; = 05 since 1 < 2 = jo, T 'as = e; and 7 'as = e,, as expected, and
since the nonpivot column aj satisfies j; < 3 < ja, we have ag € span(a;,) = span(as).

Returning to the more general case of (24.2), put
O = [ajl e ajr} s
SO
T =C and aj = C('T_laj).
In particular, C' is the matrix representation of 7 with respect to the standard bases for F"
and F™: C' = [T]. Then with
R=[T 2 - T 'a],

we have

A=CR.
We have (mostly) established the following factorization.
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24.3 Theorem (CR-factorization). Let A € F™*" with r := rank(A) > 1. Denote the
list of pivot columns of A by (aj,,...,a;.), where 1 < j; < jix1 < n fori=1,...,r, and
let C = [a; --- a;] € F™". There exists a unique R € F'™" such that A = CR. In
particular, R is in RREF and r;, = e; € F".

Proof. The work above proves existence of such a factorization.

1. For uniqueness of R, if CR = CR, then C(R — é)x = 0,, for all x € F™. Hence
(R — R)x € N(C) = {0,} for all x € F™", thus R = R. That N(C) = {0,} follows because
the columns of C are independent.

So, the matrix R = [rl . rn] € ™" is the one that we constructed above. In particular,
from (24.3), we have r;, = e;. (Alternatively, since Cr;, = a;, = c¢;, = Ce;, the independence
of the columns of C' forces r;, = e;).

2. We check that R is in RREF. First, no row of R has all zero entries because R has r rows
and the standard basis vectors eq,...,e, € F" are columns of r. So, R trivially satisfies Row
Property 1.

3. For the other properties, we treat the first row as a special case.

Case 1: j; = 1. Then ry = e; € F", so the (1, 1)-entry of R is 1. This proves Row Property
2 for row 1 and Column Property 1 for the leading 1 in row 1 in the case that j; = 1.

Case 2: j; > 2. Then the first j; —1 columns of A are 0,,,, so Cr; =0,, forj=1,...,51 —1.
By independence, r; = 0, for j = 1,...,j; — 1. The entries of row 1 in columns 1 through
J1 — 1 are therefore 0, but row 1 now has the entry of 1 in column j; since r; = e;. This
proves Row Property 2 for row 1 and Column Property 1 for the first leading 1 in the case
that jl Z 2.

Finally, this also proves Column Property 2 for row 1 (i.e., for i; = 1 in Column Property
2), since the first nonzero column of R is e; in column j; > 1; thus all of the entries in rows
2 and below are 0 for columns 1 through j;. That is, the first nonzero entry in rows 2 and
below must appear in columns j; + 1 or later.

4. Now let 7 > 2. Since r;, = e;, we know that row ¢ has a nonzero entry in column j;. If
we can show that the entries in row ¢ of columns 1 through j; — 1 are zero, then the first
nonzero entry in row ¢ will be the 1 from e;. Additionally, the other entries of the column
in which that 1 is located (column j;) will be zero, since that column is e;.

So, suppose that the first nonzero entry in row i occurs in some column j with 7 < j;.
We know that a; is a linear combination of the columns of C' weighted by the entries of
column j of R; since the (i, j)-entry of R is nonzero, that linear combination nontrivially
includes a;,. But since j < j; and ¢ > 2, we have a; € span(aj,,...,a; ,). It follows that
a;, € span(a;,,...,a;, ,) as well, a contradiction.

We have therefore established that the first nonzero entry in row ¢ is 1, that this entry
occurs in column j;, and that column j; is e;. This proves Row Property 2 and Column
Property 1.
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5. Last, if 1 < i; < 19 < m, we now know that the leading 1 in row ¢; appears in column
Ji, and the leading 1 in column 75 appears in column j;,. By construction, j;, < j;, since
11 < 19. This proves Column Property 2. [ |

24.4 Example. Continuing Examples 23.11 and 24.2 with

7
4
8

NN
—_

we take

and, per (24.4),

to find A = CR.

We are finally ready to prove the existence and uniqueness of the RREF from Theorem
23.6.

Proof (of Theorem 23.6—existence). Let A € F™*" with rank(A) = r and write A =
CR as in Theorem 24.3. We consider some cases.

1. » = m = n. Here A is square and every column of A is a pivot column, so C' = A € F™*"
and R = I,. We reinterpret, somewhat elaborately, A = CR as A = CI,, so C"'A = I,,.
(In particular, A is invertible.)

2. r = n < m. Again, every column of A is a pivot column and R = [,,. Now extend the
list (aj,...,a,) to a basis (ay,...,a,,Vvi,..., Vy_y) for F™. Write V = [vl e Vm_n], SO
the block matrix [A V} € F™ ™ is invertible. Then

A=Al =[A V] m

We conclude
I,

pa- [}

}, Et=[A V].

3. r =m < n. Here C € F™*™ has independent columns and is invertible. Let P € F™*"

be a permutation matrix that interchanges columns ¢ and j; for ¢ = 1,... m. That is, if
B € F™ ", then column 7 of BP is column j; of B for i = 1,...,m. Then R = [Im F] P

for some F € F™*("=m) go

and therefore
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4. 1 <r < min{m,n}. This is a combination of the previous two cases. First, extend the

list (aj,,...,a;) toabasis (aj,,...,a;,vi,..., V) for F" and put V = [vq - vp,].
Then [C’ V] is invertible. Next, let P € F™*" be a permutation matrix that interchanges
columns 7 and j; for i = 1,...,r. That is, if B € F™*", then column ¢ of BP is column j; of

Bfori=1,...,r. Then R = [Ir F} P for some F € F™ () and so

A=CR=C|[I, FIP=[C V] []0 ﬂP,

thus
I, F

pa=|g g

}p, B =c V], o
Our running example has been the fourth situation.

24.5 Example. This is the last installment begun in Examples 23.11 and 24.2. The pivot
columns of

0121 7
A=1(0 2 4 2 14
0 00 2 8
are the entries of the list (ay, a4), and we have
1 1
1 2 0 3
A= |2 2 [ ] |
0 2 0 21 4

Let v € F? be any vector such that the list (ay,ay, v) is a basis for F*. Then

1203
A=la, a; v] |0 2 1 4|,
0000
SO
1203
EA=10 2 1 4|, E'=Ja a; v].
0000

Here is the last part of the proof of Theorem 23.6.

Proof (of Theorem 23.6—uniqueness). We just need to establish uniqueness. So, sup-
pose that FA = Ry, where FE is invertible and R is in RREF. Write

=[]

where R = [rl rn] € F™" has nonzero rows. (This is the motivation for our use of
the notation Ry for the original RREF. If all of the rows of R, are nonzero, then just take
R = Ry.) Then R is still in RREF, except that Row Property 1 is trivially satisfied.
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Now let E~! = [C V], where C € F"*". Then

R

A=etm=[c V][g

] —CR

Since R is in RREF, if we can show that C' contains the pivot columns of A, then R
must have the form from Theorem 24.3. This in turn dictates what Rg is. Suppose that the
pivot columns of R (equivalently, of Ry) are columns ji,...,J,. Thenr; =e; € F", and so
a;, = Crj, = Ce; = c;. Certainly, then, the columns of C' are columns of A.

If we can show that the list of pivot columns of A is (a;,,...,a;, ), then we will be done.
Suppose that this list is (ax,,...,ax.). We want to show j; = k; for each i. Throughout, we
use the identity

Ea; = [omj ] : (24.5)

If ky = 1, then since FE is invertible,

m—-r

Om%Eal = |:0r1 :| )

thus r; # 0,, and so the first column of R is nonzero. Then j; =1, s0 71 = ky. If ky > 1,
then a; = 0,,, for j = 1,...,k; — 1 and a;, # 0,,. Then (24.5) shows that r; = 0, for
j=1,...,ky —1 and ry, # 0,, so j; = ky.

For i > 2, we know that ay, is the first column of A not in span(ag,,...,ax_,). That
is, a; € span(ay,,...,ay ,) for j = 1,...,k — 1 and a;, & span(ay,,...,a, ,). Then
Fa; € span(Fay,,...,FEay, ,) for j = 1,...,k — 1 and, since E is invertible, Fay, ¢
span(FEay,, ..., Fay,_ ). Using (24.5), this reads

r; Tk, r.—1 . o
lomr] € span ([Omr] . |:Omr:|> , g =1k —1

and

o e (o] (6]
Thus the list (ry,,...,ry,.) is also the list of pivot columns of R, and so by the unique
construction of the pivot columns, (j1,...,7,) = (k1,..., k). [ |

24.6 Problem (!). Why does Theorem 23.6 not have a uniqueness claim about the matrix
E?

Day 25: Wednesday, October 15.




Day 25: Wednesday, October 15 112

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Basis (in an arbitrary vector space), inner product (be able to check the axioms), inner
product space

We have devoted a lot of effort to understanding finite-dimensional vector spaces via the
tool of bases. Recall that fundamentally a basis is a unique coordinate system for a vector
space: each vector in the space can be expressed as a (by definition finite) linear combination
of vectors in the basis in a unique way. We made this more precise with quantifiers and
then we decoupled the notion of basis into the more easily checked conditions of linear
independence and span.

What happens in an infinite-dimensional vector space? Suppose that ) is a vector space
such that V # span(vy, ..., v,) for any list (v1,...,v,) in V? Does V still have a coordinate
system?

Yes. To express this, we need some new terminology that repackages familiar ideas. In
finite dimensions, a basis is a list of some length n in the vector space. This is just a function
from {1,...,n} to the space. We will now think about lists whose lengths may not be finite
(or, indeed, easily defined).

25.1 Definition. Let J and X be sets. A LIST IN X INDEXED BY J is a function in
X7 If f € X7 with f(j) = x;, then we write f = (z;);es. That is,

(z5)jer ={0, ;) | j € J}.

All that this notion of list is doing is making more explicit the outputs of f € X7. Now
let V be a vector space and let (w;);jc; be a list in V. We want to assign meaning to the

expression

> i

jeJ
which intuitively should mean “add up all of the w; in the list.” This is fine if J is a finite
set, dicey if J = N (think series), and confounding if, say, J = R. However, there is a natural
meaning for this expression if w; is the zero vector “most of the time.”

25.2 Definition. Let V be a vector space and (w;)jes be a list in V such that w; = 0y for
all but finitely many j € J. If w; = 0y for all j € J, we define

Z wy = OV-

jedJ

Otherwise, suppose that{j € J | wj # Oy} = {jk}ieq with ji, # ji, for ki # ke and n > 1.
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n
E ”LUj = E wjk.
k=1

jed

Now we can really talk about bases.

25.3 Definition. Let V be a vector space over F. A BASIS forV is a list (v;)jes inV such
that for each v € V, there is a unique list (¢oj);ey in F such that a; = 0 for all but finitely
many j € J and v = ). ;0;0;.

The uniqueness of the list (¢;);es encodes the idea of uniqueness of the coordinates of v
with respect to this basis; that a; = 0 for all but finitely many j encodes the idea that each
vector is really a finite linear combination of vectors in the basis. (To be fair, we have only
talked about finite linear combinations, never infinite series.) This is really the independence
of the list (v});e.

25.4 Definition. A list (vj);es in the vector space V over F is (LINEARLY) INDEPEN-
DENT if whenever (a;)jey is a list in F such that a; = 0 for all but finitely many j € J
and Zjejajvj = Oy, then o = 0 for all j € J. If a list is not independent, then it is
(LINEARLY) DEPENDENT.

25.5 Problem (%). Define the list (e;);en in F* by setting e;(k) = 1 for j = k and 0 for
j # k. Prove that this list is independent but not a basis for F.

It can be shown that every vector space has a basis in the sense of Definition 25.3; we did
that already under the assumption that the space was spanned by a finite list. Such a proof
typically uses Zorn’s lemma. Moreover, once the existence of a basis is established, it can
also be shown that any two bases have the same length. That is, if (v;);e; and (wy)kex are
bases for the same space, then J and K have the same cardinality, i.e., there is a bijection
between J and K. Naturally, we want to define the dimension of the space as the cardinality
of J (or K).

Bases in infinite-dimensional spaces certainly have their uses, but they are not quite as
useful as bases in finite dimensions. For one reason, some of the most interesting infinite-
dimensional spaces are so large that their dimension is at least the cardinality of R. For
another, infinite-dimensional spaces that arise in applications typically have additional struc-
ture, and that structure leads to representations that are often more useful than a plain old
basis. We now turn to such a structure: geometry and the inner product.

The fundamental question of existence and uniqueness for the operator problem 7v = w
boils down set-theoretically to knowledge of range and kernel. In finite dimensions, rank—
nullity provides precise quantitative information about range and kernel. Such information is
not available, or even meaningful, in infinite dimensions. While many problems naturally boil
down to a finite-dimensional setting, in infinite dimensions (or even finite dimensions), there
is often another tool available (which also interacts well with lists, independence, bases, and
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dimension, so we are not totally losing our good prior results). This is the tool of geometry
made manifest through the inner product, which is an instrument for extracting data about
vectors and for representing vectors. Toward the operator problem, we will use inner products
to give a qualitative characterization of the range that is not limited to a finite-dimensional
setting and to approximate the unsolvable problem 7v = w when w is not in the range of
T by a solvable (and meaningful) problem 7v = @ for an appropriately chosen @ that is in
the range of 7. We will build a number of structural results for inner product spaces first,
so, as with finite-dimensional spaces, it will be some time before operators appear.

Many vector spaces are naturally equipped with an inner product that reflects our intuitive
notions of geometry in two- and three-dimensional space. Here are two of the three most
important examples of inner products.

25.6 Example. For v, w € F", define

n

(v,w) = Z V105

J=1

Here, for x +iy € F with z, y € R, the scalar x + iy := x — 1y is the CONJUGATE of x + iy,
and we review some of its properties along the way in the context of essential properties of
(-,+). Of course, (v,w) is the DOT PRODUCT of v and w, with conjugation necessary in
the case F = C.

1. We have

n n

(Wt+v,w) =Y (u+0)W; =Y (w5 +v;) = Y wl; + Y v = (u,w) + (v, W)
j=1 j=1

J=1 J=1

for all u, v, w € F".

2. Likewise, because of how arithmetic works, we have
(av,w) = a (v, w)
foralla € F, v, w € F".

3. If we reverse the order of things, we have

n n n
(w,v) =D wty =) vy =Y Wy = (v, w).
j=1 j=1 j=1

Here we have used the properties @ = a, a8 = af, and a + 3 =a + 5.

4. If we make both slots the same, we have

n

(vov) =Y um =Y [y >0
k=1

k=1

Here we are using the property that aa > 0 for all o € F; indeed, if a = x + 1y with =z,
y € R, then aa = z* + y* > 0.
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5. What if equality is achieved above and (v,v) = 07 Then > "_[v;|* = 0. Let 1 <k < n.
Then

n
0< |orl* <> > =0,
j=1
so |vp|? = 0, thus |v,] = 0, and therefore v, = 0. Then v = 0,,. Here we are using the

definition || := v a@ and the consequent property that |o| = 0 if and only if o = 0 for
any a € F.

Content from Linear Algebra by Meckes & Meckes. Pages 225-226 discuss the dot
product as an inner product. This continues in the examples on p. 227.

25.7 Example. Let V = C([0,1]); recall that functions in V are real-valued (we could
develop the following for complex-valued functions, but that requires a little too much
calculus for complex-valued functions of a real variable than we care to pursue). For f,

g €V, put )
mm:Afmmmm

This integral is defined because the product of continuous functions is continuous and
therefore integrable. We compare the properties of (-, -) here to the previous example with
the intuitive idea that the integral is a “continuous sum” (i.e., a limit of Riemann sums,
which are finite sums of products and thus morally dot products). Nothing in the following
would change if we worked on an arbitrary interval [a,b], and with a little more work all
of this would be valid for improper integrals, too.

1. Linearity of the integral implies

<f+g,h>=/0 (f(x) +g(x) dx—/ fl dx+/0 g(2)h(z) dr = (f,1) + (g, h)

for all f, g, h € V.

2. More linearity of the integral implies

<Oéf,g>=/04f( dw—a/ f(@)g(x) dz = o (f,g).

3. Since f, g € V are real-valued, (f,g) € R, and so (f,g) = (f,g). But also
0.0) = | s@@) do= [ f@gla) dz = (1.9) = o)

0

4. We compute

1) = /f do:—/ol[ﬂx)P dr > 0,
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since [f(x)]*> > 0 for all # € [0,1]. Here we are using the MONOTONICITY OF THE
INTEGRAL: if g, h € V with g(z) < h(x) for all = € [0, 1], then f(l)g(x) dx < féh(x) dz.
(This is best understood in terms of areas: if w(x) > 0 for 0 <z < 1, then f(l)w(x) dx > 0.
Take w =g — h.)

5. Suppose (f, f) = 0, so fé\f(a:)\Q dr = 0. (Of course here |f(z)]* = (f(x))?*; we are
just using absolute value for notational cleanliness.) By analogy with the dot product, we
might conjecture that this forces f(x) =0 for all x € [0, 1].

What if f(x¢) # 0 for some z( € [0,1]? Continuity implies the existence of § > 0 such
that |f(x)] > |f(z0)]|/2 > 0 for x € (xg — 0,20 + ) N[0,1]. If 0 < zp < 1, then

To 2 Xo 2 =0+ Zo 2 w0t 2
0 < W@ _ 5y g oy @] :/ \f(4)| dmg/ f (@) do

2 4 0—0 0—0
1 zo+0 1
< [@Pdr< [ @< [P o

More precisely, the first nonstrict inequality with integrals is monotonicity of the integral,
while the second is the inequality ffg(x) dx < f(l)g(x) drfor0 <c¢<d<1landg(z)>0on
[0,1]. We have reached the contradiction 0 < 0, and so it must be the case that f(zq) = 0.
Then f(x) = 0 for 0 < = < 1, so by continuity f(0) = lim, o+ f(x) =0, and likewise
f(1) =0. Thus f = 0.

We codify the properties of the structures (-, -) above into a definition. Here it is important
to note explicitly what the underlying field is.

25.8 Definition. Let V be a vector space over F. An INNER PRODUCT on V is a function
() Al w) [v, weVy = F

such that the following hold.

1. [Additivity] (v) + ve, w) = (v, w) + (ve,w) for all vy, vy, W € V.

2. [Homogeneity] (av, w) = a (v, w) for alla € F and v, w € V.

3. [Conjugacy] (v, w) = (w,v) for allv, w € V. (This is trivially true if F = R.)

4. [Nonnegativity]| (v,v) >0 for allv € V.

5. [Definiteness] If (v,v) =0, then v = 0.

An INNER PRODUCT SPACE is an ordered list (V,F,+,- (- -)), where (V,F,+,-) is a
vector space over F € {R,C} and (-,-) is an inner product on V. Of course, we usually
Just refer to the space as V.

While a vector space can be defined over more general fields than R or C (and we are not
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doing that in this course), inner product spaces require real or complex fields.

Content from Linear Algebra by Meckes & Meckes. Pages 226-227 define inner prod-
ucts and inner product spaces. We will need to be slightly more careful about the role of
complex scalars here than we have before, so rereading Appendix A.2, mostly Lemma A.3
on p. 382, is a good idea.

25.9 Example. (i) The map from Example 25.6 is an inner product on F", and of course
we usually call it the DOT PRODUCT, or sometimes the EUCLIDEAN INNER PRODUCT,
and write it as v - w, not as (v, w).

(ii) Let 9= (q1,-..,49,) € R" with ¢; > 0 for each j. Then

n

(V. Wq =D (a50)w; (25.1)

=1

is an inner product (a “weighted” inner product) on F". We check only nonnegativity and
definiteness:

<V7V>q = qu(vjv_j) = ZQJ|UJ'|2 >0,
j=1 Jj=1
since ¢; > 0 for all j. And if (v, V>q =0, then
0 < qulorl* < (v, v)y =0

for all k, since ¢, > 0. Thus gi|vx|* = 0, and so we may solve for |vi|* = 0 because, once
again, gx > 0 (and here is the only time that we really used the strict inequality g > 0).

(iii) The map from Example 25.7 is an inner product on C(]0, 1]), which we often call (for
various historical and cultural reasons) the L*-inner product on C([0,1]). More generally,

(f.g) = / f(@)g(z) de, £, g € Clla, )

gives an inner product on C([a,b]), which we also call the L*inner product. (Mostly we
will take a = 0 and b = 1, but sometimes we will work over symmetric intervals like [—1, 1]
for geometric reasons or intervals of length 27 for trigonometric convenience.)

Content from Linear Algebra by Meckes & Meckes. The examples on pp. 233-234
(skip #4 on p. 235 for now) offer more inner product spaces. Example 1 is our weighted
dot product.

25.10 Problem (!). Give an example of q € R" such that the weighted inner product
(-, )¢ from (25.1) is not an inner product on F". Discuss exactly what goes wrong.
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25.11 Problem (!). Why does defining

1
(9) = [ F@gla) da
0
not give an inner product on C'([0,1])?

25.12 Problem (x). Let V be an inner product space with inner product (:,-),,. What
conditions on T € L(V) guarantee that

(v, w); == (Tv,w),,

defines an inner product on V7

We have done quite some work with the linear functionals on an arbitrary (often finite-
dimensional) vector space. The inner product induces a very special, very important kind of
linear functional.

25.13 Example. Let V be an inner product space. The map
e:V—=F:o— (v,w)

is linear. There is really not much to the proof: it is just additivity and homogeneity of
the inner product. We will denote this functional by (-, w). That is,

(L w) ={(v,(v,w)) |veV} and (,w)eV.

A natural question, then, is whether all functionals on an inner product space can be so
“represented” by the inner product. We will address this in detail. (Short answer: “Yes” with
an “if.” Long answer: “No” with a “but.”)

25.14 Problem (!). Let V be an inner product space.
(i) Fix wy, wy € V. Prove that the map

T:V—=V: (v,w)ws
is linear.

(ii) Prove that the inner product is ANTILINEAR in the second slot in the sense that
(v,wy +we) = (v,wy) + (v,we) and (v, aw) =@ (v, w)

for all v, w, wy, we € V and a € F.

Here is one of the most important ways in which we use inner products (and the functionals
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defined by them) as instruments for extracting data about vectors.

25.15 Theorem. LetV be an inner product space and v € V. The following are equivalent.
(i) v =0y.

(i) (v,w) =0 for allw € V.

(iii) (w,v) =0 for allw € V.

Proof. The second and third parts are equivalent because (w,v) = (v, w), and, for z € F,
we have z = 0 if and only if Z = 0.
We work on the equivalence of the first two parts. If v = Oy, then

(v,w) = (Op,w) = (0 0y, w) = 0(0y,w) =0.

Conversely, suppose that (v,w) = 0 for all w € V. We know a special property of inner
products and 0 when both inputs to the inner product are the same, and we are allowed to
pick any w € V here, so we set w = v and compute 0 = (v,v). The axioms for an inner
product then imply v = 0. [ |

This result is an excellent example of the slogan “What things do defines what things
are.” What the zero vector does with respect to the inner product is that taking the inner
product against (the) zero (vector) always returns (the) zero (scalar).

Content from Linear Algebra by Meckes & Meckes. Proposition 4.2 on p. 228 contains
some of these nice algebraic properties of inner products.

25.16 Problem (x). Let V be a vector space and WV be an inner product space with inner
product (-,-). Suppose that both V and W are finite-dimensional with bases (vq,...,v,)
and (wy,...,wy,), respectively. Let T € L(V,W). Prove that 7 = 0 if and only if
(Tvj,w) =0for j =1,...,nand k =1,...,m. [Hint: recall from Theorem 19.7 that it
suffices to know the values of Tv;; use Theorem 25.15 and algebraic properties of the inner
product to reduce this to knowledge of (Twv;,wy).] Explain why checking that 7; = 73 for
Ti, To € L(V, W) amounts to doing only mn calculations involving scalars (although, to
be fair, the same could be done involving the n calculations (7; — 72)v; = 0 with vectors).

Day 26: Friday, October 17.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Orthogonal list (N), orthonormal list (N), norm induced by the inner product, or-
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thonormal basis

Geometry in inner product spaces mostly involves angles and lengths. There is really only
one important angle: the right angle.

26.1 Example. (i) Consider the inner product space F" with inner product given by the
dot product, as usual. Let v € F". The kth component of v is (v, e;) and so

n

V= Zvjej = Z (v,e))e;. (26.1)

Jj=1

The inner product thus provides a convenient way of expressing v as a linear combination
of the standard basis vectors. Consequently, we can also calculate inner products via inner

products:
n

(vow) = D vy = Y (vie) (wiey). (26.2)

k=1

(ii) Now let both F" and F™ have the dot product(s) as their inner products and let
A e ™" Let (eq,...,e,) be the standard basis for F" and (ey,...,€,,) be the standard
basis for F". For example, if n = 3 and m = 2, then

(S but 61 == |:1:| .

0

o O =

Then the jth column of A is Ae;, and the kth component of this vector is (Ae;,ey).
Changing one letter, more colloquially this says that the (4, j)-entry of A is (Ae;,€;).

What makes the standard basis vectors so special with respect to the dot product is not
really their componentwise formulas (although that is what everything ultimately relies on)
but rather their “orthonormality”

1=k
(ej er) = {07 Pk (26.3)

We abstract and exploit this calculation in much more general contexts.

26.2 Definition. Let V be an inner product space. A list (vy,...,v,) in YV is ORTHOGO-
NAL if (vj,v5) =0 for all j # k.

Content from Linear Algebra by Meckes & Meckes. Orthogonality is defined at the
bottom of p. 229.



Day 26: Friday, October 17 121

26.3 Example. (i) Certainly the list of standard basis vectors in F" is orthogonal.
(ii) The list

1 -3
21,1 0
3 1
is orthogonal in F*, since
1 -3
2| 0f =1(=3)+2(0)+3(1) =0.
3 1

(iii) The list (sin(-), cos(-) is orthogonal in C([—,7]), since
(sin(-), cos(+)) = /7T sin(x) cos(x) dx =0

—T

after substituting u = cos(z).

26.4 Problem (!). Let z, y € R. Show that

(Bl 1D)

is orthogonal in F?. Draw a picture that illustrates how this corresponds to the usual
geometric notion of orthogonality (= perpendicularity).

26.5 Problem (!). Let (vy,...,v,) be an orthogonal list in an inner product space V, and
let (ag,...,a,) € F". Prove that the list (v, ..., a,vy,) is also orthogonal.

Of course the list of standard basis vectors in F" is linearly independent; we now show
that this is an easy consequence of orthogonality. First, it is straightforward to represent
the coefficients of a vector in the span of an orthogonal list.

26.6 Lemma. Let (vy,...,v,) be an orthogonal list in the inner product space V with
v; # 0 for all j. If v € span(vy, ..., v,), then

v = zn: (v, v5) v (26.4)

Proof. Write v = Z?Zlajvj. We know that (vy,v;) = 0 for k # j, so to make this identity

show up in our assumption, we fix k, take the inner product of the linear combination against
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v;, and use algebraic properties of the inner product:

n

(v, v) = <Z a;v;, vk> = Z (ajvj,v) = Z a; (vj, v) = ag (Vk, V) (26.5)

J=1 J=1

The last equality is the identity (v;,vx) = 0 for k # j. Since v; # 0 by our hypotheses on
this list, the inner product axioms imply (v;,v;) > 0, thus a;; = 0. [ |

Content from Linear Algebra by Meckes & Meckes. This result is Theorem 4.3 on p.
230. Do Quick Exercise #3 on that page.

26.7 Remark. The calculation in (26.5) is an important example of good mathematical
grammar: we are using j as the index of summation, and so we should not overwork it

by using j in the second slot. That is why we wrote <Z?:1ajvj,vk>, not <Z?:1ajvj,vj>.

Indeed, the latter would have us calculate

n n
E v, 05 ) = E g (v,05)
=1 =1

which is useless, because it does not bring the orthogonality of the list into play, and it does
not “extract” any particular coefficient from the sum.

With this lemma, we can prove a very nice property of orthogonal lists.
26.8 Theorem. An orthogonal list of nonzero vectors is independent.

Proof. Let (vy,...,v,) be an orthogonal list in the inner product space V with v; # 0y, for
all j. Suppose Y7 a;v; = Oy. Then a; = (v;,0v) / (vj,v;) = 0. |

26.9 Problem (!). Give an example of a linearly independent list in an inner product
space that is not an orthogonal list.

Orthogonality by itself does not account for the excellent behavior of the standard basis
vectors in (26.3). In particular, orthogonality says nothing about the behavior of the inner
products (v, v) when both vectors are the same.

26.10 Definition. LetV be an inner product space. A list (uq, ..., uy,) in) is ORTHONOR-
MAL if
L j=k
Ui, Ug) = ,
(g 4 {0, j# k.
A vector u € V such that ||u|| =1 is a UNIT VECTOR.
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Content from Linear Algebra by Meckes & Meckes. Page 239 defines orthonormality.
Read the examples there and on p. 240 and do Quick Exercise #6. The phrasing of Example
#3 might be reworded to say that the list there is not an orthonormal basis simply because
not every function in the space is a trigonometric polynomial; the dimension has less to do
with it. Read in particular Example #6 on p. 240. Go back to Example 1 on p. 233 and

Figure 4.3 on p. 234 for an illustration of a unit vector in the context of a weighted dot
product.

We can adapt the calculation in (26.5) to generalize the expansion (26.1). We can para-
phrase this via the slogan “Inner products extract coefficients from linear combinations.”

26.11 Theorem. Let (ui,...,uy,) be an orthonormal list in the inner product space V, and
let v € span(uq, ..., u,). Then

v= Z (v, uj) u;. (26.6)

Proof. Write v = Z?Zlajuj. We compute

(v, ujk) = <Z Ozjuj,uk> = Zaj (uj, ug) = oy
j=1 j=1

The third equality is orthonormality with (u;,u;) = 1 for k = j and 0 otherwise. [

Now we generalize (26.2), mostly as an exercise in manipulating sums and indices.

26.12 Theorem. Let (uy,...,uy,) be an orthonormal list in the inner product space V, and
let v, w € span(uq, ..., u,). Then

n

(v, w) = (v,u5) (w,uy). (26.7)

=1

Proof. We use Theorem 26.6 to expand

(v, w) = <Z (v,u;), ) <w,uj>> . (26.8)

j=1 j=1

Here we are continuing with the good grammar of Remark 26.7 by not overworking the

indices of summation and using k£ and j separately. Linearity of the inner product in the
first slot gives

<Z (v, uj) uj, {(w, ug) uk> = Z <<U, u;) u;, {(w, ug) uk>

j=1 k=
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=D (vuy) <u]-, <w,uk>uk>. (26.9)

j=1 k=1

Then we use antilinearity in the second slot to compute, for each 7,

k=1 k=1 k=1

<uj, Z (w, ug) uk> = Z (uj, (w, ug) ug) = Z (w, ug) (u;, up) = (w, uj), (26.10)

where the last equality is orthonormality with (uj,u;) = 1 and (u;,ux) = 0 for j # k.
Combining (26.8), (26.9), and (26.10) yields the desired identity for (v, w). [

The identities (26.4), (26.6), and (26.7) are examples of our initial claim that inner prod-
ucts extract data about vectors and measure properties of vectors: the inner product, so far,
has extracted coefficients of vectors in spans of orthogonal and orthonormal lists, and then
we used those coefficients to calculate other inner products.

Content from Linear Algebra by Meckes & Meckes. The example on pp. 243-244 does
these kinds of calculations (ignore the reference to Theorem 4.9).

Throughout, quantities of the form (v,v) have shown up, and we know such quantities
are nonnegative and positive for all but the zero vector.

26.13 Definition. Let V be an inner product space with inner product (-,-). The NORM

induced by (-,-) is the map
Il - YV = R: v = +/(v,0).

26.14 Example. (i) The Euclidean norm on F" is

n 1/2
vl = (zw) |

J=1

which, of course, is exactly how we typically think about lengths of vectors.

(ii) The L*-norm on C([0,1]) is

1= ( [ 1 ar) -

The fundamental idea of a norm is that it should measure the size or the length of a
vector in a meaningful way. The Euclidean norm already does this intuitively; the L*-
norm is a means of capturing the total area under the graph, and we might think of the
squaring in the integrand as penalizing “small” parts of f less and “large” parts of f more.
We will eventually meet many other norms that are not induced by inner products (indeed,
that cannot be induced by inner products), and we will see how those norms provide other
meaningful, and useful, interpretations of size and length.
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The norm induced by the inner product has many useful properties; here are two straight-
forward ones.

26.15 Theorem. Let V be an inner product space.

1) [Jav]| = |af||v]] for any « € F and v € V.
(ii) ||v|]| >0 for allv € V.

(iii) [|v]| = 0 if and only if v = Oy.

26.16 Problem (!). Prove it.

We will explore some deeper properties of the norm shortly. For now, we spend some more
time with orthonormal lists. Any finite-dimensional inner product space has a basis (because
it is a finite-dimensional vector space), but there is no guarantee that this basis “talks” well
to the inner product. (On a not unrelated note, we saw something similar with the dual
basis in Example 20.3.) It would be nice if we could guarantee that any finite-dimensional
inner product space has a basis consisting of orthonormal vectors.

26.17 Definition. A basis for a finite-dimensional inner product space is an ORTHONOR-
MAL BASIS if this basis is also an orthonormal list.

26.18 Example. The standard basis vectors (ey,...,e,) form an orthonormal basis for
F".

Day 27: Monday, October 20.

We can indeed guarantee this, and a bit more, in a rather general context. Let V be an
inner product space and let (vy,...,v,) be an independent list in V. We are going to find an
orthonormal list (uq, ..., u,) that “preserves spans” relative to (vq,...,v,): for j =1,...,n,
we will have
span(vy, . ..,v;) = span(ug, ..., u;). (27.1)

This is what we want for j = n, but our procedure gives (27.1) for all j to boot.

There is a fairly transparent, recursive algorithm for constructing the u;. We look at a
few small cases of n to see how to develop this algorithm from scratch.

1. n=1. We want (u1) to be orthonormal, so ||u;]| = 1, and span(u;) = span(v;). Then we
want u; = aqv; for some o € F. How should we choose ;7 All that we know is
L= [lus]| = feawv ]| = leaf floa ] -

Since (v;) is independent, vy # 0y, so ||vy|| # 0. Then we may solve for
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This still leaves many (if F = C) or some (if F = R) options for ay; the simplest is to take
1

[

a1 =

2. n=2. We want (uy, us) to be orthonormal and span(vy, ve) = span(u, ug). Our success
with n = 1 suggests taking u; = v/ ||v1]|. Since we want span(vy,ve) = span(uy,us), and
since we know span(v;) = span(uy), it should suffice to have uy € span(uy,v;). (Why should
it?) So, we must be able to write uy = aju; + asvy, and so to have (ug, u;) = 0, we need

0 = (ug,u1) = (Qquy + Vg, u1) = aq (Up, ur) + o (Va, u1) = g +ag (o, uy) = a4z (Va, uy)

since (uy,u1) = |Jug||* = 1. Then
ap = —Q2 <U2,U1>
and so
Ug = —g (Vg, Up) Uy + QpUy = ip(Vy — (U2, Up) Uy) (27.2)
Put

Wy = vg — (U2, U1) Uy,

so we want us; = asws. Since (vy,vy) is independent and u; is a nonzero scalar multiple of
vy, the list (ug,v9) is also independent (think about it...), and therefore wy # 0y. To have
|lug|| = 1, we need |as] ||ws|| = 1; this suggests taking as = 1/ ||ws||, which is permissible.
To summarize, we put
uy =i/ ||v1
Wy = vy — ({(vg, u1) uy (27.3)
up = wa/ [lws
to get an orthonormal list (uq, us) with the desired property that span(vy,ve) = span(us, us),
and the added bonus that span(u;) = span(uy).

3. n = 3. We want (uq,us,us) to be orthonormal and span(vy,ve,vs3) = span(uy, ug, ug).
Based on our prior success, we might use (27.3) to define u; and us. Then (check this)
we would have span(vy,ve,v3) = span(uy, us,vs). We therefore want ug € span(uy, us, vs),
and so we need uz = au; + Qous + a3v3. So, we want usz = iUy + aous + aszvs. To have
(ug,u1) = 0, we need

0= (ug,u1) = aq {(ug,ur) + ag (ug, ug) + asz (vs,uy) = ag + asz (vs, uq)
since (uy,u1) = |Juy||* = 1 and (ug,u;) = 0. Similarly, we want
0 = (ug,ug) = oy (ug, uz) + ag (ug, ug) + as (vs, ug) = ag + as (vs, ug)
since (up, us) = 0 and (ug, uy) = ||ug||* = 1. Then we need
a; = —ag (vs,u1) and g = —ag (vs, ug) .
So, uz must have the form

ug = —as (U, u1) up — g (U3, Uz) U + v = ag(vz — (Vs, ur) ug — (Vs, Uus) Us).
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Put ws = v3—(vs, u1) uy —(vs, ug) us. If wg = 0y, then vy € span(uy, us) = span(vy, va), which
contradicts the independence of (vq,v2,v3). So, ws # 0y, and therefore to have |luz|| = 1, we
could take az = 1/ [Jws]|.

To summarize, we put

-

up =1/ [|vi

Wy = vy — (Vg, U) Uy

up = wa/ [[wa|

ws 1= vg — (v3,u1) up — (V3, Ug) Uy

us = w3/ ||w3H

to get an orthonormal list uy, wue, us with the desired property that span(vy,ve,vs3) =
span(uq, uz, u3), and the added bonus that span(v;) = span(uy) and span(vy, v9) = span(uy, us).

Here is how this works in general.

27.1 Theorem (Gram—Schmidt process). Let V be an inner product space and let
(v1,...,v,) be an independent list in V. Define

U1

L j=1
[[oa]] i1
U = Wi =y — Z (vj, ug) ug, j > 2. (27.4)
L j>2, =
[ |
Then (uy, ..., uy,) is an orthonormal list with
span(vy, ..., v;) = span(us,...,u;), j=1,...,n. (27.5)
Proof. We induct on n.
1. The case n = 1. Since the list (vy,...,v,) is independent, v; # 0y, and so we may define
uy = v1/ ||v1||. Then ||u;|| = 1 and span(v;) = span(u;), since u; is just a nonzero scalar

multiple of v;.

2. The induction hypothesis and step. Suppose that the result is true for some n > 1 and
consider an independent list (vq,..., Vs, vpy1). Define the list (uq,...,u,) by (27.4). Then
(u1,...,u,) is orthonormal and preserves spans in the sense of (27.5).

Consider now the vector

Wt = Upst — Y (Vn1, k) U
k=1

Let 1 < j < n. We compute

n

<wn+1,uj> = <Un+17uj> - <

k=1

(Unt1, Ug) Uk, uj> ,
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where

3

<Z <Un+1>uk>ukvuj> = D (U, ) (U, u5) = (Ungr, 1)

k=1 k=1
since (uj,u;) =1 and (uy, u;) = 0 for k # j. Thus
(W1, uj) = (Uns1,u5) — (U1, u5) =0,

and so the list (uq,...,u,, w,11) is orthogonal (by Problem 26.5).
If w,41 = 0y, then

n

Upg1 = Z (U, ug) ug, € span(uq, . .., u,) = span(vy, ..., vy,),
k=1
and that contradicts the independence of (vy,..., v, vp11). We take wyi1 = wpi1/ || Wnsa ||
to find that (uq,...,upn, u,11) is orthonormal. [ |

Content from Linear Algebra by Meckes & Meckes. Algorithm 4.11 on pp. 244-245
is Gram—Schmidt. The examples on pp. 245-246 show the sort of laborious calculations
typically involved in doing Gram—Schmidt on an actual set of vectors. This is good practice,
but it’s even better to know the pseudocode for the algorithm and how to rediscover that
in the first place.

Here are the good consequences of Gram—Schmidt for bases.

27.2 Problem (x). Let V be a finite-dimensional inner product space. Prove the following.

(i) V has an orthonormal basis.

(ii) Any orthonormal list in V can be extended to an orthonormal basis for V.

Content from Linear Algebra by Meckes & Meckes. This problem is Corollary 4.12
on p. 246 and Corollary 4.13 on p. 247.

As bases go, orthonormal bases really are the best: every finite-dimensional space has one,
and we can easily read off the coefficients of a vector in the basis from the inner product—this
is (26.6). In that sense, orthonormal bases are closely related to the coordinate functionals
from the corresponding dual basis (Example 20.3).

27.3 Problem (!). Let (ui,...,u,) be an orthonormal basis for the finite-dimensional
inner product space V. Show that the corresponding dual basis is ((-,u1),..., (-, un)).
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Day 28: Wednesday, October 22.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Projection onto a vector in a inner product space, Cauchy—Schwarz inequality,
Pythagorean identity

The development of Gram—Schmidt subtly contained a tool (specifically, at the prelimi-
nary j = 2 step) that will help us develop more properties of the norm induced by the inner
product. Here is that tool.

28.1 Definition. Let V be an inner product space and w € V \ {0y}. The PROJECTION
ONTO w 1s the linear operator

(28.1)

5 W

If we revisit (27.2) in the Gram—Schmidt discussion, we should recognize

U1 > v (v2,v1)

— —_—— = Uy — ——5—
[[oll /- [Joa] lvs ”

The idea from Gram-Schmidt, then, was that vy — P,,v2 and v, are orthogonal; since P, vq
is a scalar multiple of vq, this also says that vy — P,,vo and P,, v, are orthogonal.

Vg — <U2,U1> Uy = V2 — <U27 U1 = VU2 — PU1U2-

28.2 Problem (!). Prove the following about P,,.
(i) Pyv = if and only if v € span(w).

(ii) (Pyv,v — Pyv) = 0.

(iii) P2 = Pu.

28.3 Problem (!). Let V = R? with the usual Euclidean inner product. Let v = (2,3)
and w = (4,0). Draw v, w, Py Vv, and v — P,V in the same picture. Are you surprised?

Content from Linear Algebra by Meckes & Meckes. Lemma 4.5 on p. 231 and the
hugely useful Figure 4.1 on that page give somewhat different perspectives on P,. In the
notation of that lemma, think of a as giving aw = P,v.

Experience teaches us that going from point A to point B, and then (on the weekends)
from point B to point C, should take longer than just going from point A to point C. This
is the TRIANGLE INEQUALITY: |jv + wl| < |jv] + [Jw]|.
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28.4 Problem (!). Draw a picture illustrating the triangle inequality in R?. [Hint: think
about “tip-to-tail” addition of vectors.|

Content from Linear Algebra by Meckes & Meckes. Figure 4.2 on p. 233 is that
picture.
We would like to show that
[o 4+ w|| < [[of] + [w]-
Square roots are challenging, so we might try proving this inequality by showing instead

2 2
lv +wl” < (lloll + flwl)”

28.5 Problem (!). Show that this is equivalent to

Re[(v, w)] < [|o] [Jw]| - (28.2)
[Hint: use HuH2 = (u, u), algebraic properties of the norm, and the identity z+Z = 2 Re(z2),
valid for all z € C.]

So, do we have this peculiar inequality (28.2)7 Yes. In fact, we get something a bit
stronger.

28.6 Problem (!). To motivate the following more general result, consider the dot product

on R?. Compute

(v - w)? = viw? + 2(viws) (wyvs) + viws.

Use the inequality 2ab < a® + b?, valid for all a, b € R (since 0 < (a — b)?), to find
(v-w)? < viw? + v2w; + wivs + viws.
Factor the right side as

2 2
(vf +v3) (W} +w3) = Iv]* [Iw]]".

28.7 Problem (x). Here are some steps to prepare for the following general result.

(i) Prove that if V is an inner product space and v, w € V with (v, w) = 0, then
2 2 2
lo+w||® = [Jof|” + [lw]|”. (28.3)
[Hint: just expand everything.

(ii) Draw a picture illustrating this in R? and explain why it makes you think about right
triangles and why we might call the equality (28.3) the PYTHAGOREAN IDENTITY.

(iii) Why does the Pythagorean identity not imply a triangle “equality” for orthogonal



Day 28: Wednesday, October 22 131

vectors? That is, why do we not have ||v +w| = |v| + ||w| when (v,w) = 07 [Hint:

Va?+b? # |a| + |b| in general.]
(iv) Generalize (28.3) to the case where (vy,...,v,) is an orthogonal list:

n

2 n
Douil| =D Ml (28.4)
j=1

j=1
28.8 Problem (!). Let (uq,...,u,) be an orthonormal list in an inner product space V
and v € span(uq,...,u,). Prove that

loll* = 1 (v, u) 2
j=1
in two ways: first using (26.7) and then with (28.4).

Content from Linear Algebra by Meckes & Meckes. Theorem 4.4 on p. 230 is the
Pythagorean identity for n.

The following result will give us the desired inequality (28.2), and much more.

28.9 Theorem (Cauchy—Schwarz inequality). Let V be an inner product space and v,
w € V. Then
| (0, w) | < o] [wl]-

Proof. There are many proofs of this inequality, none of them quite obvious. Perhaps the
easiest place to start is the case (v,w) = 0; then since [[v| > 0 and ||w| > 0, we have
0 < ||lv|| |lw]|, and that is the inequality. If v and w are not orthogonal, then experience
teaches us that we can separate them into “orthogonal components.”
Suppose w # 0y. (The case w = 0y is handled by the previous remarks about (v, w) = 0.)
With P, from (28.1), we have
v =Puv + (v —Pyuv),

and

(Puv,v — Puv)y =0
by Problem 28.2. Then the Pythagorean identity (28.3) implies

lol* = [Puv + (0 = Puo)|I* = [|Puol® + [lo = Puol®.

The vector P,v contains factors that resemble what we want out of the Cauchy—Schwarz
inequality, whereas v — P,v may be more opaque. Fortunately, the latter is irrelevant here:
since |Jv — Pyv||® > 0, we have

lol* = [[Puoll”.
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Rewritten, this says

(v, w)
gw| <[],
[[w]]
and the left side of this inequality is
w,w) I _[@w |, . [{v,w)]
s w| = 5 [[wl| = :
0] [Jw]| 0]
Thus (w.0) |
v, W
<ol
[[w]]
and this turns into the Cauchy—Schwarz inequality. [

28.10 Problem (x). Reread the proof of the Cauchy—Schwarz inequality and find exactly
where an inequality appears for the first time. What would make that inequality an
equality? Determine a condition on v and w that is equivalent to equality in the Cauchy—
Schwarz inequality. [Hint: P,v = v if and only if v € span(w).]

28.11 Problem (+). Here is another, equally nonintuitive, proof of Cauchy—Schwarz that
introduces a useful technique. Let V be an inner product space and v, w € V.

(i) First suppose that (v,w) is dependent. Explain why the Cauchy-Schwarz inequality
immediately follows if one of v or w is 0y. Then assume that both are nonzero and prove
the inequality.

(ii) Now assume that (v, w) is independent. For o € F, put
p(a) = (v+ aw, v + aw)

and show that
p(e) = [[v]|* + 2 Re[@ (v, w)] + |af* w]*.

(iii) If (v,w) = 0, then the Cauchy-Schwarz inequality already holds, so assume that
(v,w) # 0. For t € F, put
t (v, w)
q(t) :==p ( ) :
| (v, w) |

Continue to assume that (v,w) is independent and conclude ¢(t) > 0 for all . Use the
discriminant of ¢ to obtain the Cauchy—Schwarz inequality.

(iv) Last, suppose that equality in the Cauchy—Schwarz inequality holds: |(v,w)| =
|v]| ||w|. If (v,w) = 0, conclude that (v,w) is dependent. If (v,w) # 0, show that
q(t) = 0 for some ¢ € R. From this, obtain that p(«) = 0 for some « € F, and use that to
conclude that (v, w) is, again, dependent.



Day 28: Wednesday, October 22 133

Content from Linear Algebra by Meckes & Meckes. Theorem 4.6 on p. 232 is Cauchy—
Schwarz. Read the footnote, preferably aloud.

Now we can return to proving the triangle inequality. We want to show |v 4+ w| <
|lv|| 4+ ||w]|, and we will have this if we can show

Re[(v, w)] < lo]| f|w]-
Recall that for any z € C, we have Re(z) < |Re(z)| < |z|. Thus
Re[(v, w)] < | (v, w) [ < [|v]} [Jw]]

by the Cauchy—Schwarz inequality. This completes the proof of the triangle inequality for
the norm induced by the inner product.

28.12 Problem (!). Let V = C(]0, 1]) with the usual inner product (f, g) = f(l)f(x)g(x) dx.
Let f(z) = 1 and g(z) = x. Compute ||f||, |lgll, |If+ gll, and (f,g). Check that the
Cauchy—Schwarz and triangle inequalities hold. Are there any equalities?

28.13 Problem (%). Reread the proof of the triangle inequality above, which was inter-
rupted by several digressions involving the Cauchy—Schwarz inequality. (It might help to
rewrite the proof of the triangle inequality without those digressions.) Determine a condi-
tion on v and w that is equivalent to equality in the triangle inequality. [Hint: think about
Problem 28.5 and when equality holds in the Cauchy—Schwarz inequality.|

Content from Linear Algebra by Meckes & Meckes. Theorem 4.7 on p. 232 is the
triangle inequality, with a much more concise proof than the discussion here.

The Cauchy—Schwarz inequality and a little calculus allow us to establish a third major

example of an inner product space. This is a sequence space and, as such, it sits nicely
between F” with the dot product and C([0, 1]) with the L*-inner product.

72 ::{(ak) € F> Z lax|? < oo} :
k=1

We pronounce the symbol % as “little ell two” or, sometimes, just “ell two,” and we say
that sequences in /% are SQUARE SUMMABLE.

28.14 Example. Let

1. We first show that ¢* is a subspace of F*®. Certainly the zero sequence is square
summable. Next, let a € F and (az) € 2. The series Y o |ax|? converges, and therefore
S laf?lax|? also converges. And |af*|ax|* = |cag|*.

Finally, let (ax), (br) € €%, so the series > oo |ax|* and Y57 |bx|? converge. Why does
the series Y o |ay + b|* converge?
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First, the triangle inequality says |ay + bg| < |ag| + |bg|. Squaring, we have
|(lk + bk‘z S ‘Clk|2 + 2|akbk| + |bk’2 = Ck.

We already know that the series > ;7 |ax[* and >, |bi|* converge. If we can also show
that the series Y .- |arbg| converges, then the series >~ ¢ will converge, and so the
comparison test will guarantee that > 7 |ax + by|? converges.

Here we need a calculus result. Suppose that (dy) is a sequence and there is C' > 0 such
that Y ,_,|dy| < C for all n > 1. Then )7 |dx| converges. Accepting this to be true, we
use the Cauchy—Schwarz inequality in F" to estimate

> lawb| = lan - bal < [lanll, [ball,,
k=1
where
a, = (ag,...,a,), b, = (b1,...,by), v, :=+Vv-v, veF
Observe that

n oo
lanlly =D lawl® <) faul?,
k=1 k=1

and so for each n we have

" ~ 12/ o 1/2
D laibil < (Zmr?) (Z w) =C
k=1 k=1 k=1
We can therefore use that calculus result to ensure the convergence of >°,7 |agbg|, and

from that we are done.

2. We define an inner product on ¢* by

[e.9]

((ar), (b)) =Y _ arly.

k=1
We saw above that if (ag), (bx) € €%, then the series > p-|axbi| converges. Since
|abe] = lax|[be] = |ax][be] = |axby],

the series >_7° | |axby| converges, and so this inner product is indeed defined. That it satisfies
the properties of an inner product is the same sort of arithmetic and reasoning as in the
proof for the dot product on Euclidean space in Example 25.6.

28.15 Problem (!). Explain why (1/k) € ¢*. [Hint: p-series.|
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Content from Linear Algebra by Meckes & Meckes. Example 3 on pp. 227-228 and
Example 4 on p. 235 discuss 2.

We have previously seen (Problem 25.5) that the list (e;);en, where e;(k) =1 for j = k
and 0 for j # k, is not a basis for /2. Nonetheless, it is an orthonormal list in the sense
that (e;,ex) = 1 for j = k and 0 for j # k. (We have never talked about orthonormality
of any kind of list other than a finite list, but what else could orthonormality mean here?)
Moreover, given f € (%, we have f(j) = (f,e;), and if we put s, := > i1 (fsej) e, then we
have s, (k) = f(k) for k =1,...,n. Consequently,

If =sall*= "> 1f®)F =0 (28.5)
k=n+1

as n — 0o. Our calculus instincts perhaps make us want to say f = lim,,_, Sn.
We briefly formalize this notion of convergence.

28.16 Definition. Let (v,) be a sequence in the inner product space V. We say that (v,)
CONVERGES to v € V and write lim,, soo v, = v or v, — v if

lim v, —v|| =0, (28.6)
n—oo

with the limit (28.6) being the usual limit in R.

All of the usual properties of limits hold in inner product spaces, starting with uniqueness.

28.17 Theorem. Let (v,) be a sequence in the inner product space V and v, w € V. If
both

lim ||lv, —v||=0 and lim |v, —w| =0,
n—00 n—00
then v = w.
This follows from the triangle inequality and the squeeze theorem:
o —wll = llv —vn + v —w|| < v —vall + [lon —w]] = 0.

Limit arithmetic also works as we expect.

28.18 Theorem. Let (v,) and (w,) be sequences in the inner product space V with v, — v
and w, — w. Then the following hold.

(i) (vn) is bounded in the sense that there is C' > 0 such that ||v,| < C for all n.
(i) v, +w, = v+ w.

(iii) If « € F, then av, — awv.
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(iv) (v, wn) — (v, w).
Proof. We prove only the fourth part, as the others are direct analogues of properties of
real sequences. Rewrite
(Un, Wy) — (v, W) = (U, Wy) — (U, Wy) + (V,wy) — (V,w) = (v, — v, w,) + (V,w, —w).
Use the Cauchy-Schwarz inequality to estimate
| (v, wn —w) | < o] lwn —wl] = 0.

Use Cauchy—-Schwarz again and this time the boundedness of (w,), with ||w,| < C for all
n, to estimate
[ (W = v, wn) | < Jon = vl [lwa]| < Cljon = o] = 0.

Thus
| (Uny wn) — (v, w) | < [ (v — v, wp) |+ [ (v, w, —w) | = 0. u

Sequences allow us to define series.

28.19 Definition. Let (v;) be a sequence in the inner product space V.
(i) We put
j=1 j=1

That is, the symbol Z;;Uj denotes the sequence of partial sums (Z?Zlvj), and we call the
sequence >~ v; the SERIES whose nth partial sum is Y7 v;.

(ii) If limy, o0 D07, v exists, then we call this limit the SUM of the series ) 77 v;, and

we also write
oo n

v; = lim V.
D vyi=lim Y v

j=1 7j=1

In this case the symbol Z;iﬂ’j plays the dual role of denoting both a sequence in'V and an
element in V.

28.20 Theorem. LetV be an inner product space, let (v;) be a sequence in'V, and suppose
that the series Z;‘;lvj converges in V. Then for any w € V, the series <E;‘;1@j,w>
converges in IF, and

<Z vj,'w> = Z (vj,w). (28.7)

i=1 j=1
Proof. Abbreviate s := 3% vj, so

n

E Uj—S

j=1

lim =0.
n—oo
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The desired identity (28.7) is equivalent to showing
nh_)rroloz (vj,w) = (s,w).
j=1
This is straightforward: algebraic properties of the inner product and the Cauchy-Schwarz

inequality give
n
j=1

n

> (v w) = (s,0)

j=1

< lw]| — 0. 0

n
E Uj — S
7j—1

Day 29: Friday, October 24.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Orthonormal basis for an infinite-dimensional vector space (the infinite-dimensional
part is important!)

Now we can talk about the situation in ¢* with that special list (e;)jen more precisely,
and also more generally.

29.1 Definition. Let V be an inner product space. A list (u;)jc; is ORTHONORMAL if

() =4 I =E
Uj, Ug) = .
o 0, j # k.

29.2 Problem (!). Prove that any inner product space with an orthonormal list (u;);en
is infinite-dimensional. [Hint: for each integer n > 1, find a linearly independent list with
length n.|

Suppose that V is an inner product space and (u;) ey is an orthonormal list in V. If v € V
and (a;)jen is a list in F such that v = Z;;O‘jujv then we are really saying that

n
v — E OéjUj

j=1

=0.

lim
n—oo

For a given k, Theorem 28.20 allows

o0 o0 o0
(v, ug) = <Z Oéjuj,uk> = Z (ajuj, ug) = Z%‘ (uj, up) = ay.
7=1 j 7=1

Jj=1
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This is exactly what we expect from the tamer situation (26.6) with a finite orthonormal
list.

29.3 Definition. Let V be an infinite-dimensional inner product space and (u;)jen be an
orthonormal list in V. The FOURIER SERIES of v € V with respect to (u;)jen is the series

(v, uj) u;.

M

1

J

This series may or may not converge; in the latter case, we just think of it as the sequence
of partial sums (3 7_; (v,u;) u;). With the notion of Fourier series, we can adapt our prior
version of an orthonormal basis to the infinite-dimensional case.

29.4 Definition. Let V be an infinite-dimensional inner product space. An orthonormal
list (u;)jen is an ORTHONORMAL BASIS for V if

v = Z (v, uj) u,

o
j=1

for allv €V, i.e., if every v € V s the sum of its Fourier series with respect to this list.
If V has an orthonormal basis, we say that V is SEPARABLE.

Our use of the term orthonormal basis here is quite different from Definition 26.17 in finite
dimensions. In the infinite-dimensional setting, we do not require that a vector be written as
a finite linear combination of entries from the orthonormal basis—which surely goes against
all of our instincts regarding bases up to now. To be clear, and annoying, the list from
Definition 29.4 is probably not a spanning list! (It is a linearly independent list.) Rather,
the power of the orthonormal basis in infinite dimensions is that it allows an arbitrarily close
approzimation of a vector by finite linear combinations of entries from the list. For most
applications, the orthonormal basis (if it exists) turns out to be much more preferable than
a classical basis (the latter is sometimes called a HAMEL BASIS for distinction).

29.5 Example. (i) The inner product space ¢* is separable because the list (e;);ey With
e;j(k) = 1 for j = k and 0 otherwise is an orthonormal basis. This was the calculation

(28.5).

(ii) The notion of Fourier series is probably most naturally associated with trigonometric
functions. For notational simplicity, let V ={f € C([~m,]) | f is odd} with the L*-inner
product. For integers j > 1, put u;(x) := sin(jz)/ ||sin(j-)||. It can be shown that (u;);en
is an orthonormal basis for V. The orthonormality is not the hard part; orthogonality of
the u; is one of the best (and perhaps only?) reasons to study trigonometric integrals in
calculus.
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However, showing that if f: [—m, 7] — R is continuous and odd, then

f_z<fauj>uj =0

j=1

lim
n—oo

is quite the feat of hard analysis. Moreover, this “L?-convergence” does not address the
ticklish issue of pointwise convergence of the Fourier series back to f, i.e., whether the series
> im0 (fyu;) uj(w) converges and equals f(x) for all continuous odd functions on [~ 7].
(It does not.)

By the way, we can remove the restriction of oddness by including cosines in the list, or
we could allow complex-valued functions and use complex exponentials. The notation in
either case is just distracting enough that we do not address it here.

The definition of orthonormal list here did not require that the indexing set J be finite
or countable (i.e., there need not be a bijection between J and {1,...,n} for some n or
between J and N). Consequently, we could talk about an orthonormal basis indexed by an
arbitrary set J .. .if we could give meaning to a sum of the form jesvj where J is not finite
or countable. This is possible! It involves a topological generalization of sequences called
nets. Limits of nets, by the way, give the right interpretation of the Riemann integral as
a “limit” of Riemann sums (a notion of limit that, in calculus, looks nothing like the limit
definition of the derivative). However, because most interesting and useful inner product
spaces turn out to be separable, summing over arbitrary indexing sets is not high among our
priorities.

Day 30: Monday, October 27.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Orthogonal complement

Often we are interested in a very particular subspace of a vector space—frequently, in
the context of the operator equation 7v = w, the space is the range or kernel, but also
perhaps because a subspace consists of particularly interesting and tame vectors (say, the
at-most-degree-n polynomials in the vast space C(]0,1])). We might wonder how a given
subspace “sits” within the larger ambient space. What is missing from the subspace to fill
out the whole space? How can we characterize membership in the subspace?

Here is a motivating example.

30.1 Example. Consider the inner product space F? with the dot product. Let U :=
span(e;, e;) and U, := span(es). Then any v € F? can be written uniquely in the form
Vv = u; + uy for some u; € U; and uy € U,. This is hopefully obvious from physical
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experience with three-dimensional space, or from arithmetic:

Uy U1 0
Vo | = [v2| + 0
Vs 0 Vs

Also, if u; € Uy and uy € Uy, we have u; - uy = 0. In fact,
Uy ={veF |v-u=0foraluecl}

and
Z/{QZ{WGFB‘W-VZOfOl"aHVEZ/{l}.

We can therefore think that U, and U induce an “orthogonal decomposition” of F3: each
vector in F? can be written uniquely as a sum of vectors in U; and U,, and those vectors
are orthogonal. Moreover, U; contains all vectors that are orthogonal to all vectors in Uy,
and U, contains all vectors that are orthogonal to all vectors in ;.

Here is how U; and U, in the previous example “complement” each other.

30.2 Definition. Let V be an inner product space andUd CV. The ORTHOGONAL COM-
PLEMENT of U is
Ut ={v eV | (u,v)=0 foralluci}.

Content from Linear Algebra by Meckes & Meckes. Page 252 defines orthogonal
complements. See the examples on that page, in particular Figure 4.4.

30.3 Example. (i) Returning to Example 30.1, if

U1
U= V2 GF?) v, vg €EF 3,
0
then
0
Ut =X 10| eF? |v;eF 3},
U3

and we have (U)" = U.

(ii) Consider C([0,1]) with the L*-inner product. Denote by 1 the function 1(z) := 1 and
let U = span(1), so U consists of all constant functions on [0, 1]. We have f € {1} if and
only if (f,1) = 0, thus if and only if f(l)f(x) dr = 0. Then

uL_{fecZ([o,u) ‘ /Olf(x) dx—()}.
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Do we have (U*)* = U? That is, g € (U")F, then f(l)g(:v)f(x) dr =0 for all f € C(]0,1])
such that [ (1) f(z) dx = 0, does this mean that g is constant? The answer turns out to be
yes, but showing this just using calculus alone might be hard. We will do this with linear
algebra.

30.4 Problem (!). Consider the inner product space C([—1, 1]) with the L*-inner product.
Let
U:={felC(-11]) | f(x) = f(—=) forall z € [-1,1]}.

Describe as precisely as possible all functions in ¢*. [Hint: If a > 0 and h € C([—a,a])
is odd, then [* h(z) dz = 0. Also, every h € C([—a,a]) can be written in the form
h = h. + h,, where

he(x) = hz) + h—2) and  ho(z) =

hz) = h(=z)
5 :

2
For g € U™+, obtain (g, f) = 0 for all f € U, and then make a useful choice for f.|

The following properties of orthogonal complements follow mostly from the definition and
will be very useful.

30.5 Problem (x). Let V be an inner product space and U C V.

(i) Prove that U™ is a subspace of V. (Your proof should not require that & be a subspace. )
(ii) Prove that U NU* = {0y}.

(iii) What are V* and {0,}+?

(iv) If vq,...,v, €V, prove that

(span(or, ..., v))" ={w € V | {w,v) =0, j=1,...,n}.

30.6 Problem (4). Let V be an inner product space and U be a subspace of V. The
orthogonal complement can be characterized completely in terms of the norm:

Ut ={w e V| |lv—ul >|wv| foral ueci}. (30.1)

(i) Let V = R? with the dot product and I = span(e;). Draw a picture illustrating what
this result is saying about U~ = span(e;).

(ii) Suppose that v € U* and u € U. Use the Pythagorean identity to prove that
[0 —ull = [v].

(iii) Now suppose that v € V satisfies ||v]| < ||v — u|| for all v € U. Fix u € U; the goal is
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(v,u) = 0. Inspired by Problem 28.11, for a € F, put p(a) := ||v — au||*. Conclude that

2
of? el

Re[a (v, u)] < >

By taking a € R and considering the limit as o — 0% of this inequality (consider the
left and right limits separately), conclude Re[(v,u)] = 0. Then take a@ = if with § € R,
consider the limit as 8 — 0%, and conclude Im[(v, u)] = 0, too.

Here is a slightly trickier property that partially addresses the question raised in part (ii)
of Example 30.3.

30.7 Lemma. Let U be a subspace of the inner product space V. Then U C (Z/{L)L.

Proof. Let u € Y. We want to show that u € (U*)*. That is, we want to show that
(u,v) = 0 for all v € U*. So, suppose that v € U~*. Because u € U, we have (v,u) = 0, and
therefore (u,v) = 0, as desired. [

Content from Linear Algebra by Meckes & Meckes. This proof is the first paragraph
of the proof of Proposition 4.15 on p. 254.

From now on we will write
Ut = U+)* .

Here is a situation in which &+ is much larger than U.

30.8 Example. Consider the inner product space ¢? of Example 28.14 with (f,g) =

oo f(K)g(k) for f, g € 2. Tt will be notationally convenient to write vectors in £°
as functions on N (which they are). Put

U:={fer ‘ f(k) = 0 for all but finitely many &} .

So, for example, (1/k) € U, but (1,0,0,...) € U. In fact, with e;(k) =1 for j = k and 0
for j # k, we have e; € U for all j.

Now let g € U*. Then (f,g) = 0 for all f € U. In particular, 0 = (e}, g) = g(j) for each
j €N, s0g=0. That is, U~ = {0}, and so U = {0} = ¢*. But certainly U # (.

We will develop conditions on an inner product space V' and a subspace U that guarantee
U = U+, This turns out to be closely related to a more pressing question: for what inner
product spaces V and subspaces U does the situation of Example 30.1 hold—that for each
v € V, there exist u € Y and ut € YU+ such that v = u + u? Such u and w', if they do
exist, are necessarily unique.
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30.9 Lemma. LetV be an inner product space and let U be a subspace of V. If uy, us € U

and ui, uy € U such that uy + ui = uy +uy, then uy = uy and uy = uy .

Proof. If u; 4—u1L = Uy —|—u2l, then u; —ug = u2L —ull e U*t. But Uy, us €U, souy —ugs € U.
Hence u; —uy € UNU = {0y}, so u; = uy. The same reasoning (invoking the fact that 2/
is a subspace) shows uy — uy. |

Content from Linear Algebra by Meckes & Meckes. This proof is the last paragraph
of the proof of Theorem 4.14 on p. 253.

We do have this orthogonal decomposition when ¢/ is finite-dimensional.

30.10 Theorem. LetV be an inner product space (not necessarily finite-dimensional) and
let U be a finite-dimensional subspace. For each v € V, there exist w € U and ut € U™+
such that v =u + u'.
Proof. Uniqueness is Lemma 30.9, so we prove only existence. If we know u, then v must
be ut = v — u, so we focus on finding u first. If U = {0y}, then Ut =V, so we can take
w=0and ut = v.

Otherwise, let dim(U/) = n > 1 and take an orthonormal basis (uy,...,u,) for V. Any
u € U has the form v = >_" | (u,u;) u;. This is true but not helpful here, as it does not tell

j=1
us what wu is in terms of v. Instead, we just write u = Z;‘:lajuj, and we use what u and u®
do to extract the coefficients ;. What they do is satisfy v = u + ut = Z;L:lajuj +ut with

<uL,uk> = 0 for all k, since uy € U. Thus we must have

(v, u) = <Z a;uj + uL,uk> = Zaj (uj, wp) + (U™ we) = ;.
=1 =1

Here we have used the orthonormality of the basis.
This gives us our candidate for u:

n

u = Z(v,uj)uj.

j=1
We definitely have u € U, and so we just need to check that ut := v —u € Y*. That is, we

need
<v - Z (v, uj) uj,w> =0

j=1
for all w € U. By part (iv) of Problem 30.5, it suffices to prove this just for w = wuj,
7 =1,...,n, and that is a quick calculation. [ |

30.11 Problem (!). Do it.
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Content from Linear Algebra by Meckes & Meckes. Theorem 30.10 is Theorem 4.14
on p. 253.

Day 31: Wednesday, October 29.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Orthogonal direct sum, orthogonal projection

We give a precise name and notation to this decomposition phenomenon.

31.1 Definition. Let V be an inner product space and let U be a subspace of V. Then 'V is
the ORTHOGONAL DIRECT SUM of U and U+, abbreviated YV = U & U™, if for allv € V,
there exist (necessarily) unique w € U and u™ € U™ such that v = u + u*.

31.2 Example. F? = span(ey, e;) @ span(es).

Content from Linear Algebra by Meckes & Meckes. See the definition, and notational
remarks, on p. 254, and then read the examples after that.

31.3 Problem (!). Let V be an inner product space and let i be a subspace of V. Suppose
that for each v € V, there exists ug € U such that (u,ug) = (u,v) for all u € Y. Prove that
V=UoU". [Hint: what do you know about ug — v 7|

31.4 Problem (x). Let V be an inner product space and let U be a nontrivial proper (i.e.,
U # {0y} and U # V) subspace of V.

(i) Why should we expect V # U UU*? [Hint: if u € U\ {0y} and ut € U\ {0y}, do we
have u+u™" in that union?] With V = R? (and the inner product being, as always, the dot
product) and I = span(e;), draw a picture illustrating why R? # span(e;) U span(e;)".

(ii) Suppose that V is finite-dimensional, which means that both & and U™ are finite-
dimensional, too, and also V = U @ U™ . Let (ui,...,u,) be a basis for f and (ui, ..., u;.)

be a basis for U*. Prove that (uy,...,u,,ui,...,u) is a basis for V and thus dim(V) =

dim (U) + dim(U*). [Hint: for spanning, use V = U SU™; for independence, consider what
happens when Y _ cxu, = > e Brus for ay, B € F.]

Our eventual goal will be to develop a more general condition on an inner product space
V and subspaces U that permits the orthogonal direct sum decomposition V = U & U+
without requiring U to be finite-dimensional. For now, we explore some consequences of this
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decomposition.

So, suppose that V is an inner product space and I is a subspace of V with V =U & U*.
Then for each v € V, there are unique v € U and u* € U+ such that v = u + u*. Given
v, then, we define Py (v) := u. That is, Py(v) satisfies Py (v) € U and v — Py (v) € U*; we
could also say

Pu={(v,u) |[ueld, v—ueU*}. (31.1)
This Py(v) is unique, and so Py : V — U really is a function. What is more is that Py, is
linear.

31.5 Theorem. The map Py defined in (31.1) has the following properties.

(i) Py e LV, U).
(i) P; = Pu.
(iii) Let v € V. Then v € U if and only if v = Pyv.

We call Py the ORTHOGONAL PROJECTION onto U.

Proof. (i) Let vy, vy € V. Write v; = uy + u and vy = uy + uy for uy, uy € U and uy,
uy € U, Then vy + vy = (ug + ug) + (ui + uy). Since U and U+ are subspaces of V, we
have u; + us € U and ull + u2L € U*. By the uniqueness of the orthogonal decomposition,
Puy(v1 + v2) = ug + ug = Py(v1) + Py(vz). A similar proof shows Py (av) = aPy(v).

(ii) Let v € V and write v = u+u’ with u € U and u™ € U*. Then Pyv = u, so Piv = Pyu.
Now, u = u + 0y, where © € U and 0y, € U™, so Pyu = u. [ |

31.6 Problem (!). (i) Finish the proof that Py, is linear by showing Py (av) = aPy(v).

(ii) Prove part (iii) of the theorem. [Hint: if v € U, write v = v + 0y, and then use
uniqueness of the decomposition.|

An operator 7 € L(V) such that 72 = T is called IDEMPOTENT. The idempotency
of Py means that the subspace Py(V) is INVARIANT under Py Py(Pu(V)) = Pu(V), so
applying P, again to a vector in its range will not remove that vector from the range.

Content from Linear Algebra by Meckes & Meckes. Theorem 4.16 on p. 255 con-
tains many properties of P,,. Some are valid only under the assumption that U/ is finite-
dimensional.

31.7 Example. If U/ is a finite-dimensional subspace of the inner product space V, and if
(uq,...,uy,) is an orthonormal basis for U, then

n

Pyv = Z (v, u;) u;.

Jj=1
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This is the result of Theorem 30.10.

31.8 Problem (!). Let V be an inner product space, w € V \ {0y}, and U = span(w).
Prove that P, = P, with P,, defined in 28.1.

We can now resolve part of the question of when a subspace U of an inner product space
V satisfies U = U: when V =U & U .

31.9 Theorem. Let V be an inner product space and suppose that ¥V = U & U* for a
subspace U. Then U = U.

Proof. Lemma 30.7 gives i C U, so we show U+ CU. Let v € U+, Since V = U BU™,
we can write v = u + u" for some u € Y and ut € Y*. If we can show that ut = 0y, then
we will have v =u € U.

We rewrite u™ = v — u. We have u™ € U™, we are assuming v € U+ = (U)*, and we
know u € U C U = U)*. So, v —u € (UF)F, and therefore u™ € U+ N (UH)*. Recall
that WN W= = {0y} for any subspace W of V; here W = U*. So, ut =0y, as desired. W

31.10 Problem (%). Let h € C(|—1, 1]) have the property that fl_lg(x)h(x) dx = 0 for all

g € C([—1,1]) such that fl_lf(x)g(x) dx = 0 for all even f € C(|—1,1]). Prove that h is
also even. [Hint: use the hint, and result, of Problem 30.4 and Theorem 31.9.]

Day 32: Friday, October 31.

You took Exam 2.

Day 33: Monday, November 3.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Least squares solution to 7v = w, bounded linear functional on an inner product space

Now we take up a question of approximation. Often it happens that a subspace U of an
inner product space V has some particularly “nice” or tractable properties, and we would
prefer to work with vectors in U over arbitrary vectors in V. If V = U @ U™, then we can
view Pyv as giving the “best approximation” to v € V by a vector in U.

33.1 Problem (!). Let V = R? with the usual Euclidean inner product. Recall that
Pepan(w) = Pw for any w € R?, with P, defined in 28.1. Let u = (2,3) and w = (4,0).
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Draw a picture that shows why P,u should be the “best approximation” to u in span(w).
How does this resemble your picture from Problem 28.37

33.2 Theorem. Let V be an inner product space and suppose that ¥V = U & UT for a

subspace U. Then
[o =Py < v —uf (33.1)

for all w € U with equality if and only if uw = Pyv.
Proof. We begin with the classical trick of adding zero: for u € U and v € V, we have
v—u=1v— Pyv+ Pyv—u.
Here v — Pyv € Ut and Pyv — u € U, so the Pythagorean identity gives
lo = ul® = [[(v = Puw) + (Puv = w)||* = [Jv = Pool® + | Puv = ul|* > [Jv = Puol®. (33.2)

This proves (33.1).
Now we prove the if and only if statement. If u = Py,v, then certainly the inequality is
an equality. If u # Py, then ||Pyv — u® > 0, so the inequality in (33.2) is strict. [

Content from Linear Algebra by Meckes & Meckes. This approximation result is part
(ii) of Theorem 4.19 on p. 258. See Figure 4.6 and compare it to Figure 4.1 on p. 231.

33.3 Example. Let V = C([—, ) with the inner product (f,g) = [ _f(2)g(x) dz, and
let U = span(1, cos(-),sin(-)). Here we are working on [—m, 7], not [0, 1], for trigonometric
convenience.

(1) It is easy to check that the list (1, cos(-),sin(+)) is orthogonal, and since

™ 1 ™ T
/ 1 dx = o and / cos?(z) dx = / sin®(z) dz = 7,
-7 @ -7 -7

the list

is orthonormal. Then

Puno) = (1752 75+ (5 T+ (1 V)

is the best approximation to any f € V by a function in Y. Actually finding a formula for
P f then just boils down to computing some integrals.
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(ii) In the particular case of f(z) = e”, we have

e —e”

(Pufa) = (5 ) (1= costa) 4 sinfe)

This is a low-order partial sum of the Fourier series for the exponential.

33.4 Remark. Consider the situation of the previous example. The result is that
\f = Pufll < |If —gll for any g € U. This does not say that pointwise | f(x) — (Py f)(z)] <
|f(z) — g(z)| for all g € U and = € [—m,7]. Rather, this is a best approximation in a
certain “average” sense over the interval [—m,w|. Remember that integrals measure average
value of functions.

This leads us to an approximation strategy for the fundamental problem 7v = w. Let V
be a vector space, YW be an inner product space, and T € L(V,W). If w € W\ T(V), then
we cannot solve the problem 7v = w. However, suppose that W = T(V) @ T(V)*. This is
certainly possible when 7 () is finite-dimensional, i.e., for finite-rank 7.

Then @ := Pro)w satisfies

lw = w|| < flw—=Twl|

for all v € Tw. We therefore view Tv = w as the best possible approximation to our
unsolvable problem 7v = w. And we can certainly solve Tv = w with v = v € V for some
v € V; we call U a LEAST SQUARES SOLUTION to 7v = w. If T is not injective, then ©
will not be unique, and an interesting question is how to choose (or even define) an optimal
solution to 7v = w. One meaningful option is to ask for the MINIMUM NORM LEAST
SQUARES SOLUTION: choose, if possible, 1y € V such that both Tvy = @ and |[v]] < ||v||
whenever Tv = w.

We will address these questions with some new technology later. In particular, we will
return to the special case of T = M4 when A € F™*" and for the case rank(A) = n we will
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construct a transparent formula for Puy, ).

Now that we have an appreciation of some of the results that follow from an orthogonal
decomposition V = U@UT of an inner product space V by a subspace U, we study conditions
that facilitate this representation. Certainly this is possible if I/ is finite-dimensional, and
even when V is infinite-dimensional, many of the interesting subspaces in applications do turn
out to be fiinite-dimensional. But we can push a bit beyond the restriction that I/ is finite-
dimensional. Perhaps surprisingly, one possible replacement for the finite-dimensionality of
U hinges on the behavior of certain functionals on V.

33.5 Definition. Let V be an inner product space. A functional ¢ € V' is REPRESENTED
by the inner product if there is r € V such that if ¢ = (-, 1), i.e., if p(v) = (v,7) for all
v e V.

33.6 Problem (!). Let V be an inner product space and ri, ro € V. Prove that if
(-,r1) = (-, 1r9), then r; = ro. [Hint: if (v,7y —re) = 0 for all v € V, what do you know
about r1 and ro¢ If o € V' is represented by the inner product with ¢ = (-, r) for some
r € V, we therefore call r the REPRESENTING VECTOR for ¢.

Suppose that V is an inner product space and ¢ € V' is represented by the inner product,
and write ¢ = (-,7) for some r € V. Then the Cauchy—Schwarz inequality implies that

() = [ o, | < ol fi] (33.3)

for all v € V. Functionals satisfying this sort of inequality have a special name.

33.7 Definition. Let V be an inner product space. A functional ¢ € V' is BOUNDED if
there exists C' > 0 such that
lp(v)] < C vl

We denote the set of all bounded functionals on V by V*.

Day 34: Wednesday, November 5.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Riesz representation property (for an inner product space or a subspace thereof)

34.1 Theorem. LetV be an inner product space. The set of bounded functionals V* on V
is a subspace of V'.

Proof. Certainly 0y_,r = Oy_p is bounded, since [0y_p(v)] = 0 < |jv|| for all v € V.
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Now let ¢1, w2 € V*; we will show ¢ + po € V*. We want to find C' > 0 such that
(1 + @2)(v)] < C|v|| for all v € V. Since @1, o € V*, we know that there are Cy, Cy > 0
such that |¢1(v)] < Cy||v|| and |@2(v)| < Cy|jv|| for all v € V. The triangle inequality in F
then gives

(L1 4 ©2) (V)] = |1 (v) + @2(v)] < @1 (V)] + |p2(v)] < Crf|ol] + Cof|ol] = (C1 + Co) vl -
TakeC:C'1+CQ. [ |
34.2 Problem (!). Complete the proof by showing that agp € V* for all @« € F and ¢ € V*.

Here is a nice property of bounded linear functionals: they are continuous.

34.3 Example. Let V be an inner product space, ¢ € V*, and (v,) be a sequence in V
with v, = v € V (in the sense of Definition 28.16). Take C' > 0 such that |p(w)| < C'||w||
for all w € V. Then

|o(vn) = p(v)] = lp(vn = v)| < Cllvn = vl =0,

and so lim, . ¢(v,) = ¢(v) in F.

Every functional on an inner product space that is represented by the inner product
is a bounded functional by (33.3). A functional that is not bounded therefore cannot be
represented by the inner product. In finite dimensions, it turns out that every functional is
represented by the inner product and therefore bounded.

34.4 Example. Let V be a finite-dimensional inner product space with orthonormal basis
(u1,...,uy,), and let o € V'. Then

p(v) =¢ (Z (v, uy) Uj) = Z (v, u;) (u;) = Z <U, SO(UJ)UJ> = <U72W%’> -

In particular, every functional on a finite-dimensional vector space is represented by the
inner product and therefore bounded.

34.5 Problem (%). (i) Let V be a finite-dimensional inner product space with orthonor-
mal bases (uy,...,u,) and (w1, ...,w,) and let p € V'. Use Example 34.4 and Theorem
25.15 to deduce the following possibly surprising relationship:

ZWW = mej' (34.1)

(ii) Continue to assume that V is a finite-dimensional inner product space with orthonor-
mal bases (uy,...,u,) and (wy,...,w,) and let p € V. Here is why (34.1) is not such a
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surprise. Let v := Y77 ¢(u;)u;. Explain why (34.1) says that

(0, w5) = p(w;). (34.2)

Now calculate ¢(w;) directly using the representation w; = Y ,_, (wj,uy) u, (note the
different index of summation k here) to obtain

p(w;) = <Z muk, wj>,

and this is (34.2).

34.6 Problem (x). Here is another proof that every functional on a finite-dimensional
inner product space is bounded. Let V be a finite-dimensional inner product space with
orthonormal basis (uy,...,u,) and let p € V'. Let v € V.

(1) Use the triangle inequality to estimate
o) <> 1 (v, us) [ (uy)-
j=1

(ii) By considering the n-tuples (| (v,u1)|,...,|{v,u,)|) and (|p(u1)l, ..., |e(u,)]) as vec-
tors in R", use the Cauchy—Schwarz inequality for the Euclidean inner product to estimate

" n 1/2
S 1 o5} llp(as)| < C ol c:(zwww)-

Jj=1

(iii) Consider the representation of ¢(v) given in Example 34.4. Use the Cauchy—Schwarz
inequality (for the inner product in V) on that representation to estimate |p(v)| < C'|jv]|.
Explain why C' = C.

34.7 Example. Consider the inner product space C([0,1]) with the L*-inner product. De-
fine p(f) := féf(x) dz. Then ¢ is a functional on C([0, 1]), and if we look closely at it, we

will see that ) .
wnzéﬂmwzluwmnmzmn,

so ¢ is represented by the inner product and therefore bounded. Specifically,
()= 1CLDT<IAI = [LfI]-

However, not every functional on an inner product space is bounded.
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34.8 Example. Consider the inner product space C([0, 1]) with the L*-inner product. Let
o(f) = f(0), so ¢ is “evaluate at 0.” We show that there cannot exist a constant C' > 0
such that |¢o(f)| < C'|[|f]| for all f € C([0,1]). That is, there is no C' > 0 such that

oo ([ 1 a) "

for all f € C([0,1]).

This is perhaps not hugely surprising. The integral on the right is a measure of the total
area under the graph of f. Does a function’s value at 0 really control the area under its
graph? We might think about functions whose value at = 0 is “pinned” at a certain level,
say, f(0) = 1, but whose areas become quite small.

A good class of such functions is f,,(x) := (1—z)". Since0 < 1—z < 1for 0 <z < 1, we
find that the area under f,, becomes progressively smaller as n becomes larger. However,
fn(0) =1 for all n. Specifically, we compute

1 1 0 1 y2ntl u=1 1
- 2 dr = 1 — 2n dr = _/ 2n du = / 2n du = — )
/0 | fu(2)|* dx /O( x) T 1 uw" du Ou U il ot

Now suppose there is C' > 0 such that |p(f)] < C'|f]| for all f € C([0,1]). Taking
f = fn, we have

2 c?
L= 1O = lp(DP < CPIfIP = 5

as n — oo. This is a contradiction, and so ¢ cannot be bounded.

—0

And not every bounded functional on an inner product space needs to be represented by
the inner product.

34.9 Example. Consider the inner product space C([0, 1]) with the L*-inner product. Let

o(f) = é/zf(x) dx, so ¢ is a functional on C([0,1]). We first check that ¢ is indeed

bounded:

1/2 1
WUHSKZIﬂ@WxSA\ﬂ@MwZHmJHSWﬂMﬁWZHN~

We would probably like to say that ¢ = (-, 7¢), where

= {101
ro(z) =
° 0, 1/2<z<1.

It is absolutely true that ¢(f) = f(l)f(x)ro(x) dzx, assuming that we have a notion of integral
for piecewise continuous functions, but ry ¢ C([0, 1]).
Can there possibly be r € C([0, 1]) such that ¢ = (-,r)? No. It is possible to show that
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such an r would need to satisfy

,0<z<1/2
r(z) =
0, 1/2<z<1.

This both means that r is discontinuous and not a function!

Here is what goes wrong. Our work relies on the fundamental lemma of the calculus of
variations, which says that if ¢ € C([a, b]) satisfies fl;gb(a:)w(:lr) dx =0 for all ¥ € C([a,b])
with ¥ (a) = 1(b) = 0, then ¢ = 0. This lemma is not terribly difficult to prove using
effectively only the basic properties of integrals that we have already employed, but we will
not pursue that proof here.

Instead, we deploy that fundamental lemma in two passes. First, let g € C([1/2,1]) with
g(1/2) = g(1) = 0 and let

~ . )]0, 052 <1)2
g(x)_{g(x), 1/2<xz<1.

Then g € C([0,1]), so

o:[@mmﬁw@zlEm%mmL[mwﬁwx

/2

The fundamental lemma of the calculus of variations implies that r(x) =0 for 1/2 <z < 1.
Thus

1/2 1 - 1/2 -
| s@de=en = [t o= [ i d
for any f € C([0,1]), so also
1/2 L
| f@a =) e =o
for all f € C([0,1]). Now let h € C(]0,1/2]) with h(0) = h(1/2) = 0. Put

T ) — h(z), 0 <z <1/2
(@) = 0, 1/2<z<1.

Then £ € C([0,1]) and

1/2~ _ 1/2 _
0 :/0 h(2)(1 - 7(@)) do :/0 h(z)(1 — (@) da.

Another application of the fundamental lemma of the calculus of variations gives 1 —r(z) =
0 for 0 < 2 < 1/2. In particular, 0 = r(1/2) = 1, a contradiction.
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The problem with the previous example was that the vector that we wanted to represent
our functional did not belong to the domain of the functional. The same situation arises in
the next example.

34.10 Example. Let
V ={f €| f(k) =0 for all but finitely many k}

with the ¢*-inner product. We will think of V as the inner product space in this example
and not of V as a subspace of ¢* (as we previously did in Example 30.8).

Let g(k) = 1/k, so g € (*\ V. Define ¢ € V* by o(f) = (f,g). (Since f, g € £, this
inner product is defined.) While ¢ is defined via the inner product, we cannot strictly say
that ¢ is represented by the inner product on V), since g € V. However, ¢ € V* by the
Cauchy-Schwarz inequality for the ¢*-inner product.

Suppose that we can represent ¢ by the inner product on V: assume there is r € V such
that o(f) = (f,r) for all f € V. With e;(k) =1 for j = k and 0 otherwise, take f = e; to

find .
e 9(j) = (ej,9) = ple;) = (ej,r) =71(j),

thus r(j) # 0 for all 7, so r € V. So, we cannot represent ¢ by the inner product on V.

We might, somewhat euphemistically, think that every bounded functional on an inner
product space “should” be represented by the inner product, and that an inner product space
for which this representation does not always hold is somehow “incomplete.” The best inner
product spaces are the ones that do have this representation property.

34.11 Definition. (i) An inner product space V has the RIESZ REPRESENTATION
PROPERTY (RRP) if every bounded functional on V can be represented by the inner
product: for all p € V*, there is a (necessarily unique) r € V such that ¢ = (-,r). That is,
for all p € V*, there is v € V such that o(v) = (v,r) for allv € V.

(i) A subspaceU of the inner product space V has the Riesz representation property (RRP)
if U has the RRP when considered as an inner product space with the inner product of V.
That is, if {-,-) is the inner product on V, then for each ¢ € U*, there is r € U such that
o(u) = (u,r) for allu € U.

Day 35: Friday, November 7.

35.1 Example. (i) Every finite-dimensional inner product space has the RRP by Example
34.4.

(ii) The space C([0,1]) with the L*-inner product does not have the RRP by Example
34.9. This is rather disappointing: C([0, 1]) has been absolutely central to our blending of
calculus and linear algebra. Part of the journey from mathematical innocence to experience
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is realizing that some of the familiar, comfortable settings of calculus are inadequate for
deeper analysis, and new structures are needed.

(iii) While the space { fer? | f(k) = 0 for all but finitely many f } does not have the
RRP, by Example 34.10, the larger space (* does, as we now show. Let ¢ € (¢*)* and
take C' > 0 such that |¢o(f)| < C'||f]| for all f € 62.

First we determine a candidate for the representing vector for ¢, then we show that this
candidate is in 2, and last we show that this candidate does represent . If there is r € ¢
such that ¢(f) = (f,r). for all f € (%, then in particular p(e;) = (e;,7),, = 7(5), thus
r(j) = @(e;). Here e; is, as usual, the sequence with e;(k) =1 for j = k and 0 for j # k.

We first show that r as defined by r(k) = p(ey,) is in £2. That is, we want to show that
the series >~ [p(ex)|* converges; here we are using |¢(e)| = |p(ex)|. We use an auxiliary
fact from calculus: if (ay) is a sequence in F and there exists ¢ > 0 such that for all n, the
estimate Y ,_,|ax| < ¢ holds, then the series Y.~ |ax| converges.

So, we want to find ¢ > 0 such that s, := Y ;_,|¢o(ex)* < ¢ for all n; this will prove
convergence of the series Y - |¢(ex)*. We have

sn=Y_lplen)? = wlex)pler) = ¢ (Z @%) :
k=1 k=1 k=1

, (z m)

The last inequality is true because ¢ is bounded.
The sequence (e1, . .., e,) is orthonormal in ¢, so

= > lp@)? = Y lplen) = sn.

and so

<C

> wleer

n

A

k=1

And so we have shown )

olep)er|| = Csy.

k=1

If s, # 0 for some n, then we may divide to find s, < C?. If s,, = 0 for some n, then of
course we have s, < C?. So, for all n, we have s,, < C? =: ¢, as desired; thus r € (2.

Now we check that ¢(f) = (f,r) for all f € ¢*. Since (e;);eny is an orthonormal basis
for 0%, we have f = > o1 (f,ej) ej, thus

(; (fres)e ) i<fej if fir)e

7=1

The second equality follows from Example 34.3.
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(iv) Let V be a separable inner product space with orthonormal basis (u;);jen. Does this
imply that V has the RRP? Given ¢ € V*, suppose that ¢ = (-, r) for some r € V. Then
(ryuz) = p(uy), sor =372 p(uj)u;.

So, to prove that V has the RRP, we would start with ¢ € V* and try to show that

ot = (o 3-Fahs )

This would largely proceed along the lines of the calculations in Example 34.4, but there is

one questionable point: what guarantees that the series E;’ilgo(uj)uj converges in the first
2

place? We could mimic the work in part (iii) above to show that the series » 77 |¢(u;)

converges in I, but now, outside the tangible setting of ¢2, it is not clear—and in fact
not guaranteed—that the convergence of a series of the form Z;’il\&jP in F guarantees
convergence of the series ) 7 aju; in V.

35.2 Problem (!). Suppose that the inner product space ¥V has the RRP. Define
TV Vire ().

Prove that T is bijective, that T (ry + re) = Try + Try for all r, o € V, and that
T(ar) = aTr for all « € F, r € V. Because of this last identity, 7 is not linear, and
instead we call 7 ANTILINEAR.

We now show how the RRP addresses our desire to generalize those inner product spaces
V and subspaces U that have the orthogonal direct sum decomposition V = U SU~L. First, we
need some additional properties of the orthogonal projection operator from Theorem 31.5.

35.3 Lemma. LetV be an inner product space and let U be a subspace of V. Suppose that
YV =U&UL. The orthogonal projection Py: V — U satisfies the following.

(i) (Pyv,w) = (v, Pyw) for all v, w € V.
(i) ||Pyvll < ||v|| for allv e V.

Proof. (i) Fix v, w € V and write w = Pyw + u* for some u* € U*. Then
(Pyv, w) = (Pyv, Pyw + u") = (Pyv, Pyw) + (Pyv,u™).
Since Pyv € U and ut € U, we have
<77uv, ul> =0,

thus
(Pyv,w)y = (Pyv, Pyw) .

Interchanging the roles of v and w therefore gives

(Pyw, vy = (Pyw, Pyv) .
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Then

(Pyv,w) = (Pyv, Pyw) = (Pyw, Pyv) = (Pyw,v) = (v, Pyw) .

(ii) We work backwards: let v € V and write v = Pyv + u* . Since (Pyv,u") = 0, the
Pythagorean identity gives

o)1 = || Puv + ut|* = [|Puv]? + |Jut || = || Puvl?. m

35.4 Theorem. LetV be an inner product space with the RRP and let U be a subspace of
V. ThenV =U & UL if and only if U has the RRP.

Proof. (=) Let ¢ € U. Take C' > 0 such that |p(u)| < C'|u|| for all u € U. The goal is
to find r € U such that p(u) = (u,r) for all w € U. Since V has the RRP, a natural first
step is to relate ¢ to a functional defined on all of V, invoke the RRP for V to represent that
functional by a vector in V, and then show that this representing vector really is in &/. And
since V = U @ U*, the most natural way to get a functional on V out of a functional on U
is to involve the orthogonal projection P, : V — U.
So, define
vV = F:v— o(Pyv).

Then ¢ € V' since p € U* CU" and Py € L(V,U). Next, we estimate
(@) < C[[Pyvll < Clvll-

This uses the boundedness of ¢ and the estimate on Py, from part (ii) of Lemma 35.3. Thus
1 € V*, and so there is r € V such that ¢ = (-, 7).
We claim that r € U. If so, then we have

p(u) = e(Pyu) = (u) = (u,r).

This shows that ¢ has the RRP.
We show r € U by proving that (v,r) = (v, Pyr) for all v € V. It then follows from
Theorem 25.15 that r = Pyr € U. So, we compute

(v,7) = 1(v) by definition of r
Pyv) by definition of )

w(

¢(P;v) since Py = P} for orthogonal projections
©(Py(Pyv)) by definition of P

(Pyv) by definition of ¢ again

= (Pyv,r) by definition of r again
= (v, Pyr) by part (i) of Lemma 35.3. |

35.5 Problem (x). The reverse implication in Theorem 35.4 can be proved by applying
an idea from Problem 31.3. Specifically, for v € V, define ¢ € U™ by

o: U = F:uw (u,v).



Day 36: Monday, November 10 158

Apply the RRP for U to get ¢ = (-, r) for some r € U, and show that v — r € U+. Why
does this show that V =U @ U*?

Day 36: Monday, November 10.

We know that if an inner product space V satisfies V = U @ U for a subspace U, then
Ut = U. This was Theorem 31.9, and that theorem did not require V to have the RRP.
We might wonder if having U+ = U is enough to guarantee the orthogonal direct sum
decomposition V = U @ U*. The answer is yes if 4+ has the RRP, for then V = U+ @ U+,
But since U1+ = U here, that just says V =U @ U™ .

It turns out that if V has the RRP and U is any subspace of V, then U+ always has the
RRP (regardless of whether or not & does). Proving this' requires a deep theorem, whose
proof in turn hinges on Zorn’s lemma, like the proof that every vector space has a basis.

36.1 Theorem (Hahn—Banach extension theorem). Let V be an inner product space
and let W be a subspace of V. Suppose that ¢ € W*.Then there is ¢ € V* such that
o(w) = @(w) for allw € W and |p(v)| < C||v|| for allv € V.

36.2 Lemma. Let V be an inner product space with the RRP and let U be a subspace of
X. ThenU" has the RRP.

Proof. Let ¢ € (U™)*. Our goal is to find r € U~ such that p(u™) = (u",r) for all u™ € U™
We do this by passing through an “intermediate” subspace of V.
Put
w :z{tﬁ—uL } uwel, ut EUL}.

Then W is a subspace of V. Each w € W can be written uniquely in the form w = u + u*
for some u € U and ut € U*; existence of this decomposition is in the definition of W, and
uniqueness is Lemma 30.9. Define

VW = Fru+ut = plut).
Then ¢ € W* and if u € U, then
P(u) = ¥+ Op) = 9(0y) = 0. (36.1)

By the Hahn Banach theorem, there is ¢ € V* such that ¢ (w) = ¢(w) for all w € W.
Since V has the RRP, we can write ¢ = (-,7) for some 7 € V. Then for u* € U™*, we have

(b 1) = P(ut) = POy +ut) = Y0y + ut) = p(ut).

We will show € Ut by checking (u,r) = 0 for all u € U, and then we will be done. For
ue U CW, we compute

(u,r) = ¥(u) = P(u) =0

T The proof of Lemma 36.2 is due to Tuvasbien’s post https://math.stackexchange.com /questions /5082676 /riesz-
representation-for-orthogonal-complements-without-using-completeness.
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by (36.1). |

So, per the discussion above, if Y+ = U for a subspace U of the inner product space V
with the RRP, then V =U @ U*.

There is also a more geometric characterization of when a subspace has the RRP. We know
that if an inner product space V and subspace U satisfy V = U @ U*, then the orthogonal
projection Py : V — U gives the “best approximation” of any v € V by a vector in U via the
inequality || Pyv —v|| < |lu — || for all u € U.

36.3 Definition. Let V be an inner product space. A subspace U of V has the BEST
APPROXIMATION PROPERTY if for each x € U, there exists a unique A(v) € U such that
v —A()|| < |lv—ull for alluel.

36.4 Theorem. Let V be an inner product space and U be a subspace of V. Then U has
the RRP if and only if U has the best approximation property.

Proof. (=) If U has the RRP, then V = U @ U*, and we can take A(v) = P,v to get the
best approximation of v by a vector in U. [ |

36.5 Problem (%). Let V be an inner product space and U be a subspace of V. Suppose
that U has the best approximation property; in the notation of Definition 36.3, write any
veEVasv=Aw)+ (v— A@)), so Aw) € U. Show that v — A(v) € U by using the
characterization (30.1) of U*. [Hint: A(v) +u €U for allv €V and u € U.|

We can now augment Theorem 35.4 with two more equivalent conditions.

36.6 Theorem. LetV be an inner product space with the RRP and let U be a subspace of
V. The following are equivalent:

(i) U has the RRP.
(i) v=uUoU".
(iii) U+ =Uu.

(iv) U has the best approzimation property.

What guarantees that an inner product space has the RRP? There are multiple equivalent
conditions; with sufficient background in analysis and topology, one can show that the RRP
is equivalent to the COMPLETENESS of )V with respect to the norm induced by the inner
product (and so V is a HILBERT SPACE). We develop a characterization based on the
kernels of bounded linear functionals.
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36.7 Lemma. LetV be a vector space and let p1, o2 € V'. Suppose that ker(p1) C ker(yp2).
Then there is o € F such that @9 = ;.

Proof. If 93 = 0y, take a = 0. Otherwise, let vy € V with o(vg) # 0. Then ¢1(vg) # 0 as
well, as otherwise vy € ker(¢1) C ker(¢psz). Also, pa(vg) = ap1(vg), and so, since i (vg) # 0,
the only choice for « is

o= 2(vo)
1(vo)
That is, we want to show
p2(vo)
v) = v
()02( ) ¢1<v0) %01( )

for all v € V.
This is equivalent to

which in turn is equivalent to

02 (U _ p1(v) UO) —0,

and that is equivalent to
p1(v)
v — ——=vp € ker(ps).
1(vo) (e2)
Since the vector under consideration only involves ¢;, and since ker(p;) C ker(ys), it is

natural to compute

_801(1’)@ _ U_@l(v) o) = o1 (V) — o) =
or (v 2800 = 1(0) = 281 (wn) = a(0) = 1 0) =0

Working backward, we have shown ¢y = apy with o = pa(vg) /1 (vo). |
36.8 Problem (x). Let V be an inner product space and r € V. Show that
ker((-,7)) = span(r)* and  ker((-,7))* = span(r).

[Hint: for the first equality, use definitions; for the second, what do you know about U+
when U is a finite-dimensional subspace of V7|
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Now we are ready to characterize spaces with the RRP.

37.1 Theorem. Let V be an inner product space. The following are equivalent.
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(i) V has the RRP.
(ii) V = ker(p) @ ker(p)* for all ¢ € V*.
(iii) ker(p)*" = ker(y) for all p € V*.

Proof. (i) = (ii) Let ¢ € V*. Since V has the RRP, we can write ¢ = (-,r) for some
r € V. Problem 36.8 tells us that ker(¢) = span(r)* and ker(p)* = span(r). Since span(r)
is finite-dimensional, V = span(r) @ span(r)®= by Theorem 30.10, thus V = ker(y) ®ker(p)*.

(ii) = (iii) This is Theorem 31.9.

(ili) = (i) Let ¢ € V*. We want to find r € V such that ¢ = (-,r). This is easy in the case
that ¢ = 0y, for then we can just take r = 0y.

Assume from now on that ¢ # 0y_r. We work backwards: if we have such an r with
¢ = (-,7), what do we know about r? Problem 36.8 tells us that r satisfies ker(y) = span(r)*
and ker(p)* = span(r). In particular, we want r € ker(yp)*.

So, we might take some w € ker()* and use w to obtain the representing vector r. (Since
there can be only one r with ¢ = (-, ), we are not guaranteed that the w € ker(¢)* that we
pick will automatically satisfy ¢ = (-, w). Perhaps there will be some intermediate work.)
There is one w that we may want to avoid: if we take w = 0y, then (-, w) = 0y_,r. But now
we are assuming ¢ # Oy_r. Is it possible to choose w € ker(¢)™ \ {0y}?

Yes: for if ker(¢)* = {0y}, then

ker(p) = ker(p) "+ = {0y}* =

and so ¢ = Oy_r after all. That is, if ¢ # Oy_, then there is w € ker(p)* \ {0y}.

Here is what any such w does: (v,w) = 0 for all v € ker(yp) and w # 0y. That is,
ker(y) C ker({(-,w)). By Lemma 36.7, there is o € F such that (-, w) = ayp. If a # 0, then
we can divide to find ¢ = (-, w/@), and so we take r = w/a. If a = 0, then (-, w) = Oy_p.
That is, (v,w) = 0 for all v € V, and then w = 0y, by Theorem 25.15, a contradiction. W

We promised two major uses of inner product spaces in understanding the fundamental
problem 7 v = w for an operator 7 between the spaces V and W. The first was least squares
approximation: when we cannot solve 7v = w, what is the best problem to solve instead?
If W and T (V) have the RRP, write W = T(V) & T (V)" and solve T = Pryyw

The next application is a geometric characterization of the range. What does it mean to
have w € T (V) beyond the definition? We begin with a familiar example. Let

V={feC®R)| f(z) = f(x+ 2n) for all x € R}

and

(f.9) /f v) de, f, gev.

37.2 Lemma. The map (f,g) = f ) dz is an inner product on V as defined
above.
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Proof. As is often the case, the only property that really needs checking is definiteness;
all of the other properties follow from ordinary properties of integrals. So, suppose that

(f, f) = 0, which means fgﬂlf(x)P dr = 0. Per Example 25.7, we have f(z) = 0 for all
0 <z < 2m. Since f is 2m-periodic, for any y € R, there are x € [0, 27| and k € Z such that
fy) = f(z +27k) = f(x) =0, thus f = 0. |

37.3 Problem (!). Why is (f,g) = fo ) dz not an inner product on C*(R)?
[Hint: it is a fact, easily suggested by a pzcture cmd samewhat ticklish to prove, that for any
interval [a,b], there is an infinitely differentiable function f: R — R such that f(x) =0
for a < x <b with f(x) #0 for some xz € R\ [a,b].]

Now let g € V and consider the problem 7 f = g. By the fundamental theorem of calculus,
this is equivalent to

Fa) = 10+ [ gts) ds. (37.1)

Does defining f in this way actually yield a function in V7 What is new here is that we
require f(z + 2m) = f(x). Taking = = 0, we see that this definition of f and 27-periodicity
require

/O%g(s) ds = 0. (37.2)

Conversely, if g satisfies this “mean-zero” condition (37.2), then

/OHQ?T g(s) ds = /Oxg(s) ds + /:+27rg(s) ds.

Put G(x) := fﬁ”w (s) ds, so G’( ) = g(x+27) —g(x) = 0 since g is 2m-periodic. Thus G is

constant and G(0 fo ds = 0, hence G = 0. We conclude HQW g(s) ds = [(g(s) ds
for all z, which gwes the 27r perlodlclty of f as defined in (37.1).
Here is what we have shown:

TV) = {g cv ‘ /O%g(s) ds — o} | (37.3)

We did all of this with calculus and did not use the inner product at all. What does this
characterization of the range mean in terms of the inner product? How does the inner
product show up in the mean-zero condition [ iwg(s) ds =07



Day 38: Friday, November 14 163

Day 38: Friday, November 14.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Adjoint of a linear operator

The trick is multiplying by 1. Put u;(x) := 1 for all z. Then

2w 2w
| st de= [ gnta) o = tg.m).
0 0
The identity (37.3) then reads
TV)={9€V|{gu)=0}.

Here is a (somewhat) different way of obtaining (g,u;) = 0 for g € T(V). It g = T f for
some f € V), then

<gau1> = <Tf7 u1> - <f/,U1> — /0 Wf,(J/’)Ul(CC) d:L‘

Now we integrate by parts:

21 2
| r@we) de = femuen - 500 - [ e d
0 0
Since f is 2m-periodic and u; = 1, the “boundary terms” vanish:

F(2m)ur (27) — £(0)ur (0) = 0.

And since u; is constant, uj = 0, thus

[ i) =0

as well. This gives (g,u;) =0 for all g € T(V).

However, this calculation still relied heavily on properties of integrals, just not the ones
that we used before. In the language of inner products, integration by parts and the vanishing
of the boundary terms showed

<Tf7 U1> = <f7 —TU1> :

This is actually valid for more than just u,.
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38.1 Problem (!). Let f, g € C'([a,b]) with f(a) = f(b) and g(a) = g(b). Show that

/a ) i — / " i) i

In the concrete situation above, we have

(Tf.9)={(f,Sg)

for all f, g € V, where S := —7T. The function u; satisfies ker(7) = span(u,), and so also
ker(S) = span(uq). Then if g € T(V) with g = T f for some f € V, we have

<g7u1> = <Tf7 U1> = <f, SU1> =0.
Any h € ker(S) has the form h = au; for some o € F, thus if g € T(V), then

(9. h) = {g,0m) = a{g,u) =0.

This is true for any g € 7(V) and h € ker(S), and so such g and h also satisfy g € ker(S)*
and h € T(V)*. That is,

T(V) Cker(S)t  and  ker(S) C T(V)*.
Now let h € T(V)* and f € V. Then
0=(Tf h)=(f,Sh),
and since this is true for any f € V, we have Sh = 0y. Hence 7 (V)" C ker(S). And so here
TV = ker(S),

thus 7(V)** = ker(S)*.

This, frankly, is about as far as the inner product approach will take us, but it is pretty
far. If we knew 7 (V)*+ = T(V), then we would have T (V) = ker(S)*. Of course, we know
this already, since we worked that out with calculus.

38.2 Problem (x). We also know that 7 (V)**+ = T(V) if we have V = T (V)®T (V)*. This
turns out to be true in the concrete situation above. Start with f € V, so f € C*°(R) and
f(x+27) = f(x) for all x. We want to write f = ¢ —1—au1 for some 27m-periodic g € C*(R)
and some ¢ € R. The natural idea may be to take g(z) = [ f(s) ds =: (Af)(z) and ¢ =0,
but we are not guaranteed that such a g is 27- perlodlc Indeed we have established that
if h € C(R) is 2m-periodic, then Ah is 2m-periodic if and only if (Ah)(27) = 0.

The right idea is to adjust the integrand defining g so that ¢ is genuinely 2m-periodic
and then adjust ¢ to compensate for that new integrand. Show that taking

_A(f_w) g o ADET)

2T 2T



Day 38: Friday, November 14 165

yields f =T g+ cu; with g € V.

Here is what we are going to show in general: under suitable hypotheses on 7 (and its
domain and codomain), we can write 7 (V)™ = ker(S)* for an operator S. With more
hypotheses on 7~ (and its domain and codomain), we can get 7 (V)**+ = T(V), and then we
have 7(V) = ker(S)*. This is our long-desired geometric characterization of the range in
terms of a simpler object (a kernel).

38.3 Problem (!). Let V and W be vector spaces and suppose that 7 € L(V, W) is
finite-rank. Prove that 7(V)**+ = T(V).

38.4 Remark. Does all of this feel excessive, gratuitous, unnecessary? It should. We
do not need a single piece of linear algebra to solve the problem f' = g for f and g 27-
periodic.  Or to understand the solution. However, as always in this course, the point
1s to use familiar objects from calculus as teaching tools: what is the deeper linear algebra
underlying a (hopefully) familiar and accessible problem? What does this concrete situation
teach us about abstraction?

Here is the essential abstraction. Let V and W be inner product spaces and 7 € L(V, W)
and S € LW, V) such that

(Tv,w),, = (v,S(w)),, veV, weW. (38.1)
Take w € T(V), so w = Tv for some v € V, and let z € ker(S).

1. We have
(w, 2),y = (T, 2),, = (v,52),, = (v,0y),, = 0. (38.2)

The first equality is the definition w = T, the second is the fundamental identity (38.1), the
third is z € ker(S), and the fourth is a property of inner products. We have shown that if
w € T(V), then (w, z),,, = 0 for all z € ker(S), and so w € ker(S)*. Thus T (V) C ker(S)*.

2. The calculation (38.2) also shows that if 2 € ker(S), then (w, z),,, = 0 for all w € T (V).
Hence z € T(V)*, and so ker(S) C T(V)*.

3. Last, suppose u € T (V). Then (w,u),, = 0 for all w € T(V), so (Tv,u),, = 0 for all
v € V. The fundamental identity (38.1) gives

0= (Tw,u), = (v,Su),,.

Since this is true for all v € V, Theorem 25.15 implies that Su = 0y, thus u € ker(S). We
have shown that if u € T(V)*, then u € ker(S), and so T(V)* C ker(S).

Combining the second and third results give

T(V)* = ker(S).
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If we also know that 7(V)** = T(V), perhaps because W and T (V) have the RRP, then
we obtain

T (V) = ker(S)*. (38.3)

This is a geometric characterization of 7 (V) in terms of a simpler object—"geometric” be-
cause (38.3) involves an orthogonal complement, simpler because ker(S) requires us to solve
Sw = 0y, which is arguably simpler than trying to solve Tv = w for every w € W, or at
least every w € T (V).

We now have two questions to consider. First, under what conditions on V, W, and
T € L(V,W) is there an operator S € L(W,V) such that (38.1) holds? Second, what
conditions on V, W, and T € L(V, W) guarantee T (V)" = T(V)?

We begin by studying S in much more detail. The proof of the following theorem is a
great exercise in the slogan “What things do defines what things are.”

38.5 Theorem. LetV and W be inner product spaces with inner products (-, -),, and (-, -),,,,
respectively. Let T € L(V, W) and suppose that S € V"V with

(Tv,w),, = (v,S(w)),, veV, weW. (38.4)
Then S satisfies the following.
(i) SeLW,V).
(ii) ker(S) = T(V)* and T(V) C ker(S)*.

(iii) S is the only linear operator from W to V to satisfy (38.1).

Proof. (i) We want to show that S(w; + ws) = S(wy) + S(we) for all wy, wy € W. We
know

(Tv, wy + wa)yy, = (v, S(wy + wa))y,
for all v € V. We put this together to show that

(v,S(w1 + U)2)> <TU wy + w2>

= (Tv,wi)yy + (Tv, w2y,
= (v, S(w1))y, + (v, S(w2))y,
=

v,S(wr) + S(wy))y, -
Since
(v, S(w1 + w2))y, = (v, S(wr) + S(wz))y,

for all v € V, we have
S(wy + wy) = S(wy) + S(w,).

A similar argument shows S(aw) = aS(w) for all « € F and w € W.
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(ii) We proved this just before the statement of this theorem.

(iii) Suppose that S € L(W, V) also satisfies

(Tv,w)y, = <v, §w>

1%

for all v € V and w € W. We want to show Sw = Sw for all w € W, equivalently, (S— g)w,
and this happens if

<v, (S — g)w>v =0

for all v € V. We compute

<v, (S — g)w>v = (v,Sw),, — <v,§w>v = (Tv,w)y, — (Tv,w),, =0. |

38.6 Problem (!). Do that similar argument to show that S(aw) = aS(w), as claimed in
the proof of part (i) above.

Content from Linear Algebra by Meckes & Meckes. The uniqueness argument is
Lemma 5.11 on p. 312.

38.7 Definition. LetV and W be inner product spaces and T € L(V,W). The ADJOINT
of T is the unique operator T* € L(W,V) such that

(Tv,w),, = (v, T w),, veEV, weW,

if such an operator T exists.

Content from Linear Algebra by Meckes & Meckes. The adjoint is defined on p. 311.
Note the book’s use of “an” adjoint at this point, not “the” adjoint.

Let V and W be inner product spaces and suppose that 7 € L(V, W) has the adjoint 7.
Part (ii) of Theorem 38.5 shows that

TV = ker(T*).

If we know that 7(V)*+ = T(V), then we obtain the superb “range equals kernel perp”
characterization of the range: T (V) = ker(7*)*.

What else can we learn about the adjoint? It turns out that viewing the adjoint as
an operator-theoretic version of the complex conjugate can be very fruitful. Recall that if
z=x+1y € C, then Z =x + 1y := v — 1y. Then for z, w € C, we have

Ztw=7+w, zw = z(w), Z=2 and 21=(2)tifz#0.

The adjoint acts much the same.



Day 39: Monday, November 17 168

38.8 Theorem. Let V and W be inner product spaces.
(1) Suppose that Ty, To € L(V, W) have adjoints. Then T, + Tz has the adjoint
(M+T) =T+T;.
(ii) Suppose that T € L(V, W) has an adjoint and o € F. Then oT has the adjoint
(aT) =aT".
(iii) Suppose that T € L(V, W) has an adjoint. Then T* itself has the adjoint
(T ) =T.

(iv) Suppose that T € L(V, W) is invertible has the adjoint T*. Then T* is invertible and
T~ ! has the adjoint
(7-—1)* — (7—*)—1

(v) Suppose that U is also an inner product space and now Ty € L(U,V) and Ty € L(V, W)
have adjoints. Then ToT1 € LU, V) has the adjoint

(T2Th)" =TTy

Proof. We prove only the third part. If 7 € L(V, W) has the adjoint 7* € L(W, V), then
we expect that (77)" € L(V, W) and

(T v,w)yy = (v, T W)y, veV, weW. (38.5)
Does T do this? Certainly 7 € L(V, W), and

(Tv,w)y, = (v, T W), .

That is, T fulfills exactly the role of (77)* in (38.5), and so by uniqueness of the adjoint,
(T*) =T. |

Content from Linear Algebra by Meckes & Meckes. These properties appear in Propo-
sition 5.14 on pp. 313-314. Do Quick Exercise #9 on p. 312.

Day 39: Monday, November 17.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Self-adjoint operator, skew-adjoint operator
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39.1 Example. Our motivating example for adjoints involved the periodic function
space V = {f € C® | f(xz + 27) = f(z) for all z € R} with the inner product (f,g) :=
fgwf(s)g(s) ds and the operator 7:V — V: f — f'. There we showed that (T f,g) =
(f,—Tg) for all f, g€V, soT has the adjoint T* = —T.

Operators 7 € L(V) with 7" = —7 also have a special name.

39.2 Definition. Let V be an inner product space. An operator T € L(V) is SKEW-
ADJOINT if T = —T.

Finite-dimensionality guarantees the existence of many nice things in linear algebra, so
it should be no surprise to find that adjoints exist for operators with finite-dimensional
domains.

39.3 Theorem. Let V and W be inner product spaces with V finite-dimensional. Then
any operator T € L(V, W) has an adjoint. Specifically, if (uy,...,u,) is an orthonormal
basis for V, then

T w = Z (w, Tuj)yy, v, weW.

=1

Proof. Finite-dimensionality means that we can use a basis, and since we are working with
inner product spaces, we can use the best basis. Let (ug,...,u,) be an orthonormal basis for
V. We want to find an operator S € L(W, V) such that (Tv,w),, = (v,Sw),, for all v € V
and w € W. How should we define Sw? We manipulate

(Tv, W)y, = <7’Z <v,uj>vuj,w> = <Z <@,uj>vfruj,w> = Z (v, 1), (Tug, Wy -

This is the linearity of the inner product in its first slot (with respect to both sums and
scalar multiples). Now look at the terms of this sum:

(v, u5),, (Tuj,w),, = <v, (Tuj,w>wuj>v = (v, (w, TUj>WUj>V.

This is the conjugate linearity of the inner product in its second slot (with respect to scalar
multiples). Then

(Tv,w),, = Z <v, (w, Tuj)y, uj>v = <v, Z (w, Tuj>wuj> )
v

j=1 j=1

This is the linearity of the inner product in its second slot (with respect to sums). [ |

39.4 Problem (!). Does this proof remind you of the calculation in Example 34.47
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Content from Linear Algebra by Meckes & Meckes. This result is Theorem 5.12 on p.
312.

39.5 Example. Let A € F™*", and let My: F* — F™: v — Av. We know what the
adjoint M’ : F™ — F" does:

<MAV7 W>m = <Va MZW>n )

where (-, -), is the dot product on F*. And we know what M is:

n n

Miyw = Z (W, Mye;) e; = Z (w, Ae;) e;
j=1 j=1
with (eq,...,e,) as the standard basis for F".

So what is the matrix representation [M7%] € F"*™ and how is it related to A? Let
(€1,...,€y) be the standard basis for F™. Then the jth column of [M7] is [M}]e; =
Me; € F", and so the (i, j)-entry of [M7] is (M’e;, e;) . We compute this more precisely
as

(Mej e, = (€, Maey),, = (¢;, Ae;), = (Ae;, €) .
This is the conjugate of the (j,7)-entry of A: the ith column of A is Ae; € F™, and its jth
entry is (Ae;, €;)

m*

We name the matrix that appeared in the previous example.

39.6 Definition. Let A € F™*". The CONJUGATE TRANSPOSE or the ADJOINT of A
is the matriz A* € F™*™ whose (i, j)-entry is the conjugate of the (j,i)-entry of A.

So, for A € F™ " the matrix representation of the adjoint of the multiplication-by-A
operator is the adjoint of A:

My = A

39.7 Example. If

then L
« |1 =20 4] |1 20 4
R

Content from Linear Algebra by Meckes & Meckes. Pages 96-97 discuss matrix
transposes and conjugate transposes. We know M’ = M4+, but how is M7 related
to M4 when we are working with complex matrices and vectors? This is subtle, and it
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involves linear functionals. . .

39.8 Example. Let V = C([0,1]) with the L*-inner product, and let 7: )V — V be the
multiplication operator (7 f)(xz) = zf(x). To determine if 7 has an adjoint, we compute

(T1,q) = / (TH)(@)g(a) do = / of(@)g(x) dz = / F(2)(2g(x)) da
— / F(2)(Tg)(x) dz = (f,Tg).
So, T does have an adjoint, and here 7 = T.

Operators that are their own adjoint are particularly nice (in the sense that they have
many clear and useful properties) and deserve a special name.

39.9 Definition. Let V be an inner product space. An operator T € L(V) is SELF-
ADJOINT if T =T.

39.10 Problem (!). Let ¥V and W be inner product spaces with V # W. Why does it not
really make sense to talk about a self-adjoint operator 7 € L(V, W)?

39.11 Example. Let
V={feC®R)| f(x+27m) = f(x) for all z € R},

with inner product (f,g) = f?)ﬂf(a:)g(x) dr. Let T:V — V be the shift operator
(T f)(z):= f(x+1). To find the adjoint of T, we manipulate

T

(Tf.9) = / TH@) de= [ flat Dg(a) de.

—T

We would like to turn this into an integral involving only a factor of f(x) and “something”
involving ¢, and the way to do that is to “remove” the x 4+ 1 by substituting s = = + 1,
ds =dx, s(—m) = —m 4+ 1, and s(7) = 7 + 1 to find

2

flo+ o) o= [ " 9)gs - 1) ds.

0

The problem now is that this integral is not over [0, 27|, and so it is not really the original
inner product.

But it is: if h € C(R) is 2m-periodic, then H(x) := f?%h(s) ds is 2m-periodic as
well. We have used this fact several times throughout the course (possibly with periods
other than 27). The easiest way to prove it is to compute H' = 0, thus H is constant, so

H(x) = H(0) = [7"h(s) ds.
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In the particular case above, h(s) = f(s)g(s — 1) and so

[ sats =1 ds= [ rlats 1) as.

Thus with (7*¢)(s) := g(s — 1), we have (T f,g) = (f, T"g).

39.12 Problem (x). Define T: ¢* — ¢* by (T f)(k) = f(k+1), so f is the “forward shift”
operator. Show that
0, k=1

(T*g)(k) = {g(k_ D kee

We can think of 7 as the “backward shift” operator (with slight tweaking to account for
the absence of anything before g(1) to shift back to). [Hint: if (ar) € F*°, m, n > 1, and
the series Y . aj converges, then Y ° ap = Y 7~ . ap_,. Apply this property to the

series in (T f,g) = f(2)g(1) + > s f(k +1)g(k).]

39.13 Problem (x). Let V = (([0,1]) with the L*inner product. Re-
call from multivariable calculus that if h is continuous on the unit square
{(x,y)GRQ ‘ 0<xz<1, Ogygl},then

1 o 1 1
/ / h(z,y) dy dx = / / h(z,y) dz dy.
0 Jo 0 Jy

Use this fact to find the adjoint of the antiderivative operator 7: )V — V given by
(T (@) = [of(y) dy.

An operator is not, however, guaranteed to have an adjoint.

39.14 Problem (%). Suppose that we remove the periodic boundary conditions from Ex-
ample 39.1 and work on the simpler interval [0,1]. Let V = C*([0,1]) with the L*-inner
product. Define T € L(V) by T f := f’. We show that 7 does not have an adjoint. Proving
this directly involves a complicated negative: for all S € L(V), there exist f, g € V such
that (7 f,g) # (f,Sg). Instead, we proceed with contradiction: assume there is S € L(V)
such that (Tf,g) = (f,Sg) for all f, g€ V.

(i) Integrate by parts to get

(f,Sg) =(Tf,9)=f(1)g(1) = f(0)g(0) = (f, Tg).

The absence of boundary conditions (i.e., conditions on the values of functions in V at
x =0, 1) means that we cannot easily get rid of the terms f(1)g(1) — f(0)g(0) and end up
with just the inner product term (f, —7 ¢). This should warn us that an adjoint of 7 may
not exist.
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(ii) Obtain
(£, (T +8)g) = F(1)g(1) — £(0)g(0).
(iii) Put g(z) =2 — 1 to get
(£ (T +8)g) = £(0).
Conclude that the functional : V — F: f +— f(0) is bounded, and obtain a contradiction

from (the methodology of) Example 34.8. (That example involved the larger inner product
space C([0,1]), but the functions f,, in that example are infinitely differentiable.)

Day 40: Wednesday, November 19.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Bounded linear operator

What conditions, then, can we put on inner product spaces V and VW and an operator
T € L(V,W) to ensure that 7 has an adjoint S € L(W,V)? Consider the fundamental
property of the adjoint: we want

(T, w)y, = (v, Sw),,

for all v € V and w € W. Fix w € W; the goal is to define what Sw should be. Consider
the map
Yw: V—=F: o= (To,w),,.

This is certainly a linear functional: ¢, € V'. If ¢, is also a bounded linear functional
(pw € V7), and if ¥ has the RRP, then there is a unique r,, € V such that ¢, = (-, 7).
That is,

(Tv,w)y, = @u(v) = (v, Tw)y, -
If we define Sw := r,,, then § meets the fundamental property (38.4) of the adjoint.
What guarantees that ¢, is bounded? We can estimate

(V)] = [ (To,w)y [ < [ Tolly llwlly,

by the Cauchy—Schwarz inequality. Here

[olly = V(v,0) and - flwlly, = v (w, w).

However, we would like an estimate of the form
|pw(v)] < Clo]-

The right idea is to demand that 7T is bounded in the following sense.
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40.1 Definition. Let V and W be inner product spaces. An operator T € L(V, W) is
BOUNDED if there exists C' > 0 such that

ITvlly < Clolly

for allv € V. We denote the set of all bounded linear operators from V to W by B(V, W).
An operator is UNBOUNDED if it is not bounded.

In particular, V* = B(V,F).

40.2 Problem (x). Adapt the proof of Theorem 34.1 to prove that B(V,V) is a subspace
of L(V,W).

40.3 Problem (*). Since almost everything seems to work in finite-dimensional spaces,
it probably will not be surprising to know that all operators on a finite-dimensional space
are bounded. Let V be a finite-dimensional inner product space with orthonormal basis
(ui,...,u,) and let W be any inner product space (perhaps infinite-dimensional). Adapt
the method of (the first two parts of) Problem 34.6 to prove that any 7 € L(V, W) is
bounded. [Hint: replace ¢ with T and |p(u;)| with || Tw,|,,-|

40.4 Problem (x). Not every operator with an infinite-dimensional domain is bounded.
Let V = C'([0,27]) and W = C([0,27]), both with the L*-inner product (f,g) =
fzﬂf(:c)g(x) dz. Define T € L(V,W) by T f = f'. Suppose that T is bounded and obtain
a contradiction by considering the functions f,(z) := sin(nx). [Hint: if f is 27w-periodic
and n > 1 is an integer, then fimf(x) dx = f?rf(x) dx.

40.5 Problem (!). A finite-dimensional codomain does not guarantee the boundedness of
a linear operator. Give an example of an infinite-dimensional inner product space V, a
finite-dimensional inner product space W, and a linear operator 7 € L(V, W) such that T
is not bounded. [Hint: work with dim(W) = 1.]

We combine our old ally, the RRP, with the new notion of bounded linear operator to
spell out a situation that guarantees the existence of the adjoint.

40.6 Theorem. Let V be an inner product space. Then V has the RRP if and only if for
every inner product space VW, every bounded operator T :V — W has an adjoint.

Proof. (=) This is the argument above. Since 7 is bounded, the functional ¢, defined
above is bounded, so the RRP applies to produce the representing vector r,. Since 7,
is unique, the map §: W — V: w — r, is defined, and by construction it satisfies the
fundamental property of the adjoint, which in turn implies its linearity.

(<) Take W = V. Let ¢ € V* and vy € V with vy # 0y. Then Tv := ¢(v)vy is a bounded
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operator on V and so has an adjoint 7*: V — V. That is, (Tv,w) = (v, T w) for all v,
w € V. Taking w = vy, we obtain

() lloll* = @ () {vo, vo) = ((v)vo, v0) = (Tv,v0) = (v, T o),

ﬂ@z<u%%$. 0

We emphasize that from this theorem only the domain of an operator needs to have the
RRP for the operator to have an adjoint, not the codomain.

thus

40.7 Problem (%). Let V and W be inner product spaces and let 7 € B(V, W) have the
adjoint 7° € L(W,V). Prove that T € B(W,V). More precisely, show that if C' > 0
satisfies ||Tvl,, < C|lv|l,, for all v € V, then this same C satisfies ||[T w||,, < C [Jwll,y.
[Hint: if w € ker(T™), why is there nothing really to prove? So, assume w & ker(T™); as is
often the case with the norm induced by the inner product, it is easier to square. Rewrite
| 7*wl||*> as an inner product and use the Cauchy-Schwarz inequality to eke out an estimate
involving T |

40.8 Problem (x). Let V be an inner product space and let U be a proper subspace of V
(soU #V). Fix vg € V \ U and define

T:U—V:u— (u,uv) vp.
We consider U as an inner product space with the same inner product as V.

(i) Forv € V, put Sv := (v,vp) vy (so S € L(V) and Tu = Su for all u € U; note, however,
that S and T have different domains, and so they are not the same operator). Show that
(Tu,v) = (u,Sv) for all w € Y and v € V. Explain why S cannot be the adjoint of 7.

(ii) Suppose that ¥V = U @U*. Prove that 7 has the adjoint given by T*v = (v, vo) Pyo.
[Hint: Py, = Puy.]

We have most of the tools that we need to wrap up definitively our geometric charac-
terization of the range of an operator. Let ¥V and W be inner product spaces, and suppose
that V has the RRP. Let 7 € B(V,W). Then 7 has an adjoint 7": W — V, and so
T (V) = ker(T*). The question remains: what guarantees 7 (V)™ = T(V)?

This is a hard question. Here is an answer that often turns out to be straightforward to
verify in practice but whose proof in the abstract requires tools that we do not really possess.

40.9 Theorem. Let V and W be inner product spaces and suppose that both V and W
have the RRP. Let T € B(V,W). The following are equivalent.

(i) TV =TW)
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(ii) There is C > 0 such that ||v|),, < C || Tl for all v € ker(T)*.

Specifically, the proof of this result can be achieved using some deep properties of normed
spaces in conjunction with results about inner product spaces.

40.10 Problem (!). Suppose that V and W are inner product spaces and T € L(V, W).

(i) Suppose that there exists C' > 0 such that |jv|,, < C'||Tv||,, for all v € V. Such an
estimate is sometimes called a COERCIVE ESTIMATE for 7. Prove that 7T is injective.
[Hint: what happens if Tv = Oy 9

(ii) Suppose that V is nonzero and 7 is not injective. Explain why there exists no C' > 0
such that ||v]|,, < C'||Tv||, for all v € V.

40.11 Definition. Let V and W be inner product spaces and suppose that T € L(V, W)
has an adjoint T* € LOW,V). The four FUNDAMENTAL SUBSPACES associated with T
are the subspaces ker(T) and T*(W) of V and T (V) and ker(T*) of W.

If V and W are finite-dimensional, then 7(V) = ker(7™*)*, and likewise 7*(W) = ker(T ).
We therefore have orthogonal direct sum decompositions

V = ker(T) @ ker(T)* = ker(T) @ T(OW)*

and

W=TV)e TV =TV) & ker(TY).

Content from Linear Algebra by Meckes & Meckes. This is Proposition 5.16 on p.
315.

To represent vectors in )V or W in terms of these orthogonal decompositions, we could
find bases for the fundamental subspaces, apply Gram—Schmidt to get orthonormal bases,
and then construct projection operators. In the special case that ¥V = ", there is an easier
way of obtaining the orthogonal projection onto a subspace. This approach involves adjoints,
which is why we did not discuss it earlier.

Let (ay,...,a,) be a linearly independent list in F™ and let & = span(ay,...,a,). Then
U = C(A), where A = [a; --- a,] € F™". We will know Py if we know its matrix
representation [Py], and it would be natural if we could express [Py] in terms of A.

Let v € F™. Of course, v — Pyv € UT, so

(v—-"Pyv,a;) =0

for all j. Here (-,+), is the dot product in F”.
Now we introduce A. We have Pyv € C(A), so Pyv = Ax for some x € F". And also
a; = Ae; with e; as the jth standard basis vector in F". Thus

0= (v—"Pyv,a;), =(v—Ax, Ae;) = (A"(v—-Ax)e;) .
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Since this is true for each of the standard basis vectors, we have A*(v — Ax) = 0,,, and so
A*Ax = A*v. If we were lucky enough to have A*A invertible, then x = (A4*A)~'A*v, and
so, recalling that x satisfies Py v = Ax,

Pyv = A(A*A) T A*v.
We are indeed so lucky.

40.12 Lemma. Let V and W be inner product spaces. If T € L(V, W) is injective and
has an adjoint T*, then T*T € L(V) is also injective.

Proof. We want to show that if 7*7v = 0y, then v = 0y, and we know that if 7v = 0Oy,
then v = 0y. So, it would be enough to show that if 7*7Tv = 0y, then Tv = 0y (ie.,
that ker(7*7T) C ker(7)). We might try to relate all this to inner products by assuming
T*Tv =0y and considering

0=[|T*To|} = (T"To, T*Tv), = (To, TT Tv),,

but that looks too complicated. However (possibly inspired by a solution to Problem 40.7),
we could also compute

||7‘v||12/\, = (Tv, Tv), = (v, T"Tv), = (v,0y),, = 0.
That forces Tv = 0y and thus v = 0y, as desired. [ |

Taking T = M4 above, we have proved the following result.

40.13 Theorem. Suppose that the columns of A = [al e an] e F™" are independent.
Then [Pc(a)) = A(A*A) T A"

Content from Linear Algebra by Meckes & Meckes. This is Proposition 4.18 on p.
257. Read the least squares examples on pp. 259-260.
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Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Norm on a vector space, equivalent norms

We have been using the norm induced by the inner product almost as much as the inner
product itself, and there is more that we can learn about it. Let V' be an inner product
space. The great wutility of the norm ||v|| = 1/(v,v) induced by the inner product is that
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it allows us to quantify approximations and gives rigorous meaning to the “closest” element
in a subspace U of V to some v € V. The great comfort of this norm is that it respects
the fundamental properties that we associate with a measurement of length: nonnegativity,
which is what lengths should be (||v|| > 0); definiteness, which says that the only object of
length 0 is the zero object (||v|| = 0 if and only if v = 0y); homogeneity, which says that
scaling an object scales its length (||awv|| = |a ||v]|); and the triangle inequality, which says
that going from point A to point C directly is shorter than stopping at point B along the
way ([[v+wl| < vl + [lwl]).

Norms induced by inner products are not the only valid, meaningful way of defining length
or size of vectors. Even on inner product spaces, we can define maps that retain the above
properties of the norm induced by the inner product, and yet which cannot be the norm
induced by any inner product.

41.1 Example. Probably the most natural way of measuring the length of a vector v € R?
is its Euclidean norm, which we write as

Vi, = Vv v =1/v?+ 03

This gives the length of v as a line segment from (0, 0) to (v1,vs) in R?.

But there are other meaningful ways of measuring the “length” of v. Suppose that we
are constrained in the plane to move only horizontally or vertically (say, as we would be
on any reasonably designed grid of city streets). Then

[vll; == |vi| + |v2]

also measures the length of v if we think of length as “distance from (0,0) to (vq,v2).”
Continuing the notion that we move only horizontally or vertically, perhaps we are
interested in which direction is longer. Then

1Vl = max{[oa, [va]}

captures that longer direction.
More generally, for 1 < p < 0o, we could put

1/
[Vl == (Jor]” + oaf?) 7,

and then the following are true (though none are quite trivial to prove).

@ I, - R? — R satisfies the same properties of nonnegativity, definiteness, homogeneity,
and the triangle inequality as does the norm induced by an inner product.

(ii) limy o0 VI, = [[V]s-

(iii) The triangle inequality fails for [|-[|, when 0 < p < 1, so we will not consider that.
(Also, why does taking p = 0 give meaningless length?)
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. . . ) .
(iv) 2There exists no inner product (-, -) on R” such that [|v[|, = +/(v,v) for any p except
b=z

We sometimes call these maps the P-norms (“little ell-p norms”), although these are
defined on R?, not the sequence (sub)space £%. Of course, we could also extend these maps
to ™ just by keeping track of more components in the sums or maxima (note that each
(P-norm is defined on each space F"), and we could also define analogues on subspaces of
F*>°, e.g., putting # := {(ax) € R® | D77, |ax|? < co}. (Verifying that this is a subspace
for p £ 1, 2, oo is tricky.)

41.2 Example. For f € C([0,1]) and 1 < p < oo, we could put

i, = ([ 15w o) ”

1flle 7= max |f(z)]

0<z<1

and

to obtain the four same results as the previous example. For historical and cultural reasons,
we call these the LP-norms (pronounced “big ell-p” if we need to say this at the same time as
(7). Hopefully the L*>-norm feels like a valid measurement of function size—it is, after all,
the largest value that the function takes—and perhaps the L'-norm feels even more natural
than the L*-norm for quantifying size. The L'-norm || f||, = f(1)|f(x)| dx just captures the
total area “under” the graph of f, whereas the area interpretation of the L?-norm needs to
be considered with the effect of squaring the integrand (which makes “small” values smaller
and large values “larger”).

Of course, there is nothing special about the underlying interval [0, 1] here, as has been
the case in most of our examples with C([0,1]). We could replace [0, 1] with any closed,
bounded subinterval [a,b] C R, and everything above would be true. More challenging is
moving to a possibly open and/or unbounded interval I C R, in which case we would have
to work with improper integrals for 1 < p < oo and a supremum, not a maximum, for
p = o0.

Here is what the - and LP-norms have in common with the norm induced by an inner
product.

41.3 Definition. Let V be a vector space. A NORM on V is a map ||-|| : V — R such that
the following hold.

(i) [Nonnegativity] ||v|| > 0 for all v e V.
(ii) [Definiteness] ||v]| = 0 if and only if v = 0.

(iii) [Homogeneity] ||av| = |a ||v]| for alla € F and v € V.
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(iv) [Triangle inequality] [lv + w|| < [|v[| + [[w][ for all v, w € V.

A NORMED SPACE is a vector space on which a norm is defined; strictly speaking (recall
the similar language in Definition 25.8), we might declare a normed space to be an ordered
list V,F,+,-,||l), where (V,F,+,-) is a vector space over F € {R,C} and ||-|| is a norm
on V.

41.4 Example. Let 1 < p < oco. Then the fP-norm is a norm on F" and the LP-norm
is a norm on C([0,1]). For p = 2, this follows because these norms are induced by the
Euclidean or L?-inner product. For p = 1, oo, this is mostly straightforward by familiar
properties of absolute value and integrals; perhaps the hardest step is proving definiteness
for the L'-norm, but that uses the strategy for the L%inner product in Example 25.7.
For 1 < p < oo, proving the triangle inequality is, at the least, involved, and it relies on
classical results from analysis called Holder’s inequality and Minkowski’s inequality. In
practice, the p = 1, 2, and oo cases arise most frequently.

Content from Linear Algebra by Meckes & Meckes. Norms are defined on p. 267.
Do Quick Exercise #14 on that page (so the if and only if in our definition is not really
necessary). Read the examples on pp. 267-268.

We should not need further convincing that the norm induced by an inner product is
special. And yet there is still more to learn: not every norm on a vector space can be
induced by an inner product. The following result first gives a necessary condition for a
norm to be induced by an inner product: the norm must satisfy an identity called the
PARALLELOGRAM IDENTITY. A norm that fails to satisfy this identity cannot be induced
by an inner product. Then we state two formulas for inner products strictly in terms of the
norms that they induce. These two results show that the “diagonal” values (v,v) (= ||v||%)
completely determine the other values ((v, w), v # w) of the inner product.

41.5 Theorem. Let V be an inner product space and v, w € V.

2 2
+ w4 [lv = w

. 2 2
5 = [lv]]” + llwl]”.

(i) [PARALLELOGRAM IDENTITY] v

(i) IfV is a real inner product space, then

oy = W0l ==l

(iii) IfV is a complex inner product space, then

_ ot wll® — o = w]® + i v+ dwl® — iflv — dwl®

(v, w) -
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41.6 Problem (x). Prove it.

In fact, if a norm satisfies the parallelogram identity, then the two subsequent formulas
can be taken as the definition of the inner product that induces the norm (and there can
only be one such inner product by the “diagonal determination” remark above). Proving
that these formulas do define inner products is a nontrivial endeavor.

Content from Linear Algebra by Meckes & Meckes. Figure 4.9 on p. 269 illustrates
the parallelogram identity.

We have seen throughout the course that results for finite-dimensional spaces can be
particularly transparent and straightforward. . .relatively speaking, of course. (Now is a good
time to pause and enumerate some reasons why.) So, we might ask what is special about a
finite-dimensional normed space. It turns out that all possible norms on a finite-dimensional
space talk to each other very nicely.

41.7 Definition. LetV be a vector space. The norms |||, and |||, on V are EQUIVALENT
if there exist constants Cy, Cy > 0 such that

[olly < Cufloll,  and |, < Calvlly (41.1)

forallv e V.

Combining the inequalities in (41.1) yields
1
o vl = lvlly < G lvlly

for all v € V, and so the values of ||-||, are “trapped” (one might say “squozen”) between two
multiples of the values of ||-||,. Essentially, if we know everything about one norm, then,
up to some global constants, we know effectively everything about any other norm. Proving
this precisely requires a lemma.

Norms measure length and also distance: if ||v|| is the length of v, i.e., the distance from
Oy to v, then ||[v —w]|| should be the distance between v and w. We think that v and w
are close if ||v — w|| is small; this idea appeared in least squares solutions. It unsurprisingly
turns out that if v and w are close, then their lengths ||v|| and ||w]|| are also close. That is,
if ||[v — w|| is small, then |||v]| — ||w|| | is also small. In the language of analysis, the norm is
continuous.

41.8 Lemma (Reverse triangle inequality). Let V be a normed space and v, w € V.
Then

ol = el | < flo = w]- (41.2)
Proof. The trick is to add zero:

[0l = [lv = w + w| = [|(v = w) + w]| < flv=w]| + [[wl],
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S0
ol = flwll < Jlv—wll. (41.3)
And likewise
[wll = flw = v+ ol = [[(w = v) + vf| < flw—=wv]|+ o] = llo=wl] + ],
S0
[w]| = [lo]] < [lo = wl]. (41.4)
Since | ||v]| — ||w]||| is either ||v|| — ||w]| or ||[w|| — ||v||, the two estimates (41.3) and (41.4)
prove (41.2). |

Content from Linear Algebra by Meckes & Meckes. This is Proposition 4.21 on p.
269.

41.9 Theorem. Let V be a finite-dimensional vector space. Any two morms on V are
equivalent.

Proof. Let ||-||, and ||-||, be norms on V. We find a constant C; > 0 such that ||v||, < C} [|v]],
for all v € V. Since our method will not care which norm we label as which, it will also
produce the second inequality in (41.1).

1. The proof for V = F". We effectively show that these norms are equivalent to the very
familiar and tractable ¢*-norm. For v = Z;.l:lozjej e F", put

" 1/2
Wl = (zw) |

J=1

That is, ||-||2 is just the usual £>norm on F”, i.e., the norm induced by the dot product.
(Do not confuse ||-||,» with the given norm |-||,.) Then

n n
> ajesll <> oyl el -
j=1 j=1

By the way, we have no guarantee that |le;||, = 1 for any j here.
The Cauchy—Schwarz inequality implies that

n n 1/2 n
> oyl llesll, < (Z w) (Z ||ej||‘f) :
j=1 j=1 j=1

Put C:= (37, lle;]|3)'/2 to obtain

vl =

vl < Clvile
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If we can find C' > 0 such that B
[Vl < Clvlly (41.5)

for all v, we will be done.
It suffices to show that B
1< v, (41.6)

for all v.e F" with ||v||,» = 1. For if we know this, then we can take an arbitrary v € F"\{0,,}
(the case v = 0,, holds with equality) to find

A%

vl

1<c~*‘

2
and this yields the desired inequality (41.5).
Here we need to appeal to a result from multivariable calculus. Put

D:={velF"||v|.=1}.
Then D is closed and bounded. By the reverse triangle inequality, the function
[:D—=R:vi= v,

is continuous on D and therefore has a minimum on D by the extreme value theorem: there
exists vg € D such that

IVolly = f(vo) < F(v) = vl

for all v € D. In particular, since vy € D, vy # 0, thus ||vo|l, > 0. Take C:=1/ lvoll, to
conclude (41.6).

2. The proof for arbitrary V. Let (vy,...,v,) be a basis for V. Define

n
E 0;
j=1

Ni:F" > R: (ag,...,0,) —

and

No: F" - R: (g, ...,0p) — ‘ Zajvj
j=1

2
Then N; and Ny are norms on F"; this is mostly straightforward to verify, and definiteness
is a consequence of independence. So, there is C'; > 0 such that

Ni(aq, ... ap) < CiNo(aq, ..., ap)

for all (av,...,q,) € F™.
Any v € V has the unique form v = Z?Zlocjvj, and so

n
E :O‘jvj
Jj=1

lvll, =

= N1<Oé1, . 7Oén) S ClNQ(Oél, e ,Oén> =
1

n
E :O‘J'Uj
Jj=1

= [lvfly. =
2
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41.10 Problem (x). Abbreviate ||-||, := [|-[|;, on F". For p =1, 2, 00 and ¢ = 1, 2, oo,
find constants C),, > 0 such that

HVHp < Cpg

vllg

for all v.€ F" when p # ¢. Prove that your constants are “optimal” by finding v, , € F"
such that

||Vp1q||p - Opaq ||Vp)q |q °
[Hint: you need to find siz constants here; for example, you do not need to find Cy 1 such
that ||v||, < Ci1||v|l, for all v € F". For optimality, try working with the standard basis
vectors and the vector (1,...,1) whose entries are all 1. Save the case p = 2 for last; square

both sides and use some prior estimates relating ||-|| . and ||-||,.]

41.11 Problem (+). Redo Problem 41.10 for arbitrary p and ¢ satisfying 1 < p < oo,
1<g<oo,and p #q.

Norms on infinite-dimensional spaces may not be equivalent.

41.12 Problem (%). Show that one, but not both, of the inequalities in (41.1) hold for the
L*- and L>®-norms on C([0, 1]). [Hint: one inequality holds because integrals are increasing:
if f(z) < g(x) for all0 <z <1, then f(l)f(a:) dr < f(l)g(a:) dx. To show that the remaining
inequality is false, assume that it is true and use the information in Example 3.8 to get a
contradiction.|



