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I How to Use This Daily Log N

This document is our primary reference for the course. It contains all of the material that
we discuss in class along with some supplementary remarks that may not be mentioned in
a class meeting. Each individual day has references, when applicable, to relevant material
from the text. These references are spread throughout a day’s notes, and you should be
consulting both the daily log and Strang’s text more or less simultaneously.

The document contains several classes of problems, which interact intimately with the
material and which supplement (but certainly do not replace) the problems in the textbook.

(') Problems marked (!) are meant to be attempted immediately. They will directly address
or reinforce something that we covered (or perhaps omitted) in class. It will be to your great
benefit to pause and work (!)-problems as you encounter them.

(%) Problems marked (%) are intentionally more challenging and deeper than (!)-problems.
The (x)-problems will summarize and generalize ideas that we have discussed in class and give
you broader, possibly more abstract perspectives. You should attempt the (x)-problems on a
second rereading of the lecture notes, after you have completed the (!)-problems. Completing
all of the (x)-problems constitutes the minimal preparation for exams.

(4) Problems marked (+4) are meant to be more challenging than the (!)- and (*)-problems
and will take you deeper into calculations and proofs and make connections to concepts
across and beyond the course. It will not be necessary to do any (+)-problems to master the
essential material of the course, but your experience may be richer (and more meaningful,
and more fun) by considering them. If you have done all of the (!)- and (x)-problems, and
the required and recommended problems from the textbook, and if you’re still feeling bored
or wondering if something is “missing,” check out the (+)-problems. Sometimes a (!)- or (x)-
problem will reference a (+)-problem; you should read the statement of that (+)-problem,
but feel no obligation to do it.
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Day 1: Monday, January 12.

One of the most important questions to ask in mathematics is not What does this mean? or
How do I do it? or Why is this true? but Who cares? You should care about linear algebra
because it is used everywhere. Linear algebra will show up in virtually every math problem
that you could pose—even calculus, and especially multivariable calculus. And unlike much
of the calculus you learned prior to this course, there is a very good chance that you will use
linear algebra in your career.

Nearly every part of linear algebra has an application. As we tend to do in mathematics,
we will start this course from the very beginning, so applications might not be obvious right
away. That being said, here are some meaningful applications that are particularly relevant
to contemporary applied mathematics.

e How do we visualize, encode, or arrange a large set of data, say, “n-dimensional” data
with n > 47 How do we optimize the storage of that data, possibly by extracting the most
important parts or principal components, or otherwise approximating it?

e How do we fit a line, or polynomial, or some kind of well-behaved “curve” to data? Do we
want the curve merely to pass through all of the data points or do we want the curve to be
a good approximation to the “behavior” of the data (even if it does not pass through any of
the data points at all)?

e How do we find the minimum distance between objects, possibly where those objects are
sets of other objects? Or how do we find the best approximation to an object within a
specialized class of other objects?

e How do machine learning models work? How does data science work? (All the cool kids
sure do want to be data scientists these days.)

We will discuss some of these applications later, but we need to build up quite a body
of knowledge first. Specifically, to get to the answers, we need to introduce and study two
fundamental objects: vectors and matrices. This course might start off simple. While the
majority of the calculations that we do will remain “simple” for the sake of being able to do
them by hand—the numbers will be much nicer than they would be in any “real” application,
for which you would be using a computer to do the calculations—the course will not remain
that way. Concepts quickly build on each other, and it is easy to get overwhelmed. Vocabulary
will be a major part of this course, possibly much more so than you are used to from prior
mathematics classes. Do not slack off.

Most of the punchy applications boil down to solving linear systems of equations; these
are incredibly versatile problems, much more so than they might look at first glance. More
accurately, our task is to understand linear systems of equations. Having a solution formula
for something is not the same as understanding that thing. The challenge is finding the right
system to model your application and then understanding it.

We can tease out a tremendous amount of structure and theory from very simple moti-
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vating examples, and here will be our favorite for some time. We solve the LINEAR SYSTEM

r — 2y = 1
{ 3r + 2y = 11. (1.1)
This is a system of equations because there is more than one equation, and it is linear because
the unknowns only appear as the “linear powers” 2 and y, not o or 2y or cos(x + ).
This is far from the most challenging or profound problem that we could pose, and we

probably already know how to solve it, but imagine if the system had 50 variables and 50
equations. Then we would probably want a precise and systematic way of approaching it.

1.1 Problem (!). Try to solve (1.1).

Before we do anything to (1.1), here are some questions that we should ask.

1. Does it have a solution? That is, do there exist numbers z and y that make the two
equalities in (1.1) true?

2. If not, why not? Can we quantify or qualify failure to solve a linear system?

3. And if there is no solution, can we somehow approximate the problem by one that does
have a solution? Will that approximation be meaningful or helpful?

4. Is there only one solution? Is there only one way to choose the values of x and y to make
the two equalities in (1.1) true? That is, is the solution unique?

5. If not, why not? Can we quantify or qualify why a linear system might have more than
one solution? Is there a best solution to choose from among many?

We will solve (1.1) by transforming it into an “equivalent” system of equations that is
much easier to solve—actually, several “equivalent” systems. We say that two systems are
EQUIVALENT if they have precisely the same solutions. We accomplish this transformation
via algebra—more precisely, two tricks with algebra. (A trick is just a technique that does
not feel natural yet.)

Recall that if @ and b are real numbers, then

a=0b <= ca=cbforall c#0.

That is, if we know a = b, then we also know ac = be for all nonzero ¢ (when ¢ = 0,
this is still true, as a0 = 00 = 0). And if we know ac = ab for all nonzero ¢ (actually,
for just ome nonzero c), then we can divide by ¢ to get a = b (we want ¢ # 0 so you can
divide by ¢). In the context of linear systems, scaling both sides of the same equation by the
same nonzero number does not change things. We multiply the first equation by the very
convenient number ¢ = —3:

r — 2y —3r + 6y = -3
{3x+2y:11 ‘:>{ 3¢+ 2 = 1L (1.2)

I
—



Day 1: Monday, January 12 6

That was the first trick.
Now we use another property of algebra. Recall that if a and b are real numbers, then

a=b <= a+c=b+cforallc

That is, if we know a = b, then we can add ¢ to both sides to get a + ¢ = b+ ¢. And if we
know a+ ¢ = b+ c¢ for all ¢, then just subtract ¢ from both sides (or add —c to both sides) to
get a = b. (Actually, we just need a + ¢ = b+ ¢ for one particular ¢, not for all ¢, to allow us
to do this subtraction. But if we know a 4+ ¢ = b+ ¢ for all ¢, just take ¢ = 0 to get a = b.)

So, we can add any c that we like to both sides of the second equation in the system on
the right in (1.2) to find the equivalence

r — 2y = 1 -3z + 6y = =3
3v. + 2y = 11 v+ 2y+c = 1ll+c

Is there a particularly helpful choice of ¢?7 We work backwards (a great direction to work in
math!).
If we know that x and y solve

-3z + 6y = -3
{ 3r 4+ 2y+c = 1l+g¢
then we must have —3x 4+ 6y = —3. After all, that is just the first equation here. So, we
could take ¢ = —3, which is the same as ¢ = —3x + 6y. Since the variables show up on the
left, we use ¢ = —3x + 6y on the left and ¢ = —3 on the right.
We get

34 2y+ (—3x+6y) =8y and 11+ (-3)=28.

Then we have the arrow going one way:

r — 2y = 1 —3r + 6y = -3
{3x+2y:11:>{ 8y = 8 (1.3)

The second equation on the right in (1.3) is pretty nice: 8y =8, so y = 1. What is really
nice is that 8y = 8 has only the unknown y, not both x and y. The first equation then
becomes —3x + 6 = —3, so —3x = —9, and therefore x = 3. It looks like we solved our
original problem (1.1). Did we? We can always plug x = 3 and y = 1 into (1.1) and make
sure that everything is equal.

1.2 Problem (!). Do that.

Did we really have to do that? Without actually knowing the values of z and y, can we
figure out why any solution to the second system in (1.3) is also a solution to the original
problem (1.1)? First, it is helpful to notice that

-3z + 6y
8y = 8

|
|
(U%)
——
&
|
DO
<
|
—_
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That is, keeping the factor of —3 on each of the terms in the first equation was unnecessary.
We only put that —3 in to help simplify the second equation; that —3 actually makes the
first equation worse.

We also know

8y = 8 8y+c = 8+c

for any choice of c¢. Nothing new here, right?
If we know that x and y solve

r — 2y = 1
8y+c = 8+4c.
then the first equation says x—2y = 1, so multiplying both sides of that by 3 gives 32 —6y = 3

(which looks familiar). Then we could take ¢ = 3z — 6y on the left in the second equation
and ¢ = 3 on the right in the second equation to get back to where we were:

r — 2y =1 r — 2y = 1
{ 8y=8:>{3x+2y:11. (1.4)

This is the reverse of the arrow in (1.3).
When we combine (1.2), (1.3), and (1.4), we get

r — 2y = 1 r — 2y =1 =3
{3x+2y: 1 ‘:’{ 8y — 8 ‘:’{yzl, (1.5)

This is an existence and uniqueness result for (1.1): there exists a solution (x = 3 and y = 1),
and it is the only solution. Specifically, existence is the logic of <=: plug these values in
and check that true equalities result. Uniqueness is the logic of =: if x and y solve the
problem, then we must have z = 3 and y = 1.

The preceding work illustrates two incredibly important operations in solving linear sys-
tems: multiply both sides of one equation by the same number, and subtract (or add) a
multiple of one equation to another equation. There is a third operation—interchanging two
equations, which sounds silly but actually is worthwhile—that we will meet later. Eventually
we will encode and view these operations at pretty high and abstract levels.

The preceding work also illustrates something that is incredibly unimportant about linear
systems: what we call the variables. As long as we are consistent, w could write x and y,
or 1 and x5, or a and 3, and so on. What matters are the coefficients on the variables and
the numbers on the right.

We are going to stack these numbers together as COLUMN VECTORS, which we just call
“lists of numbers” right now. Here are the three important vectors in (1.1), and we also write
them as ordered pairs to make typesetting easier:

H = (1,3), {_g] =(-2,2), and [111} = (1,11).
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But
1

3}7&[1 3].

The object on the right is a ROW VECTOR, and we will talk about that eventually. We
typeset column vectors in bold, say,

v— E’J — (1,3).

We will do a lot of arithmetic with (column) vectors, and much of it will happen “com-
ponentwise.” We add vectors by adding their corresponding components, so

3+ 3= 1

1.3 Remark. Strictly speaking, we are overworking the role of the symbol + in (1.6). The

9+ [

1s the addition of column vectors, while the + in

1+ (-2)
3+2
1s the addition of real numbers. Nobody ever thinks like that in practice, but as you open

yourself to new ideas in this course, you should be aware that the same symbol can mean
different things, depending on context.

1.4 Problem (!). Compute

Then we can rewrite the original problem (1.1) as

tor o8 2 = [ ]
3r + 2y = 11 3x 2y 11

Big deal, right? All we have done is introduced some new notation; this tells us absolutely
nothing about solving (1.1) that we did not already know. We do one more bit of arithmetic.
There are “common factors” of x and y in some of those vectors, and our gut instinct should
be to factor them out.

So, we define multiplication of a vector by a number (we do not multiply two vectors)
componentwise:
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We often refer to this kind of multiplication as “scalar” multiplication to emphasize that one
of the factors is a “scalar’—which is to say, a real number. When multiplying a vector by a
number, we always write the number first:

1 1
2 [3] , not [3} 2 and cv, not ve.

1.5 Problem (!). Compute

Content from Strang’s ILA 6E. See the pictures on pp. v—vi for how to interpret vector
addition and scalar multiplication in two dimensions. I'll talk about this later. Page 3
has another good picture that contrasts v and —v as a kind of “reflection.” Also look at
Figure 1.2 (a) on p. 8 to see the effect of “averaging” the sum of two vectors. There is more
componentwise arithmetic on pp. 1-2.

We rewrite (1.1) once again as
T — 2y 1 1 n =21 |1
3r 4+ 2 = 11 <~ T3 Y| o T |l
Again, this offers absolutely no insights into actually solving (1.1)—yet.

The expression
1 n -2
T3 TV 2

is something that we will see often: it is a LINEAR COMBINATION of the vectors (1, 3) and
(—2,2). Many important ideas can be phrased in the language of linear combinations.

Content from Strang's ILA 6E. Page 3 has some pictures of linear combinations. See
also a linear system on p. 3 that is written in vector form and then solved with elimination,
as we did (1.1).

Day 2: Wednesday, January 14.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Equality of two vectors in R", linear combination of vectors, zero vector in R", matrix-
vector product
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Here are some more precise definitions of concepts from our first pass at linear systems
and vectors. Throughout, we use the following set-theoretic terminology as a convenient
abbreviation: if S is a set and z is an element of S, then we write x € S. If a set has only
finitely many elements, we may write those elements out between curly braces; the order
or repetition of the elements doesn’t matter. For example, {1,2,3} = {2,1,3} = {1,1,2,3}
and 1 € {1,2,3}. In particular, we denote by R the set of all real numbers, so 1 € R. For
a set S, we write x € S to mean that z is not an element of S; for example, 0 & {1,2,3}.
Going forward, we often call real numbers SCALARS.

2.1 Undefinition. Letn > 1 be an integer.

(i) A COLUMN VECTOR of length n is an “ordered list” of n real numbers, which we call
the ENTRIES or the COMPONENTS of v. If v is a column vector of length n with entries
V1, ...,0, in that order, then we write

U1
v=|: or  v=(v,...,0,).

Un
The number v; here specifically is the jth entry (or component) of v.

(ii) The set of all column vectors of length n is R"™, and we write

U1
R" = : V1, ...,0, €ER

Un

We typically work with n > 2, and we do not typically distinguish R' and R, so R = R.

(iii) If v € R", then the LENGTH or SIZE of v is the integer n. (We might want to
call n the “dimension” of v, but this will conflict with another important use of the word
“dimension” in the future.)

(iv) Two vectors v, w € R" are EQUAL if and only if their corresponding entries are
equal:
1 w1
= <:>vj:wj,j:1,...,n.

Un, Wn

(v) We define vector addition and multiplication by real numbers componentwise, regardless
of the length of the vectors. In particular, if v, w € R" and ¢ € R, then v+w € R" is given
by adding the corresponding components of v and w, and cv € R" is given by multiplying
each component of v by c. However, if v.€ R" and w € R™ with n # m, then v + w is
not defined.
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2.2 Problem (!). Does the expression

3
HEaL
5

make sense?

When n > 4, we have no (natural) way of drawing vectors. Even n = 3 can be hard,
but sometimes drawing pictures for n = 2 can lead to insight. When we do so, we follow
the convention that the vector v = (vy,vs) is represented by the “directed line segment”
(= arrow, but fancier) from the origin (0,0) to the point (v1,v,). This leads to some nice
geometric interpretations of vector addition and scalar multiplication.

2.3 Example. (i) Here is a drawing of the vector v = (2,0).

Y2

4 U
v
And here are drawings of 2v = (4,0) and (1/2)v = (1,0).
(%) Y2
\ v ) /01
dv 1 (1/2)v

It should feel that 2v is a “stretching” of v and (1/2)v is a “shrinking” (which is also a kind
of stretching).

(ii) Here are side-by-side drawings of the vectors v = (2,0) from before and w = (0, 3),
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12

which is new.

%)

¥

And here is the sum v + w = (2, 3).

Vo

(%1

S %

Vo

J\W

U1

A cartoonish, but helpful, way to visualize the action of vector addition is that we placed

the “tip” of w at the “tail” (the arrow end) of v to get the sum v + w.

Y2

W

2.4 Example. We compute

1
012
3

0(1)

= 02)

0(3)

Hopefully it feels intuitive why we want to call the vector on the right the “zero vector in

]R?) )
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2.5 Definition. The ZERO VECTOR in R" is the vector O whose entries are all 0. Often
we will write 0,, to emphasize that this is the zero vector with n entries. A wvector is
NONZERO if it has at least one nonzero entry (but a nonzero vector may have some zero
entries).

For example,

while both

are nonzero vectors.

2.6 Problem (!). (i) Let v € R". What is v + 0,7

(ii) Does 0y + 03 make sense?

(iii) Generalize Example 2.4 by computing Ov for an arbitrary v € R".

(iv) Suppose that cv = 0,, for some v € R" with v # 0,,. Why must it be the case that
c =07 [Hint: at least one component of v is nonzero.]

2.7 Problem (!). (i) Let v € R". What is 1v?

(ii) Let v, w € R" and ¢ € R. Explain why ¢(v +w) = ¢v + cw.

(iii) Let v € R" and ¢4, ¢ € R. Explain why (¢; + ¢2)v = ¢1v + cov.

The most important (and only) arithmetical operations that we have defined for vectors
are “vector addition” of two vectors in R" to get a third vector in R" and “scalar multiplica-
tion” of a number (a “scalar”) in R and a vector in R" to get a second vector in R". When
we do (possibly) both simultaneously, we get a new structure.

2.8 Definition. Let vi,...,v, € R™ and ¢1,...,c, € R. The LINEAR COMBINATION
of vi,...,V, WEIGHTED by cq,...,c, is the vector v.€ R™ defined by
V=cVi+-+e, v (2.1)

We may also express this in sigma notation:

n
vV = E CjVj.
Jj=1

If v € R™ has the form (2.1), then we often say that v is a linear combination of vy, ..., vy,
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without mentioning the weights. If n = 1, then the linear combination of vi weighted by c;
15 Just the scalar multiplication cyvy.

2.9 Problem (!). Convince yourself that, in the notation of the previous definition, we
do indeed have v € R™. Also, what are the integers m and n encoding in that definition?

2.10 Example. We have

o w N
I
oo

0 1
+ 13 =2|0+3
0 0

o = O

and so (2,3,0) is a linear combination of (1,0,0) and (0, 1,0). So is (1,0,0):
1 1 0
0l =10 +0]1
0 0 0

2.11 Problem (!). Here is a generalization of this example. Let

S = O

1 0
e = (0], ey = , and e3:= |0
0 1

Explain why any v € R? is a linear combination of eq, e,, and es.

Content from Strang’s ILA 6E. There are examples of linear combinations with n = 2
on p. vi and p. 2.

2.12 Remark. Why is Undefinition 2.1 an undefinition, not a definition? Because we did
not give a precise definition of “ordered list.”

We could think of column vectors of length n as functions from the set {1,...,n} to R.
That is, if v = (v1,...,v,) € R", then v is the same as the function f: {1,...,n} - R
such that f(j) = v; for j =1,...,n. And since functions are really sets of ordered pairs,

f=A{0j,vj)}j=1- No one ever thinks like this in practice.

Here is a major step toward that right language. Recall that our original problem (1.1)
can be written as a system of linear equations or as a vector equation involving a linear

combination:
T — 2ZL‘2 = 1 1 + -2 o 1
3w 4+ 2w, = 11— P3| TP o] T 11|
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We put the coefficient vectors together into a MATRIX:

-

This is a SQUARE matrix: it has the same number of columns and rows (two each). We
most often think of matrices in terms of columns (though rows are sometimes useful). If we

put
1 -2
a; ;= [3] and ay:= [ 2} )

A= [al a2] )

This is sort of a “row vector” of column vectors.

Here is where we are going with all of this. Abbreviate x = (21, 22) and b = (1,11). Our
goal is to define a notion of “matrix-vector multiplication” so that if Ax is the “product” of
A and x, then our original problem compresses to

then we will also write A as

Ax = b.

First, of course, we need some more terminology. We control the “sizes” or “dimensions”
of matrices by counting the numbers of rows and the numbers of columns—and we always
list rows before columns. We write A € R?*? for the matrix A above, and, for example

) ) )

1 3 5
2 46

1 2
}GRM and 3 4| e R**2,
5 6

More generally, we say the following.

2.13 Undefinition. Let m, n > 1 be integers.

(i) An m X n MATRIX is a rectangular array of numbers with m rows and n columns.
(ii) We denote the set of all m x n matrices by R™ ™.

(iii) We say that the SIZE of a matriz A € R™™ is m X n, pronounced “m by n.” (We
might be tempted to say that the “dimension” of A is m X n, but this will conflict with
another important use of the word “dimension” in the future.)

(iv) Since a matriz with m rows and 1 column is really just an ordered list of m numbers,
we will typically not distinguish R™ and R™, and so usually R™ = R™. Also, R'*! = R.
(Occasionally we make irritating exceptions to this practice.) But we do not equate R*™"
and R™, and we often call matrices in RY*™ ROW VECTORS.

(v) The (i,j)-ENTRY (sometimes the (i, j)-COMPONENT) of a matrix is the entry in row
i, column j of that matriz. Sometimes we will write A;; for the (i,j)-entry of A, although
with large matrices it might be clearer to write A; ;, or maybe even A(%, j).
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(vi) Matrices A, B € R™*" are EQUAL, written A = B, if the (i, j)-entry of A equals the
(1,7)-entry of B for all i and j. (If A € R™™ and B € RP*? with either m # p orn # q,
then we define A # B.)

(vii) The ZERO MATRIX in R™*" is the m X n matriz whose entries are all zero. There
1s no standard notation for the zero matrixz as for the zero vector.

(viii) A matriz is NONZERO if it has at least one nonzero entry. (We allow some entries
in a nonzero matrix to be zero.)

2.14 Example.
(i) Let

A=

ot W
O = DN

Then A € R**2. The (1,2)-entry of A is 2, and the (2, 1)-entry of A is 3.

(ii) The matrix

is the zero matrix in R?, but the matrix
10
0 0
is nonzero because the (1, 1)-entry is nonzero (although all of the other entries are zero).

Content from Strang’s ILA 6E. A 3 x 2 matrix appears on p. vi, and a larger one (what
size?) on p. Vii.

Regarding our choice not to identify R'*"™ and R", we have things like

1
[1 2 3] # (2] =(1,2,3).
3

2.15 Problem (!). Reread that sentence until it makes sense.

2.16 Remark. As with column vectors, our attempt at defining a matriz is really an
undefinition because we did not rigorously define “rectangular array” of numbers. We
could think of A € R™ " as the function f: 1 — R such that f(i,j) = Ai;, where
I ={(,j5) ]|i=1,....m, j=1,...,n}. Or as the function g: {1,...,n} — R™ such
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that g(j) = a;, where a; is the jth column of A, i.e., A= [a; --- a,]. (Strictly speaking,
f and g are not the same function, as they have different domains and ranges!) Neither
way of thinking will make any of the following any easier.

And as with column vectors, we add matrices and multiply them by real numbers com-
ponentwise.

2.17 Problem (!). Compute

1
0
-1

ot Ww O
O = O
&
=
o,
[\
—

2
0 +
1

We are finally ready to think about linear systems again. With

=2 1 [
A= [3 2} , b= Ll} , and x= LJ ,

we are going to define the symbol Ax so that

il — 2I2 = 1 1 —2 o 1 _
{le voor, = 11 — 1 |:3:|—|—$2|: 2}—{11} <— Ax =b.

The answer is pretty much staring us in the face: we should put

el e[ 2]

This is something new. This is not a componentwise definition of multiplication. In-
stead, the idea behind matriz-vector multiplication is that we take a linear combination of
the columns of the matrix weighted by the entries of the vector. If we write

A=[ar as, alz[;)], azz{‘g],

then we are saying

x
Ax = [al aQ] L;] ‘= 2121 + ToQs.

We wrote := above to indicate that we were making a definition; until now, we had never
specified what the symbol Ax should mean. We will use this := notation often in this course
and write X := Y to indicate that we defining a new object X in terms of the hopefully
familiar object Y.

We do some computations with this definition of matrix-vector multiplication in words
first: take the linear combination of the columns of the matrix with the weights as the entries
from the vector, all appearing in order.
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2.18 Problem (!). Convince yourself that for this to work, the number of columns of the

matrix has to equal the number of entries of the vector.

2.19 Example. (i) Let

1
A:E i 2}61@“3 and v=|0| e R%
1

(ii) Let
1 2 5
A= 0 and v = LJ )
-1 -1
Then
1 2 5 1 2 2 8 248 10
Av=1] 0 0 LJ:Q Of+4| 0| =1| Ol +| O = 0+0 0
-1 -1 —1 -1 -2 —4 (—=2) + (—4) —6
And now for the full definition in symbols.
2.20 Definition. Let A € R™*" and v € R"™ with
U1
A:[al an] and V=
Un
The MATRIX-VECTOR PRODUCT of A and v is
U1 n
Av = [al an] : ::vla1+---+vnan:Zvjaj.
Up, J=1

Again, in words, the matriz-vector product Av is the linear combination of the columns of

the matriz A weighted by the entries of the vector v.

Content from Strang’s ILA 6E. Page 1 has examples of matrix-vector multiplication.
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2.21 Problem (!). Let A € R™*" and v € R". Use the definition of Av from Definition
2.20 to count the number of entries in Av.

2.22 Problem (%). Let A € R™". Use the definition of A0, from Definition 2.20 to
show that A0,, = 0,,.

Day 3: Friday, January 16.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Dot product of two vectors in R", standard basis vectors in R"

Here is some practice in reading definitions and proof styles.

3.1 Lemma. Let A, B € R™*". Then A = B if and only if the jth column of A equals
the jth column of B (in the sense of part (iv) of Definition 2.1) for j =1,...,n. That is,

[al an]:[bl bn] <ﬁaj:bjuj:]-w"vn'

Proof. This is the first of many “if and only if”-type statements that we will meet in this
course. We need to show that each side of the “if and only if” implies the other.

(=) Suppose that A = B, and so we know that the (i, j)-entry of A equals the (i, j)-entry
of Bfori=1,...,mand j=1,...,n. We need to show that the jth column of A equals the
jth column of B. These columns are vectors in R™, and so by part (iv) of Definition 2.1, we
need to show that each of their corresponding m components are equal. The 7th component
of column j of A is the (i, j)-entry of A. The hypothesis A = B means that the (7, j)-entry
of A equals the (7, j)-entry of B. And the (4, 7)-entry of B is the ith component of column
j of B.

(«<=) Suppose that the jth column of A equals the jth column of B for j = 1,...,n. We
need to show that the (i, j)-entry of A equals the (,j)-entry of B for ¢ = 1,...,m and
j=1,...,n. The hypothesis implies that the ith component of the jth column of A equals
the ith component of the jth column of B for i = 1,...,;m and j = 1,...,n. And the ith
component of the jth column of A is the (4, j)-entry of A, while the ith component of the
jth column of B is the (i, j)-entry of B. [ |

Every linear system compresses as a matrix-vector equation. Suppose there are m equa-
tions in n unknowns. Let x be the column vector of length n that contains all of these
unknowns. Let A be the m x n matrix containing all of the coefficients, so the (i, j)-entry
of A is the coefficient on the jth unknown in the ith equation. Let b be the column vector
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of length m that contains the right sides of these equations. Then the problem is
Ax =b.

This is the right way to view systems of linear equations.

3.2 Example. Here is a review of how all of this works for our toy problem (1.1). We

have
Ty — 219 = 1 (1) =21 | |1
{31’1 + 2%2 = 11 |:3I1+2.T2:| N |:11
(2) T1 —2.’132 - 1
— {3;1:1} + { 2;@} = {11}
(3) 1 n —2 1
T T3 TP ol T
@ (1 =2] [=] [1]
<5 -0
e Equality (1) is the componentwise definition of vector equality.

Equality (2) is the componentwise definition of vector addition.

(1)
(2)
(3)
(4)

Equality (3) is the componentwise definition of scalar multiplication.

Equality (4) is the definition of matrix-vector multiplication.

3.3 Problem (!). Rewrite each linear system below as a matrix-vector equation Ax = b
for some matrix A € R™*" and b € R". Specify the values of m and n in each case.

(i) r1 + 219 + 3xy = 1
r3 + 41’4 ==’
r1 + 2z + x3 + Txry = 1
(ii) 21 + 4xy + 2x3 + 14z, =
2ZE3 aF 8ZE4 = 3
I = 1
000 2ZE1 =’
(iii) . _ 5
r3 = 4
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X1 21’2 =
i 21‘2 + 21‘3 =

+

(iV) 21‘1 + 41‘2
+

7I1 -+ 14562 + 8%3 =

_ N W

3.4 Problem (%). Compute each matrix-vector product and then describe in words the
effect of this multiplication. For your description in words, pretend that you are talking
out loud to a classmate about this multiplication, and you do not have any paper or board
to write on; try to use as few symbols as possible in your description.

1 4 7] 1|0
G |2 5 8| |o
3 6 9] |1
1 00 T
(i) |0 ¢ 0 |x2| for any ¢, x1, x9, x3 € R
0 0 1 I3
1 00 T
(i) -2 1 0] |z2| for any xy, xs, x3 € R
-3 0 1 T3

This course is called linear algebra. Our equations are linear because the unknowns appear
only linearly, as linear powers. This is a static way of viewing our problems. Linearity is also
dynamic: this is how matrix-vector multiplication behaves. Specifically, it behaves linearly.

What does this mean? Broadly, an operation is linear if the operation applied to a sum of
inputs yields the sum of the operation applied to the individual inputs, and if the operation
applied to a multiple of an input yields the multiple of the operation applied to that input.

3.5 Example. Differentiation and integration in calculus are linear operations.

(i) if f and g are differentiable functions on an interval I and if ¢ € R, then f + ¢ and cf
are differentiable on I, and their derivative satisfy

(f+9)'=f+g¢ and (cf) =cf.

(i) If f and g are continuous on the interval [a,b] and if ¢ € R, then

/ab(f(x)+g(x)) dm:/abf(@ d$+/ab9($) dr  and /abCf(x) dw:c/abf(x) dz.
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3.6 Example. Squaring a real number is not a linear operation:
(x+y)* =2+ 22y +y* # 2° +y
if  # 0 and y # 0. And likewise
(cx)? = Pa? # ca®

if ¢ # 1.

3.7 Theorem. Matriz-vector multiplication is LINEAR in the following sense: if A €
R™" v, weR", and c € R, then

Alv+w)=Av+Aw and A(ev) = c(Av).
Proof. We prove this for n = 2 to keep the calculations concrete. We do not need to
specify the value of m. So, let A = [al ag}, v = (vy,v9), and w = (wy,wy). Then

v+ w = (v + wy,ve + wy) and cv = (cvy, cvg). We compute

Av+w) = [a; ay] {Ul + wl}

Vg + Wo
= (’Ul + wl)al -+ (UQ + 'LU2>3_2

= (v1a; + va3) + (w1a; + woaz)

oy a] m tfa a) m

= Av + Aw
and
A(CV) = [al ag} |:Ez;:|

= (cv1)a; + (cvg)ay

= c(vlal + UQaQ)

o )
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= c(Av). [

Our original questions remain the same—how to solve a linear system, how to understand
failure to solve it. The new question right now probably should be Why is writing a linear
system as Ax = b any better than the original way that we wrote it? This is a valid question,
to which we do not have a convincing answer right now, and a major goal of this course is
to articulate and defend the payoff of the form Ax = b.

Content from Strang’s ILA 6E. Read all of p. 2 right now.

The goal of the course is the same as always: understand, and maybe even solve, the
problem Ax = b. Eventually this will take us into understanding just A, apart from any
linear systems. For now, we should try to understand Ax as best as we can. There is another
way of computing matrix-vector products in addition to Definition 2.20. We tease it out in
an example.

3.8 Example. We compute

1 =2] 13 1 —2 3 -2 1
b 3=l 3= bl 3= 1)
This is just checking that 1 = 3 and x5 = 1 solves our original problem

il — 21’2 = 1

31’1 + 2$2 = 11
from (1.1), right?

Here is another way of looking at this arithmetic:
1 =2 [3(1) +1(-2)
][] -[See |

Think about how the vectors (3,1) and (1, —2) appear in the first component on the right.
And about how (3,1) and (3,2) appear in the second component. One might say that the
vector by which we're multiplying the matrixand the rows of the matrix viewed as column

vectors are doing all of the arithmetic.
We introduce a new structure: the DOT PRODUCT of vectors in R?. Put

HE

{f.g_:u$+p4xn:3_2:1

= VWi + VaWa.

So we have

and

[g.g_za@+mn:9+2=n.

Here is the takeaway in words: we can compute a matrix-vector product by taking the
dot product of the rows of the matrix—uviewed as column vectors—with the vector in the
product.
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Content from Strang’s ILA 6E. Equation (1) on p. 9 defines the dot product of vectors
in R2. See the box above on p. 9 for more dot products.

We generalize this example.

3.9 Definition. The dot product of v = (v1,...,v,), W = (wy,...,w,) € R" is

U1 wn n
vew = || :=U1w1+---+vnwnzg VW;.
Jj=1

Un Wn,

Content from Strang's ILA 6E. This is equation (2) on p. 9. We won'’t talk about
anything else from Section 1.2 for quite a while. The dot product turns out to be the key
to a deeper geometric understanding of R", in particular an understanding of angles, but
we won't need that for some time.

3] [1
3.10 Example. [4] - [0] =3(1) + 4(0) +5(0) = 3
5 |0

Since the dot product in R' = R is just ordinary multiplication, we can still use the
symbol - for multiplication of real numbers if we want.

3.11 Problem (x). Prove that the dot product is COMMUTATIVE in the sense that
v.-w =w-V for all v, w € R". This is how we expect multiplication to behave, that
xy = yx for all z, y € R. (To keep things transparent, do this for n = 3.)

We can use the dot product to “extract” components of a vector. This will be a hugely
useful operation.

3.12 Example. Put

o = O

1 0
e = (0], ey = , and e3:= |0
0 1

These are the STANDARD BASIS VECTORS for R?, and we will use them a lot. We claim
that if v = (vy,vs,v3) € R?, then

Ve =, V-e =1y, and V-e3=uvs.
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We basically did the first equality in Example 3.10, so here is the second:

(%] 0
V-ey = |Uy 1| = v1(0) +vo(1) + v3(0) = va. (3.1)
(%} 0

Now here is another nice identity: start with v and “expand it

_Ul_
V = | Uy
[ U3 ]
-Ul- 0 0
= 0 + |vg| + 0
i 0 i 0 V3
(3.2)
1 0 0
=uv |0 +vy [1]| +v3 |0
0 0 1

= v1€1 + vges + VU3€es

= (v-ej)e; + (v -er)ey + (v - e3)es.

This is a really clean representation of a vector in terms of its components and some other,
simpler vectors (and it also solves Problem 2.11, right?). Among other things, it tells us
that the ¢th component of v is v - ;. We will return to such representations many times
in the future.

The vectors e;, e;, and e3 from the previous example are phenomenally useful.

3.13 Definition. The STANDARD BASIS VECTORS IN R" are the vectorsey,...,e, € R"
defined as follows: the components of e; are all 0, except for the component in row j, which
15 1.

We will only ever use the symbol e; in this course for a standard basis vector. Unfor-
tunately, the notation does not make clear what the value of n is, so e; could be (1,0) or
(1,0,0,0). This will usually be clear from context.

3.14 Problem (x). (i) Write out the standard basis vectors in R°. You should make
clear what all of their entries are.
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(ii) Let eq,...,e, be the standard basis vectors in R". Show that

L, j=k
e -e, =
P0G #k
Your proof should work regardless of the underlying choice of n. This generalizes the
calculation in (3.1).

(iii) Let v € R". Prove that
v=(v-ee + -+ (v-e,e,. (3.3)

This generalizes the calculation in (3.2).

Now that we have an understanding of the mechanics of dot product calculations, we can
examine how the dot product arises in matrix-vector multiplication. All of the ideas are in
Example 3.8. We work with a matrix with three columns to see this a little more abstractly.
Let A € R™*? and write

A— {(111 aiz G13} '

* * *

The symbols * below the first row denote the remaining m — 1 rows of A, and the exact
values of the entries in those rows are wholly unimportant right now. We will often use * to
denote parts of a matrix—entries, whole rows, entire columns—whose exact values we can
ignore.

Let v = (v1,v2,v3) € R®. Then

U1
ailr G2 Q13 ain a2 a3 V1a11 + V2a12 + U3Q13
Av = V| = U + Vo + v3 =
* * * * * * *

U3

Again, we are using * in multiple objects to denote components whose exact values we do
not need to know. We have shown that the first component of Av is

an U1 a1
V1011 + V2012 + V3@13 = |G12| - (V2| = |G12]| -V,
a13 U3 a13

which is the dot product of the first row of A viewed as a column vector with v.
This generalizes substantially; the proof is just good bookkeeping and good notation.

3.15 Theorem. Let A€ R™" and v € R". The ith component of Av is the dot product
of row i of A viewed as a column vector and v.
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3.16 Example. We compute

14 711 1(1) + 4(0) + 7(1) 8
2 5 8| [0] = [2(1)+5(0)+8(1)] = |10
36 9| |1 3(1) + 6(0) + 9(1) 12

What do you get if you use Definition 2.207

Content from Strang’s ILA 6E. Read about the “row picture” and the “column picture” on
p. 19; the matrix is A given on p. 18. Strang says it best: to compute Av by hand for “small”
A and v, use dot products, but to understand Av, use the “linear combination of columns”
definition. (There will be at least one exception to this, when we study orthogonality. I'll
bring it up when it arises.) This is morally similar to the derivative: to compute it by
hand, use the product rule or chain rule or something like that, but to understand it, use
the limit definition.

3.17 Problem (x). Go back and redo each of the matrix-vector products in Example 2.19
and Problem 3.4 with dot products. What do you find easier for work by hand: Definition
2.20 or Theorem 3.157

Day 4: Wednesday, January 21.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Column space of a matrix

We started thinking about matrices statically: they encode data, specifically the coef-
ficients of a linear system of equations. Now that we can multiply matrices and vectors,
we can think dynamically: matrices act on vectors to produce new vectors. We might even
associate a matrix A € R™*" with a “map” (“function”) that associates each vector v € R"
with a new vector Av € R™.

Matrix-vector multiplication tells us useful things about matrices, not just vectors. First,
matrix-vector multiplication can “extract” the columns of a matrix. Start small with A =
[al a, ag] € R™3. We compute

1
Aelz[al as ag] 0 :1a1+0a2+0a3:a1+0m+0m:al-
0

In words, multiplying by the first standard basis vector extracts the first column of the matrix.

4.1 Problem (!). With A € R™*? as above, show that Ae, = a; and Aes = as.
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This generalizes nicely.

4.2 Theorem. The jth column of A € R™*" is Ae;.

4.3 Problem (!). Prove it. [Hint: use the definition of matriz-vector multiplication, not
dot products, and the definition of the jth standard basis vector.]

4.4 Example. Let I, € R™™" be the matrix whose jth column is e;. That is,

L :=[er - e,] e R™™
For v = (vq,...,v,) € R", we compute
U1
InV:[el en} =uve +---+uv,e, =V.

Un,

Does this remind you of (3.3)7 It should.
Because multiplying any vector by I,, just returns that vector, we call [, the IDENTITY
MATRIX in R".

Content from Strang's ILA 6E. Look at the four matrices on p. 18: identity, diagonal,
triangular, symmetric. Why are the last three called what they are?

We will often say in this course that what things do defines what things are. And what
matrices do is multiply vectors! Part (vi) of Undefinition 2.13 and Lemma 3.1 give “static”
ways of viewing matrix equality via data storage: two matrices are equal if all of their
corresponding entries (equivalently, all of their corresponding columns) are equal. Here is a
“dynamic” on matrix equality: two matrices are equal if they always do the same thing to
the same vector. And what matrices do is multiply vectors!

4.5 Theorem. Let A, B € R™". Then A = B if and only if Av = Bv for all v.e R".

Proof. (=) Suppose that A = B. Let A = [al an] and B = [bl bn]. Since
A = B, Lemma 3.1 gives a; = b, for all j. Let v = (vy,...,v,) € R". Then
(o U1
Av = [al cee an} =via;+- - -+vpa, = U1b1+' . '—f—Unbn = [bl s bn} = Bv.
Up, Un

(«<=) Suppose that Av = Bv for all v.€ R", then A = B. The key words here are “for
all.” We can pick any v € R" that we like, and we will have the equality Av = Bv. If we
want to extract data about A and B, there are good, specific choices for v: take v = e; for
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j=1,...,n. Then Ae; = Be, for each j, and so the jth column of A equals the jth column
of B. Since this is true for all j, Lemma 3.1 implies A = B. |

4.6 Problem (x). A matrix A € R"*" is DIAGONAL if A;; =0 for ¢ # j.

(i) What does an arbitrary diagonal matrix A € R*** look like? Write it down. [Hint:
you need at most 5 numbers here.|

(ii) Describe in words the effect of multiplying a vector by a diagonal matrix. What
happens to the components of that vector?

Remember that our goal in this course is to understand the problem Ax = b as best as
we can. Our work so far has focused on understanding Ax. Now it is time to relate b to A.

By definition, Ax is a linear combination of the columns of A weighted by the entries of
x. To have Ax = b, we therefore want to be able to express b as a linear combination of the
columns of A. The set of all b that can be expressed in this way has a special name.

4.7 Definition. The COLUMN SPACE of A € R™*" is the set of all linear combinations
of the columns of A. We denote it by C(A), and every vector in C(A) is a vector in R™.
Equivalently,

C(A) :={Av | v e R"}.

For a vector b € R™, we write b € C(A) to mean that b is a vector in C(A); equivalently,
b has the form b = Av for some v € R".

We say column space, not column set. The set of columns of A = [al an] e R™*"
is just the set {ay,...,a,} of at most n vectors (maybe fewer than n, if some of the columns
of A are repeated). We will see, and appreciate, how C(A) is a “dynamic” object that has
some more structure than a plain old set of vectors, which is we call it a space.

Content from Strang’s ILA 6E. The column space is defined at the bottom of p. 20.
2 0
A= {0 3} |

2v
o nen)

To be able to solve Ax = b for as many b as possible, we want C(A) to be as “large” as
possible. Ideally (perhaps) we would have C(A) = R™. What does “=" mean here? (We
have only seen “=" for equality of numbers, vectors, and matrices, and equality of the latter
two really boiled down to equality of numbers, but now we are talking about the equality of

4.8 Example. Let

Then

C(A) ={Av | v eR?*} :{v1 m + v [g]

V1, VU2 GR}
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two sets, C(A) and R™.) This means that every vector in C(A) is a vector in R™ (that’s true
by definition of C(A): boring!), and, more excitingly, that every vector in R™ is a vector in
C(A). So then every b € R™ would be a linear combination of the columns of A, and so we
could solve Ax = b for all b € R™.

4.9 Example. With A as in Example 4.8, we claim that C(A4) = R?. We need to take an
arbitrary b = (b;,by) € R* and show b € C(A). That is, we need to find v € R? such that
Av = b. From Example 4.8, it suffices to find v;, vy € R such that

21)1 - b1
31)2 - bg ’
Looking at componentwise equalities, this is equivalent to

2U1 = b1 and 3?]2 = bg,

and that is the same as
b ek
v = 5 an Vg = 3 .
This tells us what v should be for us to have b = Av, and we get something more: there
is only one way to define v in terms of b, because there is only one way to define v; and
Vg in terms of b; and bs.
This approach to understanding C(A) told us nothing new about the mechanics of
solving Ax = b. In fact, to show that every b € R? is in C(A), we just solved Ax = b.
With more work, and patience, and maybe some trust, the payoff will be that we can

control C(A) without explicitly solving Ax = b.

It is worth being precise about set equality, as we will have to contend with this concept
many times in the future.

4.10 Definition. Let V and W be sets of vectors in R™. We say that V =W if V and
W contain precise the same vectors. That is, if v €V, then v € W, and if w € W, then
wE V.

4.11 Example. Let

A=
wv=lo o] [l =[]

So, if b = (b,by) € C(A), then by = 0. Thus C(A) # R? as e, = (0,1) € R? but
(SD) € C(A)

For v = (v1,v;) € R?, we have
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We can be a little more precise about what C(A) is, rather than what it is not. We

showed above that
C(A) :{ [2811 v € R} ,

C(A) ={ce; | ce R} = V.

and we can be even simpler:

That is, C(A) is the set of all scalar multiples of e;. Here is why, using Definition 4.10.
First let b € C(A). Then b = (2v4,0) for some v; € R. This says b = 2v,e; € V, if we
take ¢ = 2v;.
Now let b € V. Then b = ce; = (¢,0) for some ¢ € R. If we take v; = ¢/2, then
b = (2v4,0) € C(A).

4.12 Problem (x). (i) Prove that

(s 7)==

[Hint: repeat the work that gave us the equivalent systems in (1.5), but instead of having
the right side of that system be (1,11), use an arbitrary b = (b1, by).|

ol =)

[Hint:  You know the column space from the previous part, and you know that this column
space s the set of all linear combinations of the form

g o | ] +ueg].

Is there an “easy” value that you can pick for vs to relate this linear combination to what
would appear in the previous part?|

(ii) What is

4.13 Problem (x). Let A € R™*".

(i) Explain why 0,, € C(A). [Hint: you want to find x € R" such that Ax = 0,,. Is there
an x that immediately comes to mind?|

(ii) Suppose that C(A) = {0,,}. What does this tell you about A? [Hint: for any standard
basis vector e; of R", what do you know about Ae;?|
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Day 5: Friday, January 23.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Matrix with dependent columns (N), matrix with independent columns (N)

Failure in math and life teaches us a lot, and there is a lot to be learned from what
happens when C(A) # R™ for A € R™*". Here are some problematic A.

5.1 Example.
(i) Earlier we saw that if
a=[o o
then C(A) is the set of all scalar multiples of e; = (1,0), and that is not R?.
(ii) Let ]
A= ; :a .

For vy, v9 € R, we have

o [ o[ = [ -2 f] = -2 1]

The last equality is true by distribution:
v+ v = (g +c)v forany ¢, s €R, veR"

This calculation says that every b € C(A) is a multiple of (1,3). Is every vector in R?
a multiple of (1,3)? Surely not: something like (0, 1) cannot be written as

o |1
1]~ 3]
What goes wrong in an equality like that?

(iii) Let

A:

o O =
S NN O
O = W

Any b = (by, by, b3) € C(A) has b3 = 0; the deadly thing is that row of all 0. To check this,

we compute

1 0 3 U1 1(1)1) + 0(’02) + 3U3 v + 3’03
0 2 4 Vy| = 0<U1) + 2?}2 + 4U3 = 21)2 + 4’03
0 0O V3 0(1)1) + O(Ug) + O(’Ug) 0
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What really was going on in the previous example? The rows of zeros in the first and
third matrices were problematic, but the column space is about columns.

5.2 Example. We reexamine the matrices from Example 5.1.

5

might be easiest. The immediate observation should be that the second column is —2 times
the first column.

(i) Starting with

(ii) This helps us recognize that the second column of

2 0

00
is 0 times the first column. Even though these matrices have two columns, only one
matters—somehow there is “redundant” data in the matrix!

(iii) Is there redundancy in
10 3
0 2 4|7

000
If so, the redundancy is subtler than the situations of the first two matrices, because no
column is a multiple of another. For example, if the second column is a multiple of the
first, then

o NN O

1
=c |0
0

Equate the first components to get ¢ = 0, so the second column must be the zero vector,
which is certainly false. Similar mechanics can help us check the general claim that no
column is a multiple of another.

The subtle redundancy is that we can reconstruct the third column from the first two:

- +2

O = W
Il
O O W
O = O
Il
o
o O =
O NN O

That is, the third column is a linear combination of the first two.
In fact, the third column just disappears when looking at linear combinations of all of
the columns:

1 0 3 1 0 1 0
U1 0 =+ U9 2 +U3 4 = U1 0 =+ U9 2 +U3 310 + 2 2
0 0 0 0 0 0 0
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1 0
= (Ul —f- 3’03) O —I— (’UQ + 21}3) 2
0 0

And so to describe the column space of this matrix, we do not need to know the third
column at all. This is redundancy.

5.3 Problem (!). Draw pictures in R? of the column spaces of the matrices in parts (i)
and (ii) of Example 5.1. Explain how these pictures illustrate why you cannot “reach” any
vector in R? via a linear combinations of the columns of these matrices.

Here was the problem with the matrices in Examples 5.1 and 5.2: one of their columns
was a linear combination of the other columns. Informally, from the point of view of the
column structure of the matrices, there was redundant data. This is bad by itself, as it
means that more data is being stored than necessary. But things worse from the point of
view of solving linear systems, as somehow redundant data prevented the column space from
being as large as possible. Our job is to understand why.

The problem with the matrices in Examples 5.1 and 5.2 was twofold. First, these were
matrices in R™*™ but their column spaces were not all of R™ (so we could not always solve
Ax = b for all b). Second, one of their columns was in the span of the others. Somehow
these problems are related. We first give a name to the latter situation and then make a
conjecture.

5.4 Definition. The columns of a matrix A € R™" are DEPENDENT if (at least) one
column s a linear combination of the other columns. If n =1 and the matriz only has one
column, we say its column is dependent if it is the zero vector. The columns of a matriz
are INDEPENDENT if they are not dependent.

5.5 Remark. We do not say that “the matriz is dependent” or that the column that is a
linear combination of the others is “dependent” or “dependent on the other columns.” We
only talk about the dependence of the columns in totality, relative to the whole matrix.

The inclusion of the special case of the zero vector when there is only one column (and
when it does not make sense to talk about “span of the others,” because there are no “other”
columns when n = 1) is a bit of a technicality that will be helpful later. For n > 2, here is
the importance of quantifiers: all that it takes for a matrix to have dependent columns is for
one column to be “bad.” Also, dependence is a relative thing: we talk about vectors being
dependent in the context of the rest of the columns of a matrix.

We will mostly focus on the “negative” case of dependence here and later think more
positively about independence.

5.6 Example.
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(i) The columns of

10 3
0 2 4
000

are dependent because the third column is the linear combination

O = W

1
=310 +2
0

O NN O

(ii) The columns of the matrix

are not dependent because neither is a linear combination of the other. Here is why: if the
first column is a linear combination of the second column, then

1 0

O =c |2

0 0
for some ¢ € R. But then

1 0

0] = |2¢]|,

0 0

and equating the first components gives 1 = 0. The same sort of argument shows that the
second column is not a linear combination of the first column.

5.7 Problem (x). Show that the columns of

11
0 0
0 0

S = O

are dependent. [Hint: v = 1v. What does this say about a repeated column being a linear
combination of the other columns?|

5.8 Problem (x). Explain why if A € R™*" satisfies one of the following conditions, its
columns are dependent.

(i) The same column appears at least twice in A.

(ii) The zero vector (in R™) is a column of A.
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(iii) One column of A is a multiple of another column.

Dependence is exactly the right condition to encode redundancy from the point of view
of the column space. If a matrix has dependent columns, then we do not need all of those
columns to describe its column space.

5.9 Theorem (Removal). Let A € R™*" withn > 2 and suppose that one of the columns

of A is a linear combination of the others. Let A e R™ D contain the n — 1 columns of
A except the one that is the linear combination of the others. Then C(A) = C(A).

Proof. To keep the notation simple, let n = 3; this is large enough to show the ideas of the
proof but not so large that the notation is foo cumbersome. Let A = [al as ag] e R™3,
To make the ideas of the proof even more apparent, assume that ag is a linear combination
of a; and a,. That is, there are x;, x5 € R such that as; = zja; + r9a,. Put A = [al aQ].

We want to show C(A) = C(A), and we check the conditions of Definition 4.10.

1. The proof that b € C(A) = b € C(A). If b € C(A), then b = Av for some v € R®. We

have

b = Av
U1
= [al ay a3} (%)
U3

= v1a1 + v2as + vzas

= v1a; + voas + v3(T1a; + T2as)
= v1a; + v2as + vV3T1a] + C3T0a9
= (Ul + ?}31’1)31 + (Ug + U3J]2)32

_ |:a a :| Ul _'_ 1)31}1
b Vg + V3T2

e ! + v3xq -~
=A L’? . vng € C(A).
2. The proof that b € C(A) => b € C(A). If b € C(A), then b = AV for some v € R%. We
have

b= Av

_ U1
= [al ag] |:@/2:|
= v1a; + Vsag

= '171a1 + 528.2 + Om

= 51a1 + 6282 + Oa3
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U1
= [al A ag} @/2
0
Uy
— A |%| € CA). n
0

5.10 Example. We can “iterate” this theorem several times. Let

A:

o O O

1
0
0

S O N

0
1
0

O = W

The zero vector is always a linear combination of any other vectors under consideration:
04 = Oay + Oag + Oay + Oas + Oag.

So
C(A)=C([ay a3 a, as)).

Next, ag = 2a, = 2ay + 0ay + Oas, so
C([ag az Ay 85]) = C([ag ay 85}).

Finally, a5 = 3a; + 4ay, so

are not dependent, and therefore they are independent.

____________________________________________________________________________________________________________________________________________|
Day 6: Monday, January 26.

No class.
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_________________________________________________________________________________________________________________________________________________|
Day 7: Wednesday, January 28.

Now that we have some experience with dependent columns, we can make the conjecture
that Examples 5.1 and 5.2 motivated.

7.1 Conjecture. If the columns of A € R™™ are dependent, then C(A) # R™, and so
we cannot always solve Ax = b.

We do not yet have the tools to prove this conjecture. Worse, even if we know that it
is true, we probably want a way of verifying that the columns of a matrix are dependent—
hopefully a more systematic way than just “getting lucky” and noticing that one column is
a linear combination of the others.

7.2 Problem (!). We can talk about a nonsquare matrix with dependent columns, but
the conjecture was only for a square matrix. Here is why. Let

100
A:{o 1 0}'

Show that C(A) = R? and that the columns of A are dependent.

Our current definition encapsulates the inefficient redundancies in Examples 5.1 and 5.2.
However, it singles out a particular column for blame. One column has to be “guilty” and
expressible as a linear combination of the other columns. Finding that guilty column could
be hard if the matrix is large. Fortunately, there is another test for dependence.

1 -2
A= {3 - 6} .
We studied A in Examples 5.1 and 5.2. We know that the second column of A is —2 times
the first column. With A = [al ag}, we have ay = —2a;. Then

7.3 Example. Let

2 2
02:2a1+a2:[a1 ag:| [1:|:AX, X:|:1:|

We solved the problem Ax = 05 in an “interesting” way—by finding a nonzero solution
x. (Of course x = 0y always meets Ax = 0,. Now we have an extra, “nontrivial” solution.

This “nontrivial” solution to the “homogeneous” problem Ax = 0 turns out to “character-
ize” dependence.

7.4 Theorem. The columns of a matriz A € R™" are dependent if and only if there
exists a vector x € R" such that both x # 0,, and Ax = 0,,.
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Proof. This is an “if and only if” statement, so we need to give proofs going in both direc-
tions.

(=) Start by assuming that the columns of A are dependent. We want to find a solution
x # 0, to Ax = 0,,,, and we know that one column is a linear combination of the others.

1. Here is how this works for a small matrix. Let
A= |:3_1 Ag as 34} € RmX4 with a3 = r1a; + Toag + T4ay

for some 1, xo, x4 € R. By the way, the number of rows m here is irrelevant.
Now rearrange:

T
T2
-1
Ty

0, = (z181 + T8 + T324) — a3 = 212; + Toas + (—1)ag + z4a, = [a1 a, ag ay)

So with x = (x1, 29, —1,z4), we have Ax = 0,,. And we definitely have x # 04 because of
that entry of —1. Maybe x; = x5 = x4 = 0, but still x # 04.

2. Here is how this works in general. Say that the jth column of A is a linear combination
of the other columns. So .
a; = Z Trag

k=1
k)
for some z;, € R. Then
Om = Zxkak + (—l)aj = AX,
k=1
ki
where x is the vector whose kth entry is xj for k # j, and whose jth entry is —1. That jth
entry is nonzero, so X # 0,,.

(«<=) Now we assume that Ax = 0,, for some x € R" with x # 0,,. We want to show that
(at least) one column of A is a linear combination of the others.

1. Here is how this works for a small matrix. Suppose that A = [al a; as a4} e R™4,
x = (21, %2, 23, 24), and xo # 0. Then we have

0,, = AX = 1121 + 228y + T3a3 + 744y,

and so
—Todo = X141 + 343 + T4ay.

Since z5 # 0, we may divide to find

x x x
e () (2o ()
X2 T2 )

And so ay is a linear combination of the other columns.
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2. Here is how this works in general. Let Ax = 0,, and suppose that the jth entry of x is
nonzero. Then

n n
0, = Ax = E Tpag = Tj;a; + E Trag,
k=1

k=1
=y
and so the jth column
n
Tk
a; = ——— ]a
’ Z < ﬂfj) ‘
k=1
[y
is a linear combination of the other columns. [ |

What is special here is not that we have a solution to the homogeneous problem Ax = 0,,,
as we always do (x = 0,,). What is special is that this solution is not the zero vector in R".

Content from Strang's ILA 6E. The blurb on “Independent columns” at the bottom of
p. 30 effectively proves this theorem. Forget about the matrix A in that discussion and
just think that it’s telling you about the (in)dependence of the columns of a matrix C.

This theorem transfers the burden of guilt from a particular column of the matrix to a
solution to the matrix-vector equation Ax = 0,,. Since this course is all about understanding
(and maybe sometimes even solving) Ax = 0,,, that should make us happy.

Day 8: Friday, January 30.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Null space of a matrix, dependent list of vectors, independent list of vectors

The collection of all solutions to Ax = 0,, has a special name and in many ways serves
as the moral complement of the column space.

8.1 Definition. The NULL SPACE of A € R™" is the collection of all solutions to
Ax = 0,,. We denote it by N(A), and every vector in N(A) is a vector in R". Equivalently,

N(A) ={x € R" | Ax = 0,,} .

The null space is “implicitly” defined: vectors in the null space are defined by what they
do, but we do not immediately have a formula for them. By contrast, the column space is
“explicitly” defined: every vector in C(A) has the form Av.

Eventually we will develop a detailed procedure for figuring out exactly what vectors are
in N(A). This will be part of our broader program of developing a detailed procedure for
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solving Ax = b, which should be unsurprising, since studying the null space amounts to
studying Ax = b in the special case of b = 0,),.

8.2 Example. N(I,) = {0,} for any n. If [,x = 0,,, then x = 0,,.

8.3 Problem (!). At the very least we always know one vector in the null space. Let
A e R™". Explain why 0,, € N(A4). Do we have 0,, € N(A)?

8.4 Problem (x). Describe as precisely as possible the null spaces of
1 -2 1 -2
[3 2] and [3 _ 6] :
[Hint: for the first matriz, some of your work in Problem /.12 might help.|

Now we can recast Theorem 7.4 and facts about dependence in the language of the null
space.

8.5 Corollary. The columns of a matriz A € R™" are dependent if and only if N(A) #
{0,,}. (Since 0,, € N(A) always, saying N(A) # {0, } means there is some v € N(A) with
v#0,.)

8.6 Problem (!). Prove it.

8.7 Problem (!). Let

A:

S O =
S NN O
O = W

Find a nonzero vector x € R* such that Ax = 03. [Hint: part (i) of Example 5.2.|

We know that the column space of A controls existence of solutions to Ax = b: we can
solve this problem precisely when b € C(A). We know that N(A) controls solutions to
Ax = 0,,, but does N(A) tell us anything useful about the more general problem Ax = b?

Yes! Remember that when we are solving equations, we want to know about uniqueness
along with existence. That is, if given A € R™*" and b € R™, we have a solution x € R" to
Ax = b, is this the only x? Could we have two different choices for x?

Here is the trick. Let x;1, x5 € R" solve Ax = b. That is,

Ax;=b and Axy;=0Db.

For solutions to be unique, we want x; = Xy. Is this true? If x; = x5, then x; — x5 = 0,,.
What if solutions are not unique? Then x; # X5, and so x; — X3 # 0,,. And what is x; — X3
doing?
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All we know about about x; and x5 is how they behave under multiplication by A, and
so we consider how x; — X, behaves under multiplication by A. We compute

A(x) —x3) = Ax; — Axo =b — b = 0,,. (8.1)

Thus x; — x2 € N(A). And if x; # X3, then N(A) is bigger than just {0,}. By the way,
the first equality here, that of A(x; — x3) = Ax; — Axy, was linearity of matrix-vector
multiplication.

This argument started by looking at nonunique solutions to Ax = b and deduced infor-
mation about N(A). Start instead with N(A) and suppose that it is bigger than just {0,}.
Let z € N(A) with z # 0, so Az = 0,,,. Suppose that we also have a solution x, to Ax, = b.
Finally, let ¢ € R. Then

A(x, + cz) = Ax, + cAz =b + 0,, =b +0,, = b. (8.2)

Again, as in (8.1), the linearity of matrix-vector multiplication makes the first equality

possible. For each ¢, we get a new vector x, + ¢z. And so from (8.2) we get a new solution
to Ax = b.

8.8 Problem (!). Prove it: if ¢; # ¢, explain why x, + 12 # X, + c2z. [Hint: what
happens if, instead, X, + 12 = X, + coz? Here it is important that z # 0,

These arguments lead to an important result.

8.9 Theorem. Let A € R™". The following are equivalent.

(i) The columns of A are dependent.

(i) N(A) # {04}
(iii) There ezists x € R" such that Ax = 0,, and x # 0,,.

(iv) If for some b € R™ the problem Ax = b has a solution, then this solution is not
unique.

The equivalence of the third and fourth parts here illustrate how linearity reduces the
question of uniqueness of solutions for the general problem Ax = b to the very specific
homogeneous problem Ax = 0,,. Knowledge of just this one problem Ax = 0,, has ramifi-
cations for the infinite family of problems Ax = b.

Our discussion of the null space has focused on (non)uniqueness of solutions to Ax = b,
and we have concluded that dependent columns prevent uniqueness of solutions. This still has
not resolved Conjecture 7.1 on how dependent columns affect existence. That will take more
work, and the work starts with thinking more positively. The opposite of dependence, which
seems to be bad, is independence: the columns of a matrix A € R™*" are independent if
they are not dependent. Independence is a “relative” concept—a column is not independent,
or dependent, by itself; whether a column is independent or dependent is a matter of how it
interacts with all of the other columns.
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If “dependent” means “at least one column is a linear combination of the others,” then
“not dependent” has to mean “no column is a linear combination of the others.” And that is
what “independent” means. Likewise, if dependence means “one column is guilty” (of being
a linear combination of the others, of being linearly redundant), then independence means
“all columns are innocent.” FEither way, that is a lot to check—find one guilty column, or
prove that every column is innocent. Fortunately, a restatement of Corollary 8.5, that great
equalizer, offers a different take.

8.10 Corollary. The columns of a matriz A € R™ "™ are INDEPENDENT if and only if
N(A) ={0,}, that is, precisely when the only solution to Ax = 0, is x = 0,,.

8.11 Example. The columns of the n x n identity matrix I,, = [el cee en] are indepen-
dent, for if /,x = 0,,, then since [,,x = x, we immediately have x = 0,,.

8.12 Problem (x). Let A = [a; --- a,] € R™". Prove that the columns of A are
independent if and only if whenever ¢;a; + --- + ¢,a, = 0,,, we must have ¢; = 0 for
j=1,...,n. [Hint: use the definition of matriz-vector multiplication.|

We can recast Theorem 8.9 from the point of view of independence.

8.13 Theorem. Let A € R™*". The following are equivalent.

(1) The columns of A are independent.
(ii) N(A) = {0,}.
(iii) The only solution to Ax = 0,, is x = 0,,.

(iv) If for some b € R™ the problem Ax = b has a solution, then this solution is unique.

8.14 Problem (!). Prove it (by heavy reference to Theorem 8.9.

Remember that we started the study of dependent columns because we observed that
square matrices with dependent columns seemed to have too small of a column space. That
led us to make Conjecture 7.1. Here is the more upbeat analogue for a square matrix with
independent columns.

8.15 Conjecture. If the columns of A € R™™ are independent, then C(A) = R™.

8.16 Problem (!). Again, the conjecture is only for square matrices. Explain why the
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columns of

are independent but C(A) # R3.

As with Conjecture 7.1, we do not yet have the tools to prove Conjecture 8.15, nor do
we have a particularly efficient way of verifying that a matrix’s columns are independent
beyond the definition. Both conjectures beg the question of which columns in a matrix
really matter—which ones are redundant and which ones are essential for describing the
column space. This will lead to a more general definition of dependence and independence
that can be given beyond the context of matrices. So, what columns really matter?

Content from Strang’s ILA 6E. Answer: the “independent ones,” as alluded to on pp.
20-22. This will require us to broaden the definition of independence to allow only some of
the columns of the matrix to be independent—that is, some of the columns of a matrix with
dependent columns can still be independent, if we define “independent” correctly. Now is
also a good time to (re)read pp. v—vii up to, but not including, the A = C'R section.

8.17 Example. We have some experience telling us that the columns of the matrix

1
A:[al as ag}: 0
0

S NN O
O b~ W

are dependent—recall part (iii) of Example 5.1, part (iii) of Example 5.2, part (i) of Exam-
ple 5.6, and Problem 8.7. Among other ways to see this, we have a3 = 3a; + 2a,, and from
this the removal theorem gives C(A) = C([a; a,]). But we really need those columns:
C(A) # C([a1]) and C(A) # C([az]). (Why?)

We also saw in part (ii) of Example 5.6 that the columns of

o NN O

1
[al aQ] =10
0

are independent. It is no accident that we needed just these columns to control C(A), but
it turns out that we had other options: C(A) = C([a; as]). Unsurprisingly, the columns
of [a; aj] are independent and C(A) # C([as]).

8.18 Problem (!). Fill in the gaps from Example 8.17 as follows.

(i) Prove that C(A) = C([a; a3]) = C([ay as]). [Hint: use the removal theorem.|

(ii) Prove that the columns of [a1 ag], [al ag}, and [aQ ag] are independent.
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(iii) Prove that C(A) # C([a1]), C(A) # C([az]), and C(A) # C([as]).

The important columns in A from Example 8.17 were a; and ay. (Or maybe a; and as.
Or maybe as and az.) We could describe C(A) using no more, and no less, than these two,
and when we stuck them in a matrix, that matrix had independent columns. Something
about our language is clunky here—that last sentence. We do not need to “stick vectors in
a matrix” to appreciate their independence. Going forward, it will save us some time if we
can think about (in)dependence of vectors without introducing a matrix.

8.19 Definition. A list of vectors vy,...,v, € R™ is DEPENDENT if one of the following
conditions holds:

(i) n=1 and vi = 0,,.

(ii) n > 2 and (at least) one vector in this list is a linear combination of the others.

The list is INDEPENDENT if it is not dependent.

We separate the cases n = 1 and n > 2 because if a list has length 1, it does not make
sense to say that that one vector is a linear combination of the others in the list—there are
no other vectors in the list in that case.

8.20 Example. In this example we think about the standard basis vectors in R?.

(1) The list e;, ey, e; + 2e, is dependent because the third vector is a linear combination
of the first two.

(ii) The list e;, eq, 2e; is dependent because the third vector is a linear combination of
the first two: 2e; = 2e; + Oes.

(iii) The list eq, ey, €; is dependent because the third vector is, again, a linear combination
of the first two: e; = le; + Oes. Any list with a repeated vector is dependent.

(iv) The list e;, 03, ey is dependent because 03 = 0e; + 0ey. Any list containing the zero
vector is dependent.

There are lots of equivalent ways for a list to be (in)dependent, and the logic is basically
the same as with columns of a matrix.

8.21 Theorem (Equivalent conditions for a dependent list). Let vy,...,v, € R™.
The following are equivalent (so if one of the things below is true, both are true; if one is

false, both are false).

(1) The list is dependent.
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(ii) There ezist scalars cy,...,c, € R such that at least one of the scalars is nonzero and
civi+ -+ vy =04,

8.22 Problem (!). Reread the proof of Theorem 7.4 and use that proof to explain why
Theorem 8.21 is true. |[Hint: the list vy,...,v, is dependent if and only if the columns of
A= [Vl Vn} € R™"™ are dependent.]

Day 9: Monday, February 2.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Span of a list of vectors

Here is the happier version, for independence.

9.1 Corollary (Equivalent conditions for an independent list). Let vy,...,v, € R™.
The following are equivalent (so if one of the things below is true, both are true; if one is
false, both are false).

(1) The list is independent.

(ii) Letci,...,c, € R satisfy c1vi + -+ ¢,vy, =0y, Thenc; =0 for j=1,...,n. That
is, the only linear combination of the list that adds up to the zero vector is the “trivial”
linear combination with weights all zero.

9.2 Example. In this example we think again about the standard basis vectors in R?.
(1) The list e, ez, e3 is independent because if cie; + coes + cze3 = 03, then
C1

Coy| =
C3

o O O

and so ¢; = ¢ = cs.

(ii) We check the (in)dependence of the list e1, e; +e3, €] + €3+ e3. Assume cie; +co(e +
€2) + c3(e; + ez + e3) = 03. This reads

1 1 1 0
c1 |0 +co [1| +c3 (1| = (0],
0 0 1 0
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and that is a system of linear equations (for which we still lack a systematic solution
procedure!). But this is not too hard to solve: we want

Cc1+ ¢+ c3 0
Co + C3 =10 s (91)
C3 0

and looking at the third entries, that says c3 = 0, thus 0 = ¢3 + ¢c3 = ¢o, and last 0 =
Cc1+cCy+c3=cq.
By the way, the vector equation (9.1) is equivalent to the matriz-vector equation

11 1] [e
01 1| |ea| = 0s.
00 1| |es

This is the dream: an upper-triangular matrix (so-called because below the diagonal all
entries are () with nonzero entries on the diagonal. Such a system is easy because we
can “back-solve” or “back-substitute” starting from the bottom, which we just did (c3 =0
to co = 0 to ¢; = 0). Very soon we will develop versatile procedures for converting any
problem Ax = b to “upper-triangular” form.

Content from Strang’s ILA 6E. Pages 116-117 (just read Example 1 on p. 117) define
independence and give examples. I know this is a big jump ahead in the book, but you can
read it now. Ignore for now the remark at the bottom of p. 116 about the “free variable”
and “special solution.”

9.3 Problem (!). Give answers to the following questions that are a little more direct
than just repeating the definition of (in)dependence.

(i) When is a list of length 1 dependent? Independent?

(ii) When is a list of length 2 dependent? Independent?

9.4 Problem (x). Ifvy,...,v,isalist in R™, we’ll say that wy, ..., w,, isa REORDERING
of that list if for each j between 1 and n, there is a unique k£ between 1 and n such that
w; = v;. For example, the list ey, €1, e3 is a reordering of e;, ey, es, but the list e;, ey, ey
is not.

(i) Explain why a list and any reordering of that list have the same span. [Hint: does the
order in which you add vectors ever matter? Nope.|

(ii) Suppose that a list is dependent. Prove that any reordering of that list is dependent,
too. [Hint: to get a sense of how the argument should go, assume that vi, Vo, V3, V4 is
dependent, and then explain why vy, v3, Vo, Vi is also dependent.]
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(iii) Do the same for independence.

(iv) Let vy,...,v, be a list in R™ with n < m, and suppose that the vectors in this list
are (some of) the standard basis vectors for R™. No standard basis vector appears two or
more times in this list (and not every standard basis vector has to be in the list: maybe
n < m). Prove that this list is independent.

We introduced lists so that we can talk about (in)dependence without having to bring up
a matrix all the time. In turn, this involves talking a lot about linear combinations of lists.

9.5 Definition. The SPAN of the vectors vy,...,v, € R™ is the set of all linear combi-
nations of these vectors, and we denote it by span(vy,...,v,). If a set V of vectors in R™
equals span(vy, ..., v,), then we say that the list vy, ..., v, SPANS V.

Content from Strang’s ILA 6E. The span of a list of vectors is defined in the box on p.
21.

9.6 Example.

(i) Let v.€ R™. Then span(v) ={cv | ¢ € R}. So the span of a single vector is the set of
all scalar multiples of that vector.

(ii) With e;, ey, e3 as the standard basis vectors for R? (context matters!), Example 3.12
gives span(ey, ey, e3) = R

(iii) Let aj,...,a, € R™. Then C( [al an] ) = span(aj,...,a,). So every column
space is a span, and every span is a column space—but talking about spans cuts down on
some chatter and avoids unnecessarily introducing a matrix just to have a column space.

9.7 Problem (!). Prove that span(0) = {0}. That is, the only vector in the span of 0 is
0 itself.

9.8 Problem (x). Let vq,...,v, € R™.

(i) Prove that 0,, € span(vy,..., V).

(ii) Prove that v; € span(vy,...,v,) for each j = 1,...,p. [Hint: make most coefficients
0 and one special coefficient 1.

(iii) Let A € R™*" and v € span(vy,...,v,). Prove that Av € span(Avy,..., Av,).

There is another way to check for independence that works well by hand for “small”
matrices and that more generally reinforces the underlying idea of linear combinations. The
statement of this independence test is bit technical, so we will do some examples before the
proof.
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9.9 Lemma (Linear independence). Let vy,...,v, be a list in R™. The following are
equivalent.
(1) The list vy,...,v, is independent.

(ii) The following two conditions hold. First, vi # 0,,. Second, if n > 2, then for
j = 2,...,n, the jth vector in the list is not a linear combination of the first 7 — 1
vectors. In more symbols and fewer words, this means vy # 0,, and, if n > 2, then
v; €span(vy,...,vj_1) forj=2,...,n.

This result is often called the “linear independence lemma,” although there certainly are
plenty of other tests for linear independence. By violating either of the two conditions in
the second part, we get linear dependence, so we could just as well call this the “linear
dependence” lemma.

9.10 Example. Let

D Ot W~

1
vi=|0], vo= (3], and v3=
0

Certainly

Vi = 0 7é 03.

Next, we want to check that vy & span(vy). Otherwise, we would have
2 1
3l =c|0
0 0

for some ¢ € R. Equating the second components, this would mean 3 = 0. Last, we want
to check that vy & span(vy, vy). Otherwise, we would have

4 1 2
5 =C 0 + C 3
6 0 0

Equating the third components, we would have 6 = 0. And so the list vy, vy, v3 is
independent.
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9.11 Problem (!). Use Lemma 9.9 to explain why the columns of the matrix

S O NN
O O = W

S O ==
o e e =

are dependent.

9.12 Problem (%). Give an example of a dependent list vy, ..., v, with n > 2 such that
v; &€ span(vy,...,vj_) for 2 < j <n.

Content from Strang’s ILA 6E. Reread p. 20, this time paying attention to dependence
and independence. Then work through the (in)dependence tests on p. 21 for the matrices
Ay and As. There is one thing here that we have not yet discussed: what does it mean for
only “some” of the columns of A to be independent?

Day 10: Wednesday, February 4.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Pivot columns of a matrix, rank of a matrix (can you give an example of a matrix with
a prescribed rank?)

Now we prove the linear independence lemma.

Proof (Of Lemma 9.9). Proofs involving linear (in)dependence often work best when done
by contradiction: what goes wrong if the result that we want to be true is false?

(=) First suppose that the list vq,...,v, is independent. We want to prove that the
second, technical part of the lemma is true.

Since the list is independent, no vector can be the zero vector, or the list would be
dependent. In particular, v; # 0,,. Then if n = 1, we are done. Otherwise, suppose n > 2.
If the jth vector for some j > 2 is a linear combination of the previous j — 1 vector, then
that vector is a linear combination of all of the other vectors in the list. Just put the weights
on the remaining vectors to be zero. And then the list is dependent, which is wrong.

1. Here is how this works for a short list. Say n = 4 and v3 € span(vy,vs). Then vy =
c1V1 + cava for some ¢q, ¢ € R. But then by the great trick of adding zero,

vy = c1Vy + vy + 0,, = 1V 4 vy + Ovy,
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and so v is in the span of the other vectors in the list. This is linear dependence.

We also want to rule out the cases vy € span(vy) and vy € span(vy, vy, v3). Can you
adapt the argument in the preceding paragraph to show why either of these cases imply
dependence?

2. Here is how this works in general. Say that for some j > 2 we have v; € span(vy,...,v,_1).
So

Vi =C1Vh + -+ Cji—1Vj-1

for some ¢y, ...,c¢j_1 € R. Rearrange this to read
avi+ -+ c¢jvisg + (—1)v; = 0.
If 7 = n, then the list vq,...,v, is dependent. If j < n, add zero to find
avi+t-4cjovioi+ (=) v+ 0vjq + -+ 0v,, = 0,

and so the list is again dependent.

(«<=) Now suppose that the technical condition in the second part of the lemma holds. We
need to prove that the list is independent. If the list has only one vector, then that vector
is nonzero, so we are done. Say that the list has at least two vectors. One way to prove
independence is to assume c¢;vy + -+ + ¢, v, = 0,, and show ¢; = 0 for all j. What goes
wrong if at least one coefficient is nonzero?

Ifcy=---=¢, =0, then we get ¢c;vi = 0,,. Since at least one coefficient has to be
nonzero, that has to be ¢; here: ¢; # 0. Then vy = 0,,, a contradiction.

Otherwise, suppose that a coefficient with index 2 or higher is nonzero (maybe there
multiple nonzero coefficients). The trick is to look at the highest-indexed coefficient that is
nonzero.

1. Say that n = 4 for simplicity. What if ¢4 # 07 Then we have ¢;vi+covo+c3vy+cyvy = 0y,
and this rearranges to give

c c c
R M O S TR
Cy Cq Cq

This is a contradiction.
Now what if ¢4, = 0 but ¢3 # 07 Then ¢;vy + cova + c3vy = 03, and, as above,

C1 C2
vi=(——)vi+ | —=) Vs €span(vy,vs).
C3 C3

That is a contradiction.
Do you see what to do if ¢3 = ¢4 = 0 but ¢y # 07

2. Here is how this works in general. Let j be the largest index such that ¢; # 0. (In the case
above, we had j = 4 = n, but maybe j < n.) If j = 1, this means that ¢, =0,...,2, =0,
and then 0,, = ¢;vy. Since ¢; # 0, we get vi = 0,,, a contradiction. Otherwise, if 2 < 7 < n,
then we rearrange

0, =c1vi+ -+ +¢j_1vj—1 + ¢V,
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into
C1 Ci_1
v, = (——) Vit + (—]—) v;_1 € span(vy,...,v,_1),
€ G
yet another contradiction. [

We could view the linear independence lemma as a “sweeping” tool: look at the list from
left to right. If the first vector is nonzero, keep going. If each successive vector is not
in the span of its predecessors, keep going. Either we run out of vectors, and the list is
independent, or, somewhere sweeping through the list, we find that one vector is in the
span of its predecessors, you have a dependent list. The linear independence lemma makes
dependence a little more algorithmic: to find the “guilty” vector that is a combination of the
others, sweep the list from left to right until we have the vector that is a combination of its
predecessors (and therefore a combination of everything else in the list by weighting some
vectors with coefficients of zero, as needed).

Easier said than done, perhaps. How do we know that v; € span(vy,...,v,_1)? We need
to find coefficients ¢y, ...,¢;—1 € R such that v; = ¢;vy + -+ 4 ¢;_1v;_;. Equivalently, we
need to solve ¢;vy + -+ 4+ ¢;_1vj_1 + (—1)v; = 0,,. This is a linear system of equations:

&1

[Vl ER . | Vj} :Om-
Cj—1
~1

And we still do not have an algorithm for solving this problem—ijust lots of tools for under-
standing it.

The linear independence lemma also allows us to winnow down a list to its essential
components from the point of view of spans. The following concept and lemma yield the list
analogue of (repeated iterations of) the removal theorem for matrices (Theorem 5.9).

10.1 Problem (%). If vy,...,v, is a list in R™, and if p < n, then a SUBLIST of the
original list is a list of the form v;,,...,v; , where 1 < j; < jp <--- < j, <n. Thisis a
painful definition, so here is an example. Start with the list v, vo, v3, v4. Then vo, vy is
a sublist, as is the list v; with one entry, but the list v{, vi, vy is not a sublist, nor is the
list vq, vi.

(i) Suppose that a list is independent. Prove that any sublist is independent, too. [Hint:
if the list vi, va, v3 is independent and the sublist is vy, Vo, you want to show that if
c1V1 + vy = 0, then ¢q = ¢ = 0. But you only know stuff about linear combinations
of the whole list. How can you get v to show up in c1vy + covy = 07 What is the right
coefficient to slap on vs?)

(ii) Suppose that a list contains a dependent sublist. Prove that the whole list is depen-
dent, too.

(iii) Is every sublist of a dependent list always dependent, too?
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10.2 Lemma. Let vy,...,v, be a list in R™, and suppose there is at least one monzero
vector in the list. Then this list has an independent sublist with the same span: there is a
sublist vj,,...,v;, of vi,...,v, such that span(v,,,...,v; ) =span(vy,..., vy,).

Proof (of Lemma 10.2). We reduce the list as follows. Let v;, be the first nonzero vector
in the list. (At least one exists.) So span(vy,...,v; ) = span(v,,). Also, the list v;, is
independent because v;, # 0.

If j1 = nor if v; € span(vy,) for j > ji, stop. Otherwise, let jo > j; such that v;, is the
first vector in the list that is a multiple of v;,, i.e., v;, & span(vj,). So span(vy,...,Vvj,) =
span(vj,,vj,). Also, the list v;,, v, is independent because v;, # 0 and v;, ¢ span(v;, ).

If jo = norif v; € span(v,,,vj,) for j > jo, stop. Otherwise, let j5 > ja such that v;, is the
first vector in the list that is not in span(v;,, v;,). So span(vy,...,Vvj,) = span(vj,, Vj,, Vj,).
And the list v;,, vj,, v;, is independent since v, & span(v;,,v;,).

Now turn the crank and keep going: eventually we run out of vectors in the list. More
precisely, either v,, is not in the span of the previous vectors in the list, and we take j, = n,
or for some j, < n, all of the vectors v, 11,...,Vv, are in the span of the sublist stopping
with v; . |

10.3 Problem (!). Go back to Example 5.10 and think of the columns of the matrix there
as the original list (so n = 5). Convince yourself that in the notation of Lemma 10.2, the
results of Example 5.10 gave r = 2, j; = 2, and j, = 4.

Content from Strang's ILA 6E. Think once more about the matrices A; through As
on pp. 20-21. Apply the algorithm in Lemma 10.2 to extract the linearly independent
columns that span the column spaces.

10.4 Remark. Reading this is probably not a good use of time.

(1) We keep using the word ‘list,” but we never defined it. A list is not quite a set: the
list e1, ey, e; in R has three entries, although the third repeats the first (so the list is
what, independent or dependent?). But the set {e1,eq, €1} is the same as {e;, ey}, because
repeating an element when describing a set doe not yield a different set. Also, {e;, ey} =
{es, e1}, because changing the order of elements when describing a set does not change that
set. Thus

{e17 €9, el} = {e17 eZ} = {627 el}'
So the concept of a list should both allow repetition and encode order: when we talk about
the columns of the matrix [el ey el}, we want to respect their order:

[el €9 81}7&[81 82} and [81 €9 el]#[eg el}.

(ii) Perhaps the most precise (which is not the same as most useful) way to think of a list is
as a set of ordered pairs: the list vy,...,v, is the set {(k,vy)}i_,. This encodes order (vy
comes before vo) and allows repetition: the list eq, ey, e is the set {(1,e1),(2,e2),(3,e1)},
which is not the same as the list {(1,e1),(2,e2)} or the list {(1,e3),(2,e1)}.
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(iii) It might be preferable to write a list enclosed in parentheses: instead of talking
about the list vq,...,v,, we would talk about the list (vi,...,v,) = {(k,vg)}p_y. This
could lead to a weird overworking of ordered pairs in the case of a list of length 2:
(vi,vo) = {(1,v1),(2,v2)}. And a list of length 1 would be (vy) = {(1,v1)}. The
upshot, though, is that drilling into what it means for two sets to be equal, we have
(V1. oy Vi) = (Wi, ..., Wy,) if and only if n = m and vy, = wy for k = 1,...,n; that
18, two lists are equal precisely when they have the same length and when the corresponding
entries are equal.

(iv) This is all very similar to how we talked about vectors as sets of ordered pairs in
Remark 2.12 and even more similar to one of the definitions of a matrix that we attempted

in Remark 2.16. In fact, the former remark suggested defining a vector v.= (vq,...,v,)
as a list in R (which means that a list of vectors would be a list of lists!), and the latter
remark suggested defining the matriz A = [al an} e R™" as A = {(k,ag)}1_,, and

by the definition of list above, that would have A = (ay,...,a,). That is, a matriz would
just be the list of its columns. . .

We have seen several times that we may not need all of the columns of a matrix to span
the column space, just some, but that there is a threshold below which we cannot dip—we
seem to need a certain minimum number of columns to span the column space. That number
seems to be connected to the minimum length of an independent list that spans the column
space.

10.5 Example. We studied the matrix

0120
A=10 0 0 1 = [03 (S31 281 (S)) (381"‘492)]:[&1 Az Az a4 85].
0000

O = W

in Example 5.10 and saw that C(A) = span(ay, a4) and that the list ay, a4 is independent.
We might also notice that any independent list of columns of A of length 2 also spans
C(A) (there are several such lists, like ag, as), no list of columns of length 1 spans C(A)
(try it: there are only five such lists), and any list of columns of length 3 or greater will
be dependent (there are many such lists, so just look at a few examples to be convinced).
Something similar happened in Problem 8.18 for a different matrix.

But there is something special about the list as, as: these are the “first” independent
columns of A to appear going from left to right. This is how we worked in Example 5.10,
and this is also how the linear independence lemma operates.

More precisely, here is what we should appreciate about the list ay, ay.

e a, is the first nonzero column of A.
e a3 € span(ay).

e a, is the first column in A not in span(ay). That is, ay ¢ span(as) but a; € span(ay) for
j=1,23
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e a; € span(ay, ay).

e And after that there are no more columns of A. Also, every column of A is in span(as, a4),
and so from the point of view of the column space, only 40% of the original data of A was
important.

Here is the abstraction of the situation with the special list as, a; in the previous example.

10.6 Definition. Let A € R™*" be a nonzero matriz. (This means that at least one entry
of A is not the scalar 0, and so at least one column of A is not the zero vector 0,,.) Define
a list of columns of A recursively as follows.

1. The first entry in this list is the first nonzero column of A.

2. If every column of A is a multiple of the first nonzero column of A, then this list has
only one entry: the first nonzero column of A.

3. Otherwise, keep going: for i > 2, the ith column in this list is the first column of A that
is mot in the span of the previous i — 1 columns in this list.

The columns in this list are the PIVOT COLUMNS of A, and the length of this list is
the RANK of A, denoted rank(A). We define the rank of the zero matriz to be 0.

10.7 Remark. In much more precise, but painful, notation, the list of pivot columns
aj,,...,a, of A satisfies the following.

(i) The first pivot column is the first nonzero column of A: if j < ji, then a; = 0.

(ii) The first pivot column is the first nonzero column of A: a;, # 0.

(iii) If there are at least two pivot columns, then the ith pivot column is not in the span of
the previous i — 1 pivot columns: if r > 2 and i > 2, then a;, & span(a;,,...,a;, ,).

(iv) If there are at least two pivot columns, then the ith pivot column is the first column
of A not in the span of the previous i — 1 piwot columns: if r > 2, 1> 2, and j < j;, then
a; € span(aj,,...,a;, ,), and if j > j., then a; € span(a;,,...,a;,).

10.8 Example. The pivot columns of

A:

o O O
O O =
O O N
o = O
S = W

are ag, a4, and rank(A) = 2.
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Day 11: Friday, February 6.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Product of two matrices

11.1 Example. Each column of
1 2 3
A=11 2 3
1 2 3

is a multiple of the first, and the first column is nonzero, so rank(A) = 1 and the list of
pivot columns of A is just a;. In general in a rank-1 matrix, every column is a multiple of
just one other column (maybe not the first, if the first column is zero).

11.2 Problem (!). Give an example of a matrix A € R™" with n > 2 such that
rank(A) = 1 but not every column of A is a multiple of the first column.

Content from Strang’s ILA 6E. Work through the example on p. 23 with the matrix
Ag. We won’t talk about this for some time in class, but the “row rank = column rank”
calculations for 2 x 2 and 3 x 3 rank-1 matrices are good practice, so check the details
yourself.

11.3 Example. Let

1 7
2 14
2 8

A=

o O O

1
2
0

O = N

The first pivot column of A is ay since a; = 03. Since ag = 2as but a; ¢ span(ay), the
second pivot column of A is ay. (More precisely, if a; = cay for some ¢ € R, look at the third
components to get 0 = 2.) Finally, it turns out that a5 = 3as + 4a4, so a5 € span(as, ay),
and therefore a; is not a pivot column of A. One way to see this is to set up the system
c1as + coa4 = a5 and grind out ¢; = 3 and ¢ = 4. Thus the pivot columns of A are the
list ay, a4, and so rank(A) = 2.

This work shows that every column of A is in the span of the pivot columns. In par-
ticular, the relationships among the columns of A here are exactly the same as they were
in Example 10.5, except there the matrix had more zero entries and so was simpler. To
recap:

e Part (i) of Problem 9.8 gives a; € span(as, a,).
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e Part (ii) of Problem 9.8 gives ay, ay € span(ag, ay).
e We just saw a3 € span(ay), specifically with ag = 2a,, so

ag = 2a, + 03 = 2ay + Oay € span(ag, ay).
e And we also saw (or at least claimed) that a; € span(ag, ay).

The removal theorem, going exactly as we did in Example 5.10, then tells us C(A) =
span(ag, ay). The pivot columns span the column space of A.

11.4 Problem (!). Let

A=

S O N

4
0
6
8

= w o O
co O O N

0
Find the pivot columns of A and calculate rank(A).

11.5 Problem (!). What is the rank of a diagonal matrix? (Say something more profound
than “the number of pivot columns.”)

We are observing patterns in these examples, and right now we do have the tools to
confirm at least some of them.

11.6 Theorem. Let A € R™ " with rank(A) > 1. Then the list of pivot columns of A is
independent and spans C(A).

Proof. Call this list a;,,...,a;,.

1. The proof of independence. If r = 1, then this list has only one entry: a; # O,
and so this list is independent. Otherwise, if » > 2, then a;; # 0,, and, for i > 2,
a;, ¢ span(aj,...,a;, ,). The linear independence lemma therefore implies that the list
is independent.

2. The proof of spanning. This is the removal theorem iterated to remove any column of A
that is not a pivot column. [ |

Out of these examples we distill the following conjecture as to how rank is a “threshold”
for controlling the column space efficiently.

11.7 Conjecture. Let A € R™"™ with r := rank(A4) > 1.

(1) Any independent list of length r in C(A) spans C(A).
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(ii) No list of less than length r in C(A) can span C(A).
(iii) Any list of length greater than r in C(A) is dependent.
Part of developing the tools to prove this conjecture will be developing a mechanism for

easily identifying the pivot columns of a matrix. Right now it is very much a column-by-
column process.

11.8 Problem (!). Let A € R™*" with rank(A) = > 1. We are conjecturing that a list
of length greater than r in C(A) is always dependent. Is a list of length r or fewer vectors
in C(A) always independent?

11.9 Problem (x). Let A € R™*".

(i) Explain why rank(A) < n. Eventually we will show that rank(A) < m, too.
(ii) Suppose that rank(A) = n. Prove that the columns of A are independent.

(iii) Suppose that the columns of A are independent. If n = 1, what goes wrong if
rank(A) = 07 If n > 2 and rank(A) < n, explain why a column of A must be a linear
combination of the other columns. Why is that a problem? Conclude that if the columns
of A are independent, then rank(A) = n.

(iv) Prove that the columns of A are dependent if and only if rank(A) < n.

11.10 Problem (!). Let A € R™*". The goal of life is to solve Ax = b given b € R™.
Fill in the blanks below.

(i) We can always solve Ax = b when C(A) = [what: R", R™ {0,}, {0,,}, or something
else entirely?|, where

C(A) = |what is the definition?]
is the column space. So for existence of solutions we want C(A) to be as [large or small?]
as possible.

(ii) Matrix-vector multiplication is a linear combination of [what kind of stuff?]. So C(A)
is the set of all linear combinations of [what?|. To describe C(A) as efficiently as possible,
we only want to use |[what kind of columns?| If the columns of A are [independent or
dependent?| and A is square, then we expect that solutions [will or will not?| always exist.

(iii) If a solution to Ax = b exists, then it is unique precisely when N(A) = [what: R",
R™, {0,}, {0,,}, or something else entirely?|, where

N(A) = [what is the definition?]

is the null space. So for uniqueness of solutions we want N(A) to be as [large or small?] as
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possible. If the columns of A are [independent or dependent|, then solutions, if they exist,
[will or will not be?| unique |and is this just a conjecture or did we prove it already?]|.

The time has come for a technological leap forward. The fundamental goal of the course is
understanding the matrix-vector equation Ax = b and maybe even solving it. Consideration
of this goal has led us to appreciate the need for a deep awareness of the data contained in A
and how that data is related to b. It would be helpful if we could develop both an algorithmic
procedure for solving Ax = b (when this problem has a solution) and for extracting and
representing useful data about A in meaningful ways.

Remarkably, we can achieve both goals with the same tool: matrix multiplication. Pre-
viously we multiplied a vector and a scalar and got another vector. Then we multiplied a
matrix and a vector (not just any matrix and any vector—their sizes had to be compatible)
and got another vector, in the process, perhaps, multiplying a bunch of vectors by scalars.
Now we will multiply two (compatible) matrices and get another matrix.

We defined matrix-vector multiplication in a meaningful way: the product Ax represents
one side of a system of equations, and the mechanics of taking this product are compatible
with natural componentwise operations on vectors. (Reread Example 3.2.) We will do the
same for matrix-matrix multiplication. But what should this new operation encode? Ideally,
two seemingly disparate things: the algorithmic steps of solving Ax = b, and some kind of
useful data about A.

We have focused much more on the data contained in A than the mechanics of solving
Ax = b, and so we stay with the former for now. Prior life experience has guided us to
reverse-engineer multiplication to reveal useful data. We factored integers into products of
powers of primes:

12 = 2%(3).
And we factored polynomials into simpler polynomials:
v —dr +4=(z—-2)>

Both kinds of factorizations reveal (potentially) useful information: what the essential com-
ponents of an integer are, how to find zeros and maybe graph polynomials. If we know how to
multiply matrices, perhaps we can factor them so that only the most important information
comes out in the factorization.

11.11 Example. We know that the pivot columns of

0120 3
A=10 0 0 1 4
000O0O

are ag, a4 and that every other column is a linear combination of these columns. From the
point of view of C(A), the pivot columns are the most essential data from A. We store
them in one matrix:

C .= [ag a4] .
Suppose that we store how to build the other columns of A in a “coefficient matrix”: since

a; = Oag + 0a4
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Ay — 1212 + 0a4
ag = 2&2 + 084
a, = 0ay + lay

a; = 3as + 4ay,

put
0120 3
R = lo 00 1 4] :[rl ro, Irs Iy r5}

We might think of R as the “recipe” matrix that tells us how to build A out of C. Specifi-
cally, the jth column of A is the familiar matrix-vector product

aj = CI‘j.

Our experience with building integers out of products of primes and polynomials out of
products of simpler polynomials might make us wonder if there is a way to build A out of
the product of C' and R. Is there a way to define the matrix product C'R so that A = C'R?
If so, then the jth column of C'R should be the jth column of A, which is a; = Cr;. That
is, the jth column of C'R should be C' times the jth column of R.

11.12 Problem (x). (i) Use the work of Example 11.3 to find matrices C' and R such

that if
01217
A=10 2 4 2 14],
000 2 8
then maybe we could have A = CR.
(ii) Why might we expect
1 2 3 1
1 2 3| =|1|[1 2 3]7
1 2 3 1

Going forward, this is how we will define matrix products: the jth column of the matrix
product AB is the matrix-vector product of the matrix A and the jth column (vector) of B.
For this to make sense, the jth column of B needs to have the same number of rows as A
does columns, and so we will not be able to multiply any two matrices.

We have already seen that matrices are both static and dynamic. They statically encode
data about linear systems (= life), and they dynamically act on vectors to produce new vec-
tors. Now we will see how matrices continue to be usefully static—matrix factorizations will
encode data about matrices—and dynamic—matrices will act on other matrices to produce
new matrices.
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Content from Strang’s ILA 6E. The real goal from now on is to answer the questions
posed at the end of p. 22. We'll get there.

Here is our new tool.

11.13 Definition. Let A € R™" and B = [b; --- by] € R”*’. The MATRIX PROD-
UCcT AB is
AB:= [Ab; --- Ab,| € R™.

One reason for the restriction on the sizes of A and B is that we want this definition
to return the usual definition of matrix-vector multiplication when B is a column vector.
Take A € R™"™ and b € R". Then we know how to compute Ab € R™. Think about the
matrix [b} e R™!. If the product A [b} has any meaning as a matriz, it probably should
be [Ab} € R™. So the matrix-matrix product A [b} will just be the matrix whose only
column is the vector Ab.

More broadly, if A € R™*" and B = [bl e bp}, and if we want the jth column of AB
to be Abj, then we need b; € R" for Ab; to be defined. This is why we require B € R"*".
Then AB has p columns, and the jth column is Ab; € R™, thus AB € R™*?.

Content from Strang’s ILA 6E. Matrix multiplication is defined in equation (1) on p.
27. Work through the examples on that page and p. 28, noting the appearance of the dot
product.

11.14 Example. (i) Let

10 1 3
A:{_Q 1] and B:{Q 4}.

Both A, B € R**?, so the product AB is defined and AB € R**? as well. We compute

= s 3] ) = )

and
e[ L9H-19
Thus
AB = [Ab, Aby] = [é _g] .
(ii) Let



Day 12: Monday, February 9 62

Since A € R**? and B € R?*3, the product AB is defined and AB € R**®. We compute

0 1] [1 4
Ab, = 1 0] [4] [1)°
(0 1] [2] [5]
Aby = 1 0] 5] [2]
and ~ _ o
0 1] [3 6
Abs = 1 0] [6]  [3]
Thus
4 5 6
AB = [Ab, Ab, Aby] = L ’ 3}.
(iii) Let
100 1 4
A=10 2 0 and B= 12 5
00 3 3 6

Since A € R**® and B € R**?, the product AB is defined and AB € R¥*?. We compute

Abl =

O O =

0
2
0

w o o
W N
I
© A~ =

and

Aby =

o O =
S NN O
w o O

Thus

1
AB = [Ab; Aby] = [4 10
9 18

11.15 Problem (!). Describe in words the effects of computing the three products in the
previous example. [Hint: for part (i), think about subtraction.] Compare your response to
patterns that you observed in Problem 3.4.

Day 12: Monday, February 9.

Coming out of these examples is a nice fact that helps when computing “small” products AB
by hand.
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12.1 Theorem. Let A € R™" and B € R™P. Then the (i,j)-entry of AB is the dot
product of row i of A (considered as a column vector in R™) with column j of B.

Proof. We know what AB is at the level of columns: column j of AB is the matrix-vector
product of A with column j of B. So the entry in row i of column j of AB is the dot product
of row i of A (considered as a column vector in R™) with column j of B. [

12.2 Problem (!). Redo the matrix products in Example 11.14 using dot products.

12.3 Problem (x). Suppose that A and B are matrices such that the product AB is
defined.

(i) If a whole row of A has all zero entries, what do you know about AB?

(ii) If a whole column of B has all zero entries, what do you know about AB?

12.4 Problem (x). Suppose that A and B are matrices such that the product AB is
defined.

(i) Prove that if v € C(AB), then v € C(A).
(ii) Give an example of A and B for which C(AB) # C(A).

Here is something less nice. We expect that the order in which we multiply real numbers
yields the same result: if z, y € R, then xy = yx. Not so for matrices: AB # BA in general.

12.5 Problem (%). (i) Explain why even if the matrix product AB is defined, the product
BA may not be defined. What do you need to know about A and B for both products AB
and BA to be defined?

(ii) Use the matrices A and B from part (i) of Example 11.14 to show that we may have
AB # BA even when these products are both defined.

Is this that big a deal? Is our definition of matrix multiplication wrong because it doesn’t
commute (AB # BA, typically, even when both products are defined)? No We will shortly
see that the factorization of Example 11.11 extends to all matrices with this definition of
matrix multiplication. And when we develop our algorithm for solving Ax = b, we will
see how to encode it as a sequence of matrix products, again with this definition of matrix
multiplication. These forthcoming successes will vindicate Definition 11.13 despite some of
the attendant strangeness. Anyway, most dynamic actions in life do not “commute”™—order
matters when putting on shoes vs. socks.
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Content from Strang’s ILA 6E. Check the multiplication in equation (6) on p. 28 for
further reinforcement that AB # BA in general. Answer the question at the bottom of
the page.

12.6 Problem (x). The noncommutativity of matrix multiplication (AB # BA in general,
even when both products are defined) was probably something of a surprise. After all, for
a, b € R, we always have ab = ba. Here is another surprise: AB can equal the zero matrix
even when both A and B are nonzero matrices.

(i) Cook up an example of this yourself by working with 2 x 2 matrices. [Hint: you can
do this with diagonal matrices if you play the entries off each other carefully.]

(ii) Suppose that A € R™" and B € R™*? with AB equal to the zero matrix. Explain
why if v € C(B), then v € N(A) as well.

Now that we know how to multiply matrices, we can start factoring matrices into mean-
ingful products. All of the ideas here basically come from Example 11.11, which gave us
matrix multiplication in the first place.

Let A € R™" with r := rank(A) > 1, so A is not the zero matrix, and therefore A has
at least one nonzero column. Suppose that the list of pivot columns of A is a;,...,a;.. Put
these columns into the matrix

O = |:a]1 . e ajr:| c Rer'

We know that C(A) equals the span of the pivot columns, so C(A) = C(C). In particular,
every column of A is in the span of the pivot columns. For each j = 1,...,n, then, there is
x; € R" such that

a; = CXj.

In particular, if a; is the ¢th pivot column of A, then a; is the ith column of C, so we can
take x; = e; € R".
Put these “recipe” vectors into the matrix

R = [Xl Xn} e R™",

Then
CR=C[x; - %, =[Cx; -+ Cx,]=]a -+ a,]=A

So, every (nonzero) matrix A € R™*" has this C'R-FACTORIZATION, where C' consists of
the pivot columns of A (the absolutely essential columns needed to get the column space)
and R is the “recipe” factor that puts them together to get back all of the columns of A. In
particular, the columns of C are independent, and if the jth column of A is the ith pivot
column, then the jth column of R is the standard basis vector e; € R".



Day 12: Monday, February 9 65

12.7 Example. (i) Let

The first column is nonzero, so a; is a pivot column, and ay ¢ span(a;), so ay is a pivot
column. But az = 3a; + 2a,, so a3 is not a pivot column, and therefore the pivot columns
are aj, as. Since a; = la; + 0as and a; = 0a; 4 lay, the C' R-factorization is then

1 03] [1o0
024202[522}
000/ oo

(ii) In Example 11.3 we saw that the pivot columns of

01217
A=10 2 4 2 14
000 2 8

are ag and a4, and that the other columns of A satisfy
a; — 032 + 034, ag = 232 + 03.4, and as — 3&2 + 4a4.

The C R-factorization of A is therefore
7 1

0121 1
024214:22[8(1)(2)(1)21
0002 8 0 2
(iii) Let
1023
A=12 04 6
306 9

The first column of A is nonzero, so it is a pivot column, and every other column of A is a
multiple of the first: a; = 0a;, a3 = 2a;, and a; = 3a;. Then the C R-factorization of A is

1
2
3

o O O
O = N
O O W

1
= 2|1 0 2 3.
3

12.8 Problem (!). Show that for any a € R™ and r4,...,7,_1 € R, we have

[a ria - rn_la] = [a] [1 Ty - rn_l}.
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12.9 Problem (!). Suppose that the columns of A € R™*" are independent. What are
the factors C' and R in the C'R-factorization of A?

12.10 Problem (). Let A € R™*" be nonzero and let A = C'R be its C'R-factorization.
Why is the jth column of A the zero vector (in R™) precisely when the jth column of R is
the zero vector?

Here is a summary of the important properties of the C R-factorization.

12.11 Theorem. Let A € R™" with r := rank(A) > 1. Let C' € R™" be the matriz of
piwot columns of A.

(i) There is a unique matriz R € R™" such that A = CR.
(il) Fori=1,...,r, the ith pivot column of R is e; € R".

(iii) The pivot columns of A and R occur in the same locations: if a;,, ..., a;, are the pivot
columns of A, then r;,,...,r;. are the pivot columns of R.

Proof. We give the proof in the following steps (not exactly corresponding to the three
results of the theorem).

1. We proved existence above; here we prove uniqueness of R. (There is no question of
uniqueness of C, as the pivot columns are unique by construction.) Suppose that A = CR
and A = CR for R, R € R"™*". Then for any v € R”, we have C(R— R)v = 0,,. (Check that
yourself, please.) And so (R — R)v € N(C) = {0,}, since the columns of C' are independent.
Thus Rv = Rv for all v € R", and so R = R.

2. Suppose that a;,,...,a;, are the pivot columns of A. The columns of C' = [ajl e ajr}
are independent, and Cr; = a; for all j. In particular, Cr;, = a;,, and also C'e; = a;,. Then
C(r;, —e;) =a;, —a;, =0, sor; —e; € N(C) ={0,,} by independence. Thus rj, = e;.

3. Now we show that r;,...,r; are the pivot columns of R. Here we use the technically
painful, but precise, definition of pivot columns from Remark 10.7. (If the notation here is
overwhelming, look at the concrete case of part (ii) of Example 12.7.)

i) If 7 < j1, then 0,, = a; = Cr;, so by independence r; = 0,, and certainly r; = e; # 0,..
j j J i
(ii) If r > 2 and ¢ > 2, then r;, = e; & span(ey,...,e;_1) = span(r;,,...,rj ,).

(iii) Suppose that r > 2, ¢ > 2, and j < j;. Then Cr; = a; € span(a;,,...,a;, ,). But
Cr; € C(C) = span(a,,, ..., a; ). By independence, the entries of r; must be zero in rows ¢
through r. Then r; € span(ey,...,e;_1) = span(r;,,...,rj_,).

(iv) Since R € R™", every column of R is in span(ey,...,e,) = span(r;,,...,r;. ), and so
this is true in particular of columns r; with j > r.
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4. Finally, suppose that we only know the locations of the pivot columns of R; assume that
they are ry,,...,r,. We show that ay,,...,a;, are the pivot columns of A. Again, we are
using the framework of Remark 10.7.

(i) Let k < ky. Then ry = 0,, so ay = Cry = 0,,,. Since the columns of C are independent
and rg, # 0,, likewise a;, = Crg, # 0,),.

(ii) Nowlet r > 2andi > 2. If a;, € span(ay,,...,ax,_,), then Cry, € span(Cry,,...,Cry,_,).
Since the columns of C' are independent, it follows that ry, € span(r,,...,rs,_,), a contra-
diction.

(iii) Continue to assume r > 2 and ¢ > 2 and now suppose k < k;. Then a, = Cry €
span(Cryg,,...,Cry,_,) = span(ay,, ..., ag,_,).

(iv) Last, let k > k,. Then a; = Cry, € span(rg,,...,rs.) = span(ag,, ..., ax,). [ |

12.12 Problem (!). Use the matrix

o O =
O = O
O O =

to answer the following questions.

(i) If A= CR isthe C'R-factorization of a matrix A and a column of R is a standard basis
vector, is that column necessarily a pivot column of R?

(ii) Is a pivot column of R necessarily equal to a pivot column of A?

12.13 Problem (%). Let A € R™" with rank(A4) > 1 and let A = CR be its CR-
factorization.

(i) Explain why R has no row with all zero entries.
(ii) Show that rank(A) = rank(C') = rank(R).
(iii) Prove that C(C') = C(A) and C(R) = R", r := rank(A).

Content from Strang's ILA 6E. Read and work through all of the calculations on pp.
29-30 under “Rank One Matrices and A = C'R.” Then read “C Contains the First r
Independent Columns of A” on p. 30 and “Matrix Multiplication C' times R on pp. 31—
32. Check the calculations in Example 2, equation (10), equation (11), and the box on
p. 32. Also jump ahead to Example 5 on pp. 34-35 (you don’t have to read about
that “columns x rows” way of multiplying matrices). For yet another example, go back
to “Matrix Multiplication A = C'R on p. vii. You do not have to feel that you could see
these C'R-factorizations immediately; you should agree that the given matrix multiplication
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works out.
If you're curious, read pp. 32-33 to learn more about computing R. Feel free to skip
that for now. We will revisit this in extensive detail in the future.

Our discussion of the C'R-factorization so far has been glib and existential. We know that
a nonzero matrix A has pivot columns: just scan the matrix left to right and find them.
We know that the “recipe” factor R exists: just write each column as the appropriate linear
combination of the pivot columns. But this is a lot of work, and it involves solving linear
systems (to represent columns as linear combinations of pivot columns) or proving that linear
systems have no solutions (to check that a column really is a pivot column). We lack easy
algorithms for doing this right now. We will develop them, eventually.

So far, we have only defined the product of two matrices. Why stop there? We can
multiply more than two numbers together in one go.

Let A € R™" B e R"P and C € RP*Y. Then AB € R™*? is defined, so (AB)C € R™*1
is defined. But we could also say that BC' € R"™? is defined, and then A(BC) € R™* is
defined. From our experience with arithmetic, we certainly expect

(AB)C = A(BC) (12.1)

when all of the products involved (there are four) are defined; this is ASSOCIATIVITY of ma-
trix multiplication. But we probably also expected commutativity of matrix multiplication,
so maybe (12.1) does not happen.

It does! We start small. Take A € R™", B € R" and v = (vy,...,v,) € RP. Then
AB € R™? ig defined, so (AB)v € R™ is defined. Also, Bv € R" is defined, so A(Bv) € R™
is defined. Of course, we hope that (AB)v = A(Bv). Here is why:

A(Bv) = A(viby + - - - + v,b,) by definition of the matrix-vector product Bv
= v1Ab; + -+ + v,Ab, by linearity of matrix-vector multiplication
= [Abl e Abp} v by definition of the matrix-vector product [Abl e Abp} A

= (AB)v by definition of the matrix-matrix product AB.

This is enough to get (12.1) because the definition of matrix multiplication hinges on
columns. (When all else fails in math, suck it up and go back to the definition.) Back to

AeR™™" BeRV? and C'=[c; --- ¢;] € R”*% We have
(AB)C = [(AB)c; --- (AB)c,] by definition of the matrix-matrix product (AB)C
= [A(Bc;) -+ A(Bcg)] by the identity above that A(Bc;) = (AB)c;

=A [Bcl e ch] by definition of the matrix-matrix product A [Bcl e ch}
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=A(Blc; -+ ¢g]) by definition of the matrix-matrix product BC
= A(BQC).
12.14 Theorem. Let A€ R™" B € R"P and C € RP*?. Then (AB)C = A(BC).

This theorem says that the order in which we group matrices during multiplication does
not matter: matrix multiplication is ASSOCIATIVE. Thus we just write ABC' and eliminate
the parentheses. The order still totally matters, and we should not expect ABC = AC'B or
some nonsense like that.

Associativity of matrix multiplication is more than just an “expected” algebraic fact—it
confirms that our definition of matrix multiplication is the “right” one! Here is why. Say
that we did not know how to define AB but we knew what it should do: for matrices A
and B, we want AB to satisfy (AB)v = A(Bv) whenever the matrix product AB and the
matrix-vector products (AB)v, Bv, and A(Bv) are defined. Remember, what things do
defines what things are. If A € R™*" and B € R?*?, we need to take v € R? for Bv to be
defined. Then we need n = ¢ for A(Bv) to be defined, so the matrix product AB can only
be defined for A € R™*™ and B € R™*P.

Now, if we have (AB)v = A(Bv) for all v. € R?, we can pick v cleverly: take v = e;.
Then (AB)e; = A(Be;) for j = 1,...,p. The jth column of AB is (AB)e;, and the jth
column of B is Be;. So the jth column of the matrix-matrix product AB is the matrix-vector
product of A and the jth column of B.

12.15 Problem (x). If A € R™™, then we can multiply A and A:
A? = AA e R™™,

For an integer k > 2, we put A* := A*¥ 1A% Let D € R™™ be diagonal. Describe in
words the matrix D*.

Content from Strang’s ILA 6E. Read “AB times C' = A times BC” on p. 29.

Day 13: Wednesday, February 11.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Permutation matrix, upper-triangular matrix (N)

Here is an example of how multiplying more than two matrices at a time can clean up a
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C R-factorization. We computed the C R-factorization

1
O NS
-~ ——
A C
back in Example 11.11. If we look at the second factor (the R-factor), we might notice the
two standard basis vectors e;, e, for R? as columns. What if they fell out differently, and
the second factor was

0120 3 10
00014 =10 [0(1)
00 00O 0

2

10023
0100 4

Here the columns of the identity are shuffied to the front of the matrix, and we have the nice

BLOCK structure
10023 023
{01004]_[12 F]. F'_{OOAJ'

We will sometimes take the point of view that a matrix is a BLOCK MATRIX whose entries
are other matrices. This can help us zoom out and focus on important “global” features of
a matrix, rather than viewing it only entry-by-entry.

However, the problem here is that R # [12 F } , although the block structure of [Ig F } is
probably cleaner than the “jumbled up” version above. We need to think dynamically: how
do we reorder the columns in a matrix? First, how do we extract the columns of a matrix?
Multiply by a standard basis vector! If B € RP*? then the jth column of B is Be;, where
e; € R? is the jth standard basis vector. So to reorder the columns of B, multiply B by the
matrix P € R?7Y whose columns are the standard basis vectors for R? in the order that we
want the columns of B to go. That is, P is a “permutation” of the identity matrix 1.

13.1 Definition. A PERMUTATION MATRIX P € R™™" is a matriz whose columns are
the standard basis vectors for R"™ in some order. Each standard basis vector appears once,
and only once, as a column of P. Equivalently, we form a permutation matrix by reordering
(some, maybe all) of the columns of the identity matriz I,,.

Multiplying on the right by a permutation matrix to shuffle the order of columns of a
given matrix is our first example of how matrices act on other matrices in meaningful ways:
by multiplication. Whenever we try to do something in this course from now on, we should
always ask ourselves if we can do it via matrix multiplication.

Back to the concrete situation above, we like the matrix B = [Ig F ], and we want to
reorder its columns to match those of R. So we want to reorder the five columns of B into
columns 3, 1, 4, 2, 5.

13.2 Problem (!). Check that

100 2 3 0
|: :|[93 € €4 €9 65]—[

[l \V}

1
0100 4 0 0

)
=~ w
[
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where e; here is the jth standard basis vector in R®.

We conclude

001000
01203 10 09 3 00010
00014 =C[l, F]P, C:O].,F:b[)J,P: 10000
00000 00 00100

00001

(13.1)
Here is the general truth. Let A € R™*" have the C'R-factorization A = C'R. Suppose
that r := rank(A) with 1 < r < n and suppose that columns ji,...,j,. of A are the pivot
columns. Then the standard basis vectors ey, ...,e, € R" appear (at least once) in R; we
want them to come first, so we want a permutation matrix P € R™*" such that R = [Ir F ] P
for some “junky” block F'. This matrix P should be the permutation matrix such that for
any B € R™" columns ji,...,J, of BP are the first r columns of B. That is, column j; of
P should be e; € R", and otherwise column j of P can just be e;. We conclude that we can
write A in the form
A=CI[I, F|P, (13.2)
where C' contains the pivot columns of A and P is a permutation matrix. It is indeed possible

that the block I, does come first in R, in which case P = [,,.

Content from Strang’'s ILA 6E. The inclusion of this permutation matrix P in the
factorization is what Strang means by the parenthetical remark “in correct order” on p. in
the displayed equations after “A = C'R becomes.”

13.3 Problem (!). Here is some practice with block structure for matrices. Let

0011
A=1(0 0 3 3
2 2 3 3

There are multiple ways to break A up into blocks, some of which are more informative
than others. The convention is always that blocks in the same row need to have the same
number of rows, and blocks in the same column need to have the same number of columns.
We allow both row and column vectors to count as blocks, and occasionally there are 1 x 1
(= scalar) blocks, too.

(i) Find A;, Ay € R**? such that
A=A A.
(ii) Find A; € R and A, € R**! such that

[4, 4]
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(ill) Find AH, Ay € RY™2 and Agl, Ay € R?*2 such that

A Ap
A= .
[Am A22}

(iV) Find A117 A12 c R2X2 and A217 A22 € R1X2 such that

A Ap
A= :
|:A21 Azz]

13.4 Problem (x). We can do matrix-vector multiplication with block matrices, provided
that the blocks match appropriately.

(i) Suppose that we want the products

B B
(A1 A {zj = Ayvi+ Avo  and [Bj v = { Bﬂ

to make sense. What are the sizes of the matrices Ay, Ay, B1, By and the vectors vy, va,
and v?

(ii) Find matrices A; and Ay and vectors vy and vy such that the matrix-vector product

0011 ;
00 3 3 3
2 2 3 3 4
equals
A1 Vi + AQVQ

Do all of the arithmetic to make sure that the equality is true. Then find another pair
of matrices and vectors—of different sizes than your first pairs—such that the product
equality is still true.

(iii) Find matrices By and Bs such that the matrix-vector product

0011 ;

00 3 3 3

2 2 3 3 4

equals

1
B1V v — 2
BQV ’ o 3
4

Do all of the arithmetic to make sure that the equality is true. Then find another pair
of matrices—of different sizes than your first pairs—such that the product equality is still
true.
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13.5 Problem (x). The block F' and the permutation matrix P from (13.2) need not be
unique. Let

A:

e o e

1
0
0

S O N
S = O
O = W

Find two different matrices Fy, F, € R?*3 and two different permutation matrices P,
P, € R>*® such that

A:C[Ig Fl]Pl and A:C[IQ F2:|P2,

where in both cases C' contains the pivot columns of A.

Content from Strang’s ILA 6E. At this point we have learned all the matrix-vector
mechanics that we need to actually solve linear systems (and to understand our failure
when we can’t solve them). Just to be safe, read “Review of AB on p. 29 and make sure
you have no doubts there. Then read “Thoughts on Chapter 1”7 on p. 38 for a summary of
everything that we’ve done and a hint of what’s to come.

13.6 Problem (x). Let A € R™" and vy,...,v, € C(A). Let v € span(vy,...,v,).
Justify the following steps to show that v € C(A).

(i) There is x € R? such that v=[v; -+ v,|x
(ii) There are w; € R™ such that v; = Aw; for j =1,...,p.

(iii) We have v=A[w; --- w,]x € C(A).

13.7 Problem (x). Let A € R™" with rank(A) = n and let v € R™. By part (ii) of
Problem 11.9, the columns of A are independent, so if there are x;, xo € R" such that
Axy = Axy, then x; = x5 by Theorem 8.13. Use this to establish the following. Suppose
that vq,...,v,, v € R". If Av € span(Avy,...,Av,), then v € span(vy,...,v,). [Hint:
use Av in place of v from Problem 13.6 and consider the formula from part (iii) of that
problem.|

13.8 Problem (+4). Here is a situation that will arise from time to time. Let A € R™*"
with rank(A) = n and let B € R"*?; suppose that B is nonzero. If the pivot columns
of B are b;,...,b; , then the pivot columns of AB are Ab; ..., Ab; . Consequently,
rank(AB) = rank(B).

Use Problem 13.7 (and the reminders therein) and the precise properties of pivot columns
from Remark 10.7 to prove this by establishing the following.

(i) If j < j1, then Ab; = 0,,. [Hint: what is b; here?|
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(ii) Ab;, # 0,,. |Hint: rank(A) = n, and what do you know about b;, 7|

(iii) If » > 2 and ¢ > 2, then Abj;, ¢ span(Abj,...,Ab; ). [Hint: of Ab;, €
span(Abj,, ..., Abj, ), what does Problem 13.7 say?|

Ji—1

(iv) If r > 2,4 > 2, and j < j;, then Ab; € span(Aby,, ..., Abj, ). [Hint: use part (i)
of Problem 9.8. What do you know about b; here?| If r > 2, ¢ > 2, and j > j,, then
Ab; € span(Ab,,, ..., Ab; ). [Hint: again, what do you know about b; here?|

We are almost ready to start solving linear systems. It will be helpful to know where we
are going before we get there, so we (briefly) pause from matrix manipulations and look at

three linear systems, each of which is in a very nice form, and which together illustrate the
scope of possibilities for solution behavior to Ax = b.

13.9 Example.

(i) We consider

As a linear system, this reads

8.%'2 =

LU1—2CL’2:1
8

Look familiar? This was our very first problem!
Of course, we “back-solve” or “back-substitute” to get first x5 = 1 and then z; — 2 =1,
so x1 = 3. The problem has only one solution:

il

(ii) We consider

Write it out:
ry — 2%2 = 1
0 = 8.

Of course this system has no solution, because 0 # 8.

b =L

1’1—2[E2:1
0 = 0.

(iii) We consider

Write it out:
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There is really not much to do, since the second equation is both true and does not involve
unknowns. There is not much more we can do with the first equation, since we hav no
specific value for zs.

Here is the right, if not obvious, thing to do: rewrite 1 = 14 2x,. This says that every
choice of x5 € R gives x; via this formula. We can pick any x5, so there are infinitely many
solutions. At the level of vectors, we could write

R A R DR

Every value of x5 gives a different solution, and so this problem has infinitely many solu-
tions.

Content from Strang’s ILA 6E. Work through the three systems on p. 40, which have
the same properties as the three above.

The three examples above are paradigmatic in the sense that a linear system has only
one of three general solution “behaviors” only one solution, no solution, or infinitely many
solutions. This is actually very easy to prove using matrix notation—which is why we use
that notation, to make our lives easier. But the other thing to take from this example is that
the structure of the linear systems was very nice: all of the matrices were “upper-triangular” in
the sense that their entries were 0 below the diagonal. This made back-solving/substituting
Very, very easy.

Content from Strang’s ILA 6E. For a very broad overview of where we're going, read p.
39. It’s okay if you don’t understand everything on a first pass. Then read the first three
paragraphs on p. 83.

We formalize the situations of Example 13.9. The method of proof here has a lot in
common with Theorem 8.9; now is a good time to pause and reread that theorem and the
discussion preceding it.

13.10 Theorem. Let A € R™" and b € R™. Then one, and only one, of the following
15 true.

(i) There exists a unique solution x € R"™ to the problem Ax = b. That is, we can solve
the problem, and if Ax; = b and Axy = b for some x1, x5 € R", then x; = Xs.

(ii) There is no solution to the problem Ax =b. That is, Ax # b for every x € R".

(iii) There are infinitely many solutions to Ax = b.

Proof. We want one, and only, one, of three possibilities to hold. Certainly they are all
mutually exclusive—if one is true, then the others have to be false. If there is a unique
solution, it cannot be the case that no solutions exist or that infinitely many solutions exist.
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If there is no solution, there cannot exist a unique solution or infinitely many solutions. And
if there are infinitely many solutions, then there cannot be a unique solution nor the absence
of any solution.

Why, then, must one of these three possibilities be true in the first place? What if they
are all false? Assume that Ax = b has a solution (so the second part is false) but this
solution is not unique (so the first part is false). We show that the third part must be true,
and so all three parts cannot be false.

We are assuming that there are x;, xo € R" such that Ax; = b, Axy = b, and x; # x5.
Our goal is to find infinitely many different x € R" that satisfy Ax = b. Here is the trick.
(Like most tricks in math, it may not be obvious at first glance, so you should reread this
proof until it becomes obvious.)

Put z := x; — x3. Then z # 0, since x; # X3. And

Az = A(x1 — X3) = Ax; — Axy = b — b = 0,,.

The second equality is the linearity of matrix-vector multiplication.
Now let ¢ € R be arbitrary and y. = x; 4+ cz. Then

Ay. = A(xy + cz) = Axy + A(cz) = Axy + ¢(Az) = b+ 0,, =b+0,, = b.

The second and third equalities are, again, the linearity of matrix-vector multiplication.
So why does this give infinitely many solutions? Each different ¢ € R generates a different
Y. = X1 + cz € R". This was Problem 8.8. [

13.11 Problem (!). By considering the vector z = (2, —1), explain how the proof of this
theorem generalizes the situation in part (iii) of Example 13.9.

Content from Strang's ILA 6E. After you do the problem above, reread Example 3 on
p. 40. The vector that Strang calls X is what I call z.

The time has come to systematically solve linear systems! We go all the way back to our
very first example, in which we showed that
1 =2 1
-]y 13

1 =2 |1
3 2|7 |11
The latter system was easy to solve with “back-substitution™
1—2X_1 T — 219 = 1 T1 — 219 = 1
0 87 |8 8ry = 8 xe = 1

T — 2 =1 T = 3
<~ =
To = 1 To = 1.

We start by identifying the nice form of the second system in (13.3).
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13.12 Definition. A matriz U € R™™ is UPPER-TRIANGULAR if all of the entries of
U below the diagonal are 0. That is, the (i,7)-entry of U is 0 when i > j.

13.13 Example. Each matrix below is upper-triangular:
1 2 3
[(1) _2}, [0 0], and 0 4 5
00 6

0 0
13.14 Problem (!). Is the rank of an upper-triangular matrix always equal to the number
of nonzero entries on its diagonal?

Content from Strang’s ILA 6E. For a longer example of why upper-triangular matrices
are nice for back-substitution, read p. 41 through the “Special note” in the box. I expect
that you are comfortable with this back-substitution method for solving linear systems,
and I will not do examples with it here.

How do we rewrite linear systems as we did (13.3)? How do we “convert” A € R™*™ into
an upper-triangular matrix U so that we have the equivalence of the problems

Ax=b and Ux=c
for some appropriate c? The point is that the arrows go both ways:
Ax=b=—=Ux=c and Ux=c=— Ax=Dhb.

This is special, because an arrow that goes one way in math does not have to go the other
way.
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The good news is that we already know how to do this, and it is all contained in the
manipulations that we did on our very first problem at the level of equations and variables.
The big idea was subtracting a multiple of one equation from another. We can do all of this
at the level of matrices (and cut out the variables) by subtracting a multiple of one row of a
matrix from another. And the bigger idea is that we encode this via matrix multiplication.

1. First, why is this new problem Ux = c¢ so nice? Because U is upper-triangular, which
(when the diagonal entries of U are nonzero) permits us to solve Ux = ¢ by back-substitution.
Going down, each equation in Ux = ¢ has one fewer unknown than the preceding equation,
and at the bottom we have an equation in just one unknown. We can solve that because
we know how to do algebra. Then we know one of the two unknowns in the equation above
that, so that second-to-last equation is also an equation in one unknown. Turn the crank. ..
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2. Second, how do we go from Ax = b to Ux = ¢? We compress the operations of Gaussian
elimination into a matrix F, so that F'A is upper-triangular. Let U := EA and ¢ := Eb.
Then if Ax = b, we can apply E to both sides to get EAx = Eb, thus Ux = ¢. Any solution
to our original problem solves this new problem.

3. Finally, why does solving the easier problem Ux = c yield a solution to Ax = b? We will
show that F is invertible: there is a matrix £~' such that E~'E = I,. So if Ux = c, then
E7'Ux = E~'c. From what U and c are, this says E~'EAx = E~'Eb, and so Ax = b.
Thus any solution to the new problem solves the original problem—the thing we actually
care about.

We revisit (13.3) from the point of view of matrices. To turn
1 =2
1=}

1 -2
7=l

we want to subtract 3 times the first row of A from the second row of A. The innovation of
linear algebra is that we can encode this via matrix multiplication. Whenever we want to “do
something” in this class, we should ask ourselves how we can accomplish this by multiplying
by a suitable matrix.

What matrix E' satisfies

into

EA=U?

At the very least we need E € R™*? since A € R**%. And we really want m = 2 since
FEA=U € R**? So, F € R¥Z

Here is where it is wise to think about matrix multiplication as E times the columns of
A. What is F doing to each column? We want

. {Zj - L;Q 5131;1] : (14.1)

How can we view the vector on the right as a linear combination with weights given by v,
and v5? The vectors in that linear combination will be the columns of E.
So, work backwards:

e e e R A ]

If we put

then we have the desired equality (14.1).

14.1 Problem (!). Check that. Then compute EA = U with A and U as above.
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Here is our thinking. Assume Ax = b with b = (1,11). Then FAx = Eb. Compute
FEA = U with U as above and Eb = (1,8) =: c. Then solve Ux = c¢. That should give a
solution to the original problem Ax = b, and we can always plug it in and check that it
does.

Going in reverse requires a little more thought. Why does solving EAx = Eb give a
solution to Ax = b? It would be nice if we could “cancel” the factor of £ from both sides.

14.2 Problem (%). In fact, you can do that right now. Put

o=l

First explain in words the effect of multiplying F'w for some w € R?. Then check that
FEv =v for all v € R% Finally, suppose that EAx = Eb, multiply both sides by F, and
explain why Ax = b.

It might feel as though we are doing “elimination” twice: we multiplied £ A and then Eb
separately. We can combine all of the data of our problem into one “augmented” matrix: put

[4 b}:{zla _22111]'

We draw a line separating the b column from the A-block to emphasize that A and b appear
in different places in the problem and that b is not a column of A. Then do one matrix
multiplication:
1 =21
E[A b= [EA Eb}:[o . 8}:[U .

From here, solve Ux = ¢ by back-substitution.

Here is the cartoon for A € R3*3. We want to turn A into an upper-triangular matrix
U by multiplying A by the “right” matrices. In the “ideal” case, at the level of rows, we are
going to subtract multiples of row 1 to create 0 entries in rows 2 and below of column 1.
Specifically, the multiples will be based on the (1, 1)-entry, which for now we hope is nonzero.

So we have the conversion

® * x
x ok x| —
x k%

O O *
* % %
* K% %

The changed entries are in blue. Now subtract a multiple of the second row from the third
row to create zeros in the second column below the second row. Again, in the “ideal” case,
the multiple will be based on the (2, 2)-entry, which we should hope is nonzero:

Xk % x k%
0 x x| > |0 () =x
0 * = 0 0 =«

Again, the blue entries are new or changed. Because both the second and third rows had 0
in their first column, subtracting a multiple of the second row from the third row did not
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destroy that 0 in the first column of the third row. This is the nice upper-triangular structure
that is ideal for back-solving.

How do we accomplish this multiplication? Let A € R™*"™ and ¢ € R. To subtract ¢
times row j of A from row i of A (with i # j), multiply A by the ELIMINATION MATRIX
E;; € R™™ whose entries are 1 on the diagonal, —¢ in the (¢, j)-position, and 0 elsewhere.
So, E;; is “almost” the identity matrix, except for the (i, j)-entry.

14.3 Problem (!).

(i) Prove that this formula for E;; works by computing the following very special case and
explaining the effect in words:

1 00 ()
E21V7 where E21 =|—-¢ 1 0 9 V i= | Uy
0 01 U3

Then spend at least five minutes thinking about how using dot products could help you
prove the more general result stated in the paragraph above this problem.

(ii) Write down a formula for the elimination matrix that subtracts 5 times row 2 of a
matrix in R*** from row 4 of that matrix.

We do an example in glacially slow detail.

14.4 Example. Let

A:

0 =~ N
~N W

1
3
9

We want to multiply A by “elimination” matrices like the 2 x 2 situation above so that 0
appears in the second and third rows of the first column. To get 0 in the (2, 1)-entry, we
should subtract 2 times the first row from the second. The matrix

0 0
0
1

O =

1 0 012 11 2 11
ExyA=1{1-2 1 0| (4 3 3|=|0 11
0 0 1|8 7 9 8 7 9
We use the idiosyncratic notation
2 11 2 11 100
4 3 3| Rz RE2RL 0 g ’ Foy:=1-2 1 0
8 79 Pan 8 79 00 1
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to represent this. Saying R2 — R2 — 2 x R1 means that row 2 is replaced by row 2 minus

2 times row 1.
Now we want to clear out the (3,1)-entry, and we can do this by subtracting 4 times

row 1 from row 3. So, we multiply

2 1 1 21 1 100

01 1| Bo2B2RLAg 1 1|, By=| 010

8 79 R 035 4 0 1
Finally, we want to clear out the 3 in the (3,2)-entry:

2 1 1 21 1 1 00

01 1| BR300 1 1|, FExp:=10 10

035 Faz 00 2 0 -3 1

And we are done! Let’s abbreviate £ = E3yFs31FE5;. The product

2 11
FA=101 1| =U
0 0 2

is upper-triangular. If we wanted to solve Ax = b for some b € R?, it would suffice to
solve Ux = Eb instead.

Content from Strang’s ILA 6E. Read and work through everything on p. 42 right now.
This is hugely important. Then read p. 45 up to and including equation (7). This is
another example of elimination. Last, read all of p. 49 (but don’t worry about inverses for
now).

The process in Example 14.4 is called GAUSSIAN ELIMINATION, and we are going to
use it (and sometimes do it) a lot. We start with a matrix A, multiply A by a bunch of
matrices that we collect in one product E, and find that U = FA has zeros in some very
nice places. This is a leitmotif of our subject. Per the magisterial Numerical Linear Algebra
by Trefethen & Bau, “The algorithms of numerical linear algebra are mainly built upon one
technique used over and over again: putting zeros into matrices” (p. 191).

We are going to focus on “reducing” A to an upper-triangular form and less on back-
substitution. This is mostly just a longer version of part (i) of Example 13.9.

14.5 Problem (!). Use the method of Example 14.4 to solve Ax = b, where b = (0,1,6).
Specifically, do the three elimination steps of that example on the augmented matrix [A b]
to get

E[A b]=[U
with U as we found above and ¢ = Eb. (Multiplying the factors of E together to get a
formula for ' is a bad idea.) Now solve Ux = c.
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14.6 Problem (x). We prefer upper-triangular matrices, in part for consistency, but
“lower-triangular” matrices can be equally nice. Solve

20
11
11

N O O
"
I

O — N

14.7 Problem (+4). We usually expect that matrix multiplication is not commutative.
However, sometimes it is.

(i) Let ¢4, ¢5 € R and put

1 00 1 00
E21 = —61 1 0 and E31 = 010
0 01 —ly 0 1

Explain in words what Fs; and E3; “do” (i.e., what is the effect of multiplying Fs;v and
Esv for some v € ]Rg?). Then explain why you think this means that Fo F3; = E31Fo.
Do the actual matrix multiplication to convince yourself that this is true.

(ii) Let ¢3 € R and

1 0 0
E32 =10 1 0
0 —f43 1

Without doing any calculations, explain why you should expect F3; from above and Ejso
not to commute. Then do the multiplication to check F3y F3y # E3sFE3;.

14.8 Remark. Associativity of matriz multiplication (Theorem 12.14) is key to how ma-
trices act. We defined the matriz product AB in such a way that (AB)v = A(BvV), at least
when A, B, and v are sized appropriately so that all of the products involved are defined. If
we think about matrices as dynamic objects, we could have the matriz B act on the vector
v first to get the vector Bv, and then we could have the matriz A act on the vector Bv
to get the vector A(Bv). Or we could have the matriz A act on the matriz B all at once,
and we get the new matriz AB. Then the matriz AB acts on the vector v to get the vector
(AB)v. Our choice of the definition for the symbol AB ensures that the two vectors (AB)v
and A(BvV) are the same.

At the level of Gaussian elimination, this allows us to collect all of the elimination
matrices (and their forthcoming relatives) into one big matriz that acts on A all at once.
Associativity of matriz multiplication ensures that the order in which we group those factors
does not matter.
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Day 15: Monday, February 16.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Invertible matrix (N), inverse of an invertible matrix

Elimination can break down in two ways. The first is not so bad and just requires a new
kind of matrix to correct things. The second is worse and will prevent us from solving the
linear system.

15.1 Example. What if at the jth step of elimination, the (j, j)-entry is 0, but an entry
further down in column 75 is not 07 All hope is not lost. Consider

2 92 1 2 9 1
4 4 3 R2 — R2—2xR1 0 0 1 R3 — R3—4xR1
899 = 8§99 Fa

o O N
_ O N
U = =

The matrices Eo; and E3; are the same as before in Example 14.4.

The problem is that the (2,2)-entry is now 0, and that will not help us eliminate the 3
in the (3,2)-entry: subtracting any multiple of row 2 from row 3 will not turn that 9 into
a 0. But if we could “flip” rows 2 and 3, we would win. After all, the four problems

2 21 2[E1 + 21‘2 + XT3 = b1
AXIb, 0 0 1 X:b, r3 = b2
01 5 To + 533’3 = bg,

2vy 4+ 229 + x3 = by

and Ty + dr3 = b3

are really the same
If only there were a matrix P € R**3 such that

2 2 1] (2 2 1
PO O 1| =101 5
0 1 5 0 0 1
What we really want is that
Ul_ _'Ul
P V2| = | VU3
U3 | U2

We can get P by working backwards and thinking of matrix-vector multiplication as a
linear combination:
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U1 (%1 0 0 1 0 0
V3| = 0+ vy | + 0 = U1 0 + v3 1 + Vo 0 = U1 O + Vo O + v3
(%) 0 0 V2 0 0 1
1 00 U1
=10 0 1 (%)
010 Us
Here is the result:
2 21 B3 s Ro. R2 s R 2 21 10
00 1 oe 01 5|, Pu:=1001
015 Fas 00 1 010

We call this matrix P,3 to emphasize that we get it by interchanging columns 2 and 3 of
the identity matrix. By the way, P,3 is a permutation matrix: each standard basis vector
for R® appears exactly once as a column of Py3. What we get is that

EFA= U, E = P23E31E21

with U upper-triangular. The matrix E is now a little more complicated than in Example
14.4, as we have to include a factor of a permutation matrix, not just an elimination matrix.

In general, to interchange rows ¢ and j of A € R™*™ multiply P;;A, where P;; € R™*™
is the matrix whose columns are those of the m x m identity matrix with columns ¢ and j
interchanged. Such a matrix P;; is, again, a permutation matrix—just a pretty simple one,
because only two columns of I, appear out of order. So, if at some stage of elimination, the
diagonal entry that we want to use to eliminate entries below is 0, but other entries in that
column are nonzero, we just “permute” the rows to bring that nonzero entry up to the row
that you want. Then eliminate as usual in the remaining rows.
Also, now we see two very different actions of a permutation matrix. Let A € R™*". If
P ¢ R™™ is a permutation matrix, then PA reorders the rows of A. But if P € R"*" is a
permutation matrix, then AP reorders the columns of A. If you forget the pattern, just take
A:[Z Z} and P:ﬁ (1)]
and compute PA and AP.

Content from Strang’s ILA 6E. Read “Possible breakdown of elimination” on p. 43 up
to but not including the “Caution!” paragraph. Then read p. 45 after equation (1) and
look at the calculation in “Exchange rows 2 and 3.” These P;; permutation matrices are
special cases of a more general permutation matrix structure, which is the identity matrix
with its columns (equivalently, rows) rearranged in various ways. See pp. 64-65. We won't
need those more general permutation matrices for a while.

15.2 Problem (!). Explain in words (no need for any calculations) why P;;A = P;;A.
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15.3 Problem (x). Let Pi3 € R**? be the permutation matrix that interchanges columns
1 and 3 of the 3 x 3 identity matrix. Compute PisA and AP;5 for an arbitrary A € R3*3.
Then conjecture about what the different effects of multiplying P;; A and AP;; are for an
arbitrary A € R™*™ and an arbitrary permutation matrix P;; € R™*™ that interchanges
columns i and j of the m x m identity matrix. (You do not have to prove your conjecture.)

15.4 Problem (+). Let A € R™" and let S € R"*“ be a matrix whose columns are some
of the columns of the n x n identity matrix. Here d > 1 is any integer, and the columns
of the identity may be repeated, and some columns of the identity may not appear at all.
Describe in words the structure of the matrix AS. [Hint: the letter S might stand for
“selection” matriz—what is being “selected” here?)

Here is the nastier breakdown of elimination: what if at some step, the diagonal entry
that we want to use to eliminate entries below is 0 and all other entries in that column are
0, too? Good news is that we do not have to do any more elimination on entries in that
column, as they are already 0. Bad news is that will not be able to solve Ax = b for all b.

15.5 Example. The matrix

12 3
A=12 4 6
00 5
is problematic. We eliminate:
1 2 3 1 3 100
2 4 6| 2222RL g 0 0|, Eypyi=|-2 10
005 Far 005 001

This may not look so problematic right now. We would want to use the (2,2)-entry in
E51 A to eliminate the (3,2)-entry, but the (3,2)-entry is already 0. So, Es A is already
upper-triangular! Why is this not enough for us to be happy?

What if we actually try to solve Ax = b for b = (b, by, b3) € R? arbitrary? If Ax = b,
then EglAX = E21b = (bl, bg — 2()1, bg) Thus we want

1 2 3 by
0 0 0]l x= [by—2b,
0 05 b3
At the level of actual equations, this is
Ty + 229 + 3x3 = by
O == b2 - 2b1
51’3 = b3.

Look at that second equation: it says by — 2b; = 0, equivalently, b = 2b;. Think
about the logic here. We assumed that Ax = b with b = (b1, by, b3), and we deduced
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that by, = 2b;. This means that b cannot be just any vector in R?; it has to satisfy this
“solvability condition” of by, = 2b;. Surely not every vector in R? does this—for example,
take b = (1,0,0). So we cannot always solve Ax = b.

This is worth interpreting in the context of the column space. Look at the structure of
A: the second row is twice the first row. More precisely,

T1 +21’2 +31’3 I +2$2+3LL’3
Ax = 2ZE1 + 4[L‘2 + 61‘3 = 2(1’1 + 21’2 + 31’3)
5ZL‘3 51’3

So, if b = (b1, be,b3) € C(A), then by = 2by. This is exactly the solvability condition that
we deduced from elimination.

15.6 Problem (%). Does the arrow “go the other way”? The previous example showed
b € C(A) —> by = 2b;.

Do we have
bg = 2b1 — b e C(A)?

Yes! If by = 2b;, then Ax = b is the system

Ty + 229 + 3x3 = by
201 + 4x9 + 63 = 2b,
5.T3 = bg.

Use the third equation to solve for 3, take x5 to be any number that you like, and then
use the first equation to write x; in terms of the values forced on x5 and chosen for x,.
Why does this also satisfy the second equation automatically?

Content from Strang's ILA 6E. Read the rest of “Possible Breakdown of Elimination”
on p. 43 starting with “Caution!”

These results will follow and support us for the rest of the course and beyond. Here is an
abstraction of our elimination procedure.

15.7 Theorem (Gaussian elimination). Let A € R™*™. Then there exist matrices E,
U € R™™ with the following properties.

(i) EA=U.
(i) U is upper-triangular.

(iii) E is the product of elimination matrices E;; and/or permutation matrices P;;.

Proof. If the (1,1)-entry of A is nonzero, multiply A by elimination matrices Fay, ..., Fmn
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to subtract multiples of row 1 of A from rows 2 through m of A. Call the product of
these elimination matrices F;. If m = 2, then E;A is upper-triangular. If m > 3 and
the (2,2)-entry of E;A is nonzero, multiply £y A by elimination matrices Es, ..., Eps to
subtract multiples of row 2 of F; A from rows 3 through m of F;A. Call the product of these
elimination matrices FEy. If m = 3, then FyF;A is upper-triangular. Otherwise, turn the
crank and keep going.

If at any stage the (7, 7)-entry is zero and the entries in column j in rows j + 1 through
m are zero, just proceed to the next step and consider the (j + 1,7 + 1)-entry. If the (j, j)-
entry is zero and some entry in rows j + 1 through m of column j is nonzero, multiply by
a permutation matrix so that this nonzero entry is now the (j, j)-entry. Then eliminate as
before. Call the product of the elimination matrices and the permutation matrices £;. W

What this result says is that if Ax = b, then EAx = Eb, and so Ux = Eb. The upper-
triangular system Ux = Eb is much easier to solve, and so we like it. At least, we like it
when the diagonal entries of U are nonzero.

15.8 Theorem. Let U € R™*™ be an upper-triangular matriz whose diagonal entries are
nonzero. Then for any c € R™, there exists a unique x € R™ such that Ux = c.

Proof. This is really back-substitution in the abstract. Here is the proof for m = 3. Take

U1 * *
U=10 wup * |,
0 0 Uus3

where w11, ug9, and ugz are nonzero. So to solve Ux = ¢ with ¢ = (¢, ¢9, ¢3), first we consider
U33xr3 = C3.
Since us3 # 0, we can divide to find that x3 must be
C3

r3 — —.
Uss

Go back up a step and look at
Ugo s + stuff depending on x3 = cs.

The point is that we know what this “stuff” is because we know x3 exactly. Solve this as

¢y — stufl
Tg = —— .
U22
This is the only choice for x5. Do the same for x;. [ |

But are we really sure that if EA = U, then a solution to Ux = Eb is also a solution
to Ax = b? For small problems, we can check it by plug-and-chug, but why is this true in
general?



Day 15: Monday, February 16 88

The time has come to be sure that we can “invert” E, and this is a good reason to
study matrix inverses in general. We will overall be much more concerned with properties
of inverses than formulas for inverses. There is an algorithm that will let you do that, and
we will see it briefly, but we mostly abide by the slogan “What things do defines what things

7

are

Content from Strang’s ILA 6E. Read the first two paragraphs on p. 50.

Here is what we want: why does FAx = Eb imply Ax = b? More abstractly, if £ € R™*™
and Ev = Eb for some v, b € R™, do we necessarily have v = b? It would be nice if we
could “undo” the “action” of E by multiplying by another matrix. Is there F' € R™*™ such
that F(Ew) = w for all w € R™? If so, then assuming Ev = Eb gives F(Ev) = F(Eb),
and thus v = b as desired.

Look more closely at the equation F'(Ew) = w. This just says (FE)w = w. What does
that tell us about the matrix product FE? If (FE)w = w for all v.€ R™, then we could
take w = e; as the standard basis vectors. We find (F'E)e; = e;, and so the jth column of
FFE must be e;: the jth column of the m x m identity matrix. That is, we want F'E/ = I,,,.

We are actually going to ask for a little bit more in the following definition: that EF = [,
as well. This is an artifact of our intuition from multiplication of real numbers (if ab = 1 for
a, b € R, then of course ba = 1), but it is necessary to require here since matrix multiplication
is not commutative. (That is, just because we have F'E = I,,, should not automatically imply
that EF = I,,. Surprisingly, and gloriously, it does, but that takes some work.)

15.9 Definition. A matriz E € R™"™ is INVERTIBLE if there exists a matriz F € R™*™
such that

FE=1, and EF=1I,. (15.1)

15.10 Example. (i) Let

EN

be the elimination matrix that subtracts 2 times the first row from the second row. Can

we invert E? We're done if we find F € R**? such that EF = FE = I,. What should F
be? This is where it might help to think about E dynamically: what does E do? We just
said it: E subtracts 2 times the first row from the second row. So undoing F should add
two times the first row to the second row. That is,

v (1 U1 |
B |:1)2:| - |:U2 — 21)1:| and |:(U2 - 2U1) + 2U1:| N |:U2:| '

=

So maybe

works. Check it yourself.
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(ii) Let
0 1
P=[l
be the permutation matrix that interchanges rows 1 and 2. Undoing P should interchange
those rows again: we want F' € R?*? such that if

R R L
V2 V1 U1 )
This looks like we should just take F' = P. Check that P> = I,. By the way, we are using

“power” notation for matrix multiplication: P? = PP.

Content from Strang’s ILA 6E. Read Examples 4 and 5 on p. 52 about inverting elimi-
nation matrices. Skip the remarks about the inverse of F'F in Example 5 for now.

Example 15.10 should be comforting in that it suggests that elimination and permutation
matrices are invertible. We probably want to say that their “inverses” are what we expect:
invert subtracting by adding, invert permuting by permuting again. What gives us the right
to say that a matrix has only one inverse? A (nonzero) real number has only one reciprocal
to undo multiplication, but why is this true for matrices?

Here is why. Suppose that E has “two” inverses F; and F3, so

F\E =EF, = ZE = EF, = I, (15.2)

We need to show that F} = F,. Here is a great trick: multiply by 1. We know that 1x = x
for any x € R, and the same is true for matrices.

15.11 Problem (!). Check that Al,, = I,,A = A for any A € R™*™.

So,
Fl - Fljm == F1<EF2) == (FlE)FQ - ImFQ = FQ. (153)

Here is the formal result.

15.12 Theorem. Let E € R™ ™. There ezists at most one F' € R™™ satisfying (15.1).

Content from Strang’s ILA 6E. This is Note 2 on p. 50.

We can now talk about “the” inverse of a matrix.

15.13 Definition. Let E € R™ ™ be invertible. The INVERSE of E is the unique matriz
F' satisfying
FE=FEF =1,

and we write F = E~1,
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Day 16: Wednesday, February 18.

We generalize Example 15.10.

16.1 Theorem. Elimination and permutation matrices are invertible.

(i) Let E;; € R™ ™ be the elimination matriz that subtracts ¢ times row j from row i
(so 1’s along the diagonal, —C in the (i,j)-entry, and 0 everywhere else). Then E;; is
wnvertible, and Eigl is the elimination matriz that adds ¢ times row j to row i (so 1’s along
the diagonal, ¢ in the (i, j)-entry, and O everywhere else).

(ii) Let Pj; € R™™ be the permutation matriz that interchanges rows i and j (so Pj is
the m x m identity matriz with columns i and j interchanged). Then P;; is invertible and
Pl =P,

1) 3

Definition 13.1 gave a more general definition of permutation matrix. Eventually we will
figure out how to invert an arbitrary permutation matrix (short answer: if an arbitrary
permutation matrix interchanges a bunch of rows, interchange them back), but the only
permutation matrices that we need for Gaussian elimination interchange only two rows at a
time.

16.2 Problem (!). We probably expect that undoing the undoing of an action does
that action. More precisely, if £ € R™ ™ is invertible, we should expect that £~' is also
invertible and (E~1)~! = E. Prove this by showing that F satisfies the definition of inverse
for E~'. What things do defines what things are.

Now go back and look very carefully at the calculation in (15.3). We did not use all of
the equalities in (15.2). Instead, we only needed that FyE = I, and EF, = I,,,. We might
call F; a LEFT INVERSE and F, a RIGHT INVERSE. Here is what we have proved.

16.3 Corollary. Let E € R™ ™ have left and right inverses in the sense that there are Fi,
F, € R™™ such that
RE=1, and FEF,=1I,.

Then E is invertible and Fy = Fy = E~1.
Proof. Here is a summary of what we have already done. The calculation in (15.3) shows

Fy = F;,. Put FF = F,. Then the hypotheses give FE = F|'E = 1,, and EF = FF;, = 1,
and so F' satisfies Definition 15.13. [ |

16.4 Problem (!). Here is a situation in which having a left inverse and some more
information imply invertibility. Let E, A € R™* ™. Suppose that EA = I, and E is

invertible. Prove that A is invertible, too.

We are particularly interested in inverting a matrix that is a product of elimination
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matrices and permutation matrices. We know that any elimination or permutation matrix
is invertible. More generally, is the product of invertible matrices invertible?

Yes. Suppose that A, B € R™ ™ are invertible. We will show that AB is invertible.
Think about action: first we do B to a vector v by multiplying Bv, and then we do A by
multiplying A(Bv) = (AB)v. To undo AB, we probably want to undo A first and then B.
(Getting dressed, socks go on first, then shoes; getting undressed, shoes come off first, then
socks.) So we might guess that (AB)™' = B~'A!. The good news is that we can check this
using the definition:

(B'A")(AB) = B"N(A"'A)B = B"'I,,B = B"'B = I,.
16.5 Problem (!). Check that (AB)(B~*A™!) = I,,, as well.

Here is the formal result.

16.6 Theorem. Let A, B € R™™ be invertible. Then AB is invertible and (AB)™ =
BTATh

Content from Strang's ILA 6E. Read “The Inverse of a Product AB” on pp. 51-52.
Then go back to Example 5 on p. 52. The point for our larger story is that multiplying
elimination matrices together when getting KA = U is not the best of ideas, whereas
computing £~! is more meaningful.

This seems to be everything that we want. Theorem 15.7 tells us that for any A € R™*™,
we can always find a product of elimination and/or permutation matrices, which we call F,
such that FA = U is upper-triangular. Now we know that E is invertible. Given b € R™,
it is usually easier to solve Ux = Eb, and then we have E~'Ux = E~'(Eb), where

E'U=EYFA)=(E'E)A=1,A=A and E '(Eb)=(E'E)b=b.

Thus Ax = b, which is what we always wanted to be sure of.

Invertibility is another way of asking about solvability of linear systems. Suppose that
A € R™™ is invertible. We claim that Ax = b always has a solution, and that solution is
unique. For uniqueness, work backwards and assume Ax = b; then A™'(4Ax) = A~ 'b, and
so x = A™'b. To check that this is actually a solution, plug in: A(A™'b) = (AA b =
I,,b =hb.

16.7 Theorem. Let A € R™*™ be invertible and b € R™. Then the problem Ax = b has
the unique solution x = A™'b.

Content from Strang’s ILA 6E. This is Note 3 on p. 50.

16.8 Problem (!). Hugely important: prove the following for an invertible A € R™*™.
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(i) N(A) ={0,,}. (So if N(A) is bigger than {0,,}, then A is not invertible.)
(ii) C(A) =R™. (So if C(A) is smaller than R™, then A is not invertible.)

(iii) The columns of A are independent. (So if the columns of A are dependent, then A is
not invertible.)

(iv) Every column of A is a pivot column and rank(A) = m.

Does the logic go the other way? If Ax = b always has a unique solution, is A invertible? If
N(A) ={0,,} (uniqueness guaranteed, maybe not existence), is A invertible? If C(A) = R™
(existence guaranteed, maybe not uniqueness), is A invertible? If the columns of A are
independent, is A invertible? Yes, yes, yes, and yes. But establishing all of that needs some
preparation.

16.9 Problem (x). Often knowing that a matrix is invertible is more useful than having
a formula for that inverse. Here is a situation in which the presence of an invertible matrix
“keeps things the same.” Let A € R™*" be any matrix and let B € R™" be invertible.
Show that C(AB) = C(A) as follows. First, explain why ABv € C(A) for any v € R".
Next, justify the equality Ax = (AB)(B~'x) and explain how that shows that anything in
C(A) is in C(AB).

Content from Strang’s ILA 6E. I am not going to talk about determinants now, or much
later (I hope!), but you should read Note 6 on p. 50 and Example 2 on p. 51 and also think
about the four 2 x 2 matrices in Example 3 on p. 51. Determinants are a quick and easy
way of understanding 2 x 2 matrices, which arise in a lot of applications (e.g., ordinary
differential equations). Try using Note 6 to solve our original problem

b 3= 1)

Using the solution formula x = A™'b from Theorem 16.7 in practice requires us to com-
pute A, This turns out to be “expensive” computationally, rather more so than elimination
and back-substitution.

Content from Strang’s ILA 6E. Read “The Cost of Elimination” on pp. 57-58. The
following link to a section from the fifth edition elaborates on this:

https : //math.mit.edu/ gs/linearalgebra/ilab/linearalgebrab 11 — 1.pdf.

The point is that using A to solve Ax = b for A € R™™ might take around m?
arithmetical operations, but using elimination would take only around m®/3 operations.
If this excites you, take a numerical linear algebra class. Read the beautiful book by
Trefethen & Bau, too.


https://math.mit.edu/~gs/linearalgebra/ila5/linearalgebra5_11-1.pdf
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16.10 Problem (!). Let A € R™™ be invertible. What are the factors C' and R in the
C R-factorization of A? Compare your answer to your result for Problem 12.9.

Day 17: Friday, February 20.

You took Exam 1.

Day 18: Monday, February 23.

We go back to elimination in the context of inverses. How does being able to solve a linear
system Ax = b via elimination say anything about the invertibility of A?

We start with the nicest case: upper-triangular. We can eliminate “upwards” on an
upper-triangular matrix with nonzero diagonal entries to find an invertible matrix £ such
that EU = I,,. Then U = E7', and so U is invertible. Here is how this works.

18.1 Example. Let

U:

S O N

1
1
0

DO —

We met this matrix in Example 14.4. We turn U into I3 starting from the bottom.

The first thing to do is to make that entry of 2 in the (3, 3)-slot into a 1. This requires
division by 2 in the third row. Of course we want to encode this, like everything else, via
matrix multiplication. What matrix D € R**? does that? We want

U1 U1
D Vo | = V2
V3 U3/2

Expand the vector on the right as a linear combination weighted by vy, v, and v3 to see
that D should be

10 0
Dyz= 101 0
00 1/2

We call it D33 now because the action is happening in the (3, 3)-entry.
So, we have the transformation

21 1] o[22 10 0
01 1| BB g 1 4| pu=1l01 0
00 2 Pas 00 1 00 1/2

This SCALING MATRIX Ds3, along with the elimination and permutation matrices, is the
last of the so-called ELEMENTARY MATRICES that we need to encode “row operations”
on matrices.
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7

Now we eliminate “upwards.” We want the other entries in column 3 to be 0, so we
subtract multiples of row 3 from rows 1 and 2. (Well, multiples of 1.) We get

2 1 1 2 1 1 10 0
01 1| 2Ry 1 0|, Ey=|01 -1
00 1 P o0 1] 00 1]
2 1 0] 10 —1]

RL~— RI-R3, | 0l . Eu=|0 1 0

P oo o1 00 1]

And then we subtract a multiple of row 2 from row 1 to make that (1,2)-entry 0:

21 0 20 0 1 -1 0
01 of 22RR g 1 0|, Ep=|0 10
00 1 B 00 1 0 01

Last, we rescale the first row:
200 R1 — (1/2)xR1 100
01 of B2 URRL G g ol =4, Dy =
0 01 0 01

D1y

We conclude
D EgE13E53D33U = I3,

so putting
E = D1 E2E3F93 D33

gives EU = I3. Certainly F is invertible, as all elimination matrices are invertible, and
scaling matrices are invertible when their diagonal entries are nonzero. Then U = E~'I; =
E~! and so U is invertible with U~! = E.

18.2 Problem (%). Let D € R™ ™ be DIAGONAL: the (i, j)-entry of D is 0 for ¢ # j.
Prove that if all of the diagonal entries of D are nonzero, then D is invertible; give an
explicit formula for D!,

18.3 Example. Here is how all of the elementary matrices work. Consider the problem

a11T1 + Q1222 by
a1 T1 + anry = b,

which compresses as the matrix-vector equation

Ax — b, {Gn a12} : b — |:b1:| :
Q21 Q22 by
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and also as the augmented matrix

(A b] = [a” 2

Q21 A22

b

by |-

(1) Suppose that a;; # 0. We want to reduce A to upper-triangular form. We subtract
as1/aq; times the first equation from the second equation:

a1r1 + aprs = b a;ry + 1222 = b
an1T1 + axprys = b 0 + (CL22—CL21/G11)$2 = b2—(a21/a11)b2-

Equivalently, we multiply the augmented matrix by an elimination matrix:
by
by
_ | @ 12 b

0 (a22 - a21/a11)$2 by — (a21/a11)b2

E21 [A b}: 1 O:| |:CI,11 a2

[(—021/a11) 1 Q21 (22

(ii) Suppose that we want to interchange the equations:

a1 + apry = b a1 T1 + agpry = b
a1 T + axnry = b a1 + ajprs = by

We multiply the augmented matrix by a permutation matrix:

|0 1 | an aia|bi | | ax ax | b
aﬂAby_[ ][ @]‘[M1M2m]'

1 O a1 Q929
(iii) Suppose that aj;; = 0 and age # 0. We want to rescale the second equation:

=

a1 + aprys = b a;1ry + a12T2 = b
0 + A9y — bg 0 + (azg/agl)l‘g = bg/CLQl.

Equivalently, we multiply the augmented matrix by a scaling matrix:

1 0 ajpr Q12 bl _ a1 Qa2
b 0 1

0 (1/&22) 0 929
The arithmetic in Example 18.1 is called GAUSS—JORDAN ELIMINATION. Here is how
this works in the abstract.

DmMM:{ ®%m}

18.4 Theorem (Gauss—Jordan elimination). Let U € R™™ be upper-triangular with
nonzero diagonal entries. Then there exists an invertible matriz E € R™ ™, which is the
product of elimination and/or scaling matrices (but not permutation matrices), such that
EU = I,,. Consequently, U = E~' is invertible.
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Proof. This should feel basically the same as the proof of Theorem 15.7. Multiply U by a
scaling matrix D,,,, to divide row m by t,,,, # 0 so that the (m,m)-entry of D,,,,U is 1.
Then subtract multiples of row m from rows m — 1 through 1 to create zeros in rows m — 1
through 1 of column m. Go to the (m — 1, m — 1)-entry: rescale to make it 1, create zeros in
rows m — 2 through 1 of column m — 1 through elimination. Repeat. Let E be the product
of all of the scaling and/or elimination matrices used, in the order that you use them from
the bottom up at each stage. No need for permutation matrices because all of the diagonal
entries are nonzero. [ |

18.5 Remark. Previously we used “Gaussian elimination” on an arbitrary A € R™™ to
find an invertible matriz E € R™ ™ such that EA = U with U upper-triangular. Now,
in the special case that the diagonal entries of U were nonzero, we used “Gauss—Jordan
elimination” to find another invertible matriz E such that EU = I,,,, thus EEA = I,,,, so
A is invertible with A" = (EE)™.

Content from Strang's ILA 6E. Page 57 offers an algorithm for computing A~* by hand
if you really need to do it for a small A. T will never ask you to do that, and Strang gives a
few problems asking for an explicit calculation (Problems 29, 31, 32 in Section 2.2 if you're
curious)—that’s how deprecated the method is. Far better to understand A~' than have a
general formula for it.

18.6 Problem (!). Explain why the matrix A from Example 14.4 is invertible. What is
A™'? (No one really cares what the exact formula is, so just express A~ as the product
of the inverses of a bunch of elimination, scaling, and/or permutation matrices.)

18.7 Problem (%). All matrices in this problem are in R**®. Let Ej be the elimination
matrix that subtracts 2 times row 1 from row 2. Let Egl be the elimination matrix that
subtracts row 1 from row 2. Let Dj; be the scaling matrix that multiplies row 1 by 2.
Show that Eg = Di}'Ey Dy.

Gauss—Jordan elimination says that if the diagonal entries of an upper-triangular matrix
are nonzero, then that matrix is invertible. The arrow of our logic goes the other way, too.

18.8 Lemma. Let U € R™™ be upper-triangular. If U has a zero diagonal entry, then
N(U) # {0,,}, and so U is not invertible.

Proof. We consider two possible structures of U: one where the first diagonal entry is zero
and one where it is nonzero and a zero diagonal entry occurs further down along the diagonal.

1. The first diagonal entry is zero. We do a specific case first to see the strategy.
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(i) The case m = 4. Here U has the form

o O O O
S O % %
O ¥ % *
* Kk ¥ X

Then Ue; = 04, and since e; # 04, so e; € N(U), and therefore N(U) # {04}, thus U is not
invertible.

(ii) The general case. Here U has the form
o 1]

where U is “the rest” of U (columns 2 through m). Again, since Ue; is the first column of
U, we have Ue; = 0,, and e; # 0,,, so e; € N(U), and therefore N(U) # {0,,}, thus U is

not invertible.

2. An entry on the diagonal in rows 2 or below is zero. We look at the first zero entry on
the diagonal (first starting from the top row), and so now this zero entry has to occur in row
2 or below. That is, u;; = 0 for some 7 > 2 but u; # 0 for 1 <7 <j —1.

(i) An example in the case m = 4. One such possibility when m = 4 is

oo o @©
OO © ¥
cCo®®
* % ¥ ¥

Here ® denotes nonzero entries, and in the notation above 7 = 3. Now look at the upper-

triangular matrix
-~ © *
0= { : ©]

This has nonzero diagonal entries and so we can find zq, x5 € R such that

L)1)

But then
® * ®
T 0 + X9 © = ®©
0 0 01"’
0 0 0

and so the third column of U is in the span of the first two. Thus the columns of U are

dependent, so N(U) # {0,,}.
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(ii) The general case. As before, assume that there is j > 2 such that u;; = 0 but u; # 0
for 1 <i<j—1. Write
- { U

0 Om-gj-1)

(7}‘

This block expression for U contains a lot of condensed notation: U is a (j—1)x (j—1) upper-
triangular matrix with nonzero diagonal entries, U;_; € R/ U contains the remaining

columns of U, and, irritatingly, 0 means a matrix whose entries are all 0. If j = m, then U
isn’t there. Since the diagonal entries of U are nonzero, we can find X;_; € R’~" such that
(7§j_1 = U;_;. From this, we can show that the jth column of U is in the span of the first
j — 1 columns, so the columns of U are dependent, and therefore N(U) # {0,,}. [ |

Day 19: Wednesday, February 25.

We can combine Gauss—Jordan elimination (Theorem 18.4) and Lemma 18.8 to conclude the
following.

19.1 Theorem. An upper-triangular matriz is invertible if and only if all of its diagonal
entries are monzero.

Proof. (=) Suppose that U € R™ ™ is invertible and upper-triangular but that it has
a nonzero diagonal entry. Since U is invertible, Problem 16.8 implies that N(U) = {0,,}.
But since U is upper-triangular with a nonzero diagonal entry, Lemma 18.8 implies that
N(U) # {0,,}. This is a contradiction, so U cannot be invertible and upper-triangular and
have a nonzero diagonal entry; thus all diagonal entries must be zero.

(«<=) This is Gauss—Jordan elimination (Theorem 18.4). |
19.2 Problem (!). By considering the matrices

010
0 01 and E ﬂ ,
100

explain why knowing whether or not the diagonal entries of an arbitrary matrix are zero
does not say anything about the invertibility of that matrix.

Another nasty consequence for an upper-triangular matrix U with a zero diagonal entry
is that we cannot always solve Ux = ¢ for any ¢ € R™. This happened in Example 15.5,
which is worth rereading right now.

19.3 Lemma. Let U € R™™ be upper-triangular. If U has a zero diagonal entry, then
C(U) #R™, and so U is not invertible.
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Proof. First, why do we need to prove this? We know from Lemma 18.8 that since U has a
zero diagonal entry, U is not invertible. But did we ever show that if a square matrix is not
invertible, then its column space isn’t all of R™? No. This lemma turns out to be the key
step in figuring that out.

As in the proof of Lemma 18.8, we consider two different locations for the zero diagonal
entry—just “flipped” from that proof.

1. The (m,m)-entry of U is zero. That is, the “last” entry on the diagonal is zero.

(i) The case m = 4. Here U has the form

U:

o O O %
S O ¥ %
O % % K
O ¥ *x ¥

The last row is the problem. If b = (b1, by,b3,04) € C(U), then by = 0. For example,
e, ¢ C(U), and so C(U) # R*.

(ii) The general case. If the (m, m)-entry of U is zero, then the mth (last) row of U has all
zero entries. This is because U is upper-triangular and the other entries in that row are all
below the diagonal. Suppose that b € C(U), so b = Ux for some x € R™. Then the mth
entry of b is b,,, = 0 because this entry is the dot product of the mth row of U with x. That
dot product is zero since the mth row of U is the zero vector. And so not every b € R™ can
be in C(U); for example, e, & C(U).

2. The (j,j)-entry of U is zero for some j < m. That is, an entry “further up” the diagonal
is zero. Additionally, we assume that the (j, j)-entry is the first zero entry on the diagonal
from the bottom, so u; # 0 for j+1 <i < m.

(i) The case m = 4. One possibility here is that U has the form

k% % %
0 0 x =
U= 00 © =«
00 0 ©
Here ® # 0, and so the (2, 2)-entry is the first nonzero entry on the diagonal when we go up

from the bottom.
Use those nonzero diagonal entries to do Gauss—Jordan elimination in rows 1 and 2 of
columns 3 and 4. Then there is an invertible matrix F such that

x % 0 0
0000
EU = 0010
0001
So, if b € C(U), then there is v € R* such that Uv = b, and then EUv = Eb.
Consequently, the second entry of Eb is 0. But that certainly is not true for all b: take
b = E~'e,. That is, E~'e, ¢ C(U). Something like this happened in Example 15.5.
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(ii) The general case. Here U has the form

b S S
U=|0 W
0 0

Here * is just some matrix, the symbol 6) is a row vector whose entries are all 0, the symbol

is a row vector, the symbol 0 is (irritatingly!) a matrix whose entries are all 0, and,
critically, U is upper-triangular with nonzero entries on the diagonal. (A good exercise for
you is to figure out the dimensions of those blocks. To start, U has m — (7 + 1) rows and
columns.) Use the nonzero entries of U to do elimination in the rows above U. Then there
is an invertible matrix F such that

x* 0
EU=|0 0
0 I

The important thing is that row j of FU is all zero. Then if b € C(U), the jth entry of Eb
is 0, and, as before, this cannot happen for every b € R™. [ |

Here is the payoff for all of our work on linear systems and inverses. The following is
only valid for square systems, because it talks about inverses and hinges on those technical,
demanding results for upper-triangular matrices, but what a payoff for this case!

19.4 Theorem (Invertible matrix theorem). Let A € R™*™. The following statements
are equivalent in the sense that if any one of them is true, then all of the others are true.

(1) A is invertible.

(ii) For each b € R™, there is exactly one x € R™ such that Ax = b. (The problem
Ax = b always has a unique solution.)

(iii) C(A) =R™. (A solution to the problem Ax = b always exists.)
(iv) N(A) ={0,,}. (If the problem Ax =b has a solution, it’s unique.)

(v) The columns of A are independent. (The problem Ax = b has no redundant data.)

Proof. We first collect some facts that we already know.

o If A € R™™ then there is an invertible matrix £ € R™*™ such that FA is upper-
triangular. (This is Gaussian elimination: Theorem 15.7.)

o If U € R™ ™ is upper-triangular with nonzero diagonal entries, then U is invertible. (This
is Gauss—Jordan elimination: Theorem 18.4.)

o If U € R™™ is upper-triangular with N(U) = {0,,} or C(U) = R™, then U is invertible.
(These conditions ensure that no diagonal entry of U is zero, so U must be invertible.)
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Next, we have already some of the proof.
e That part (i) implies (ii) is Theorem 16.7.
e That part (i) implies parts (iii), (iv), and (v) is Problem 16.8.

If we can prove that either of parts (iii) or (iv) implies part (i), then we will have estab-
lished that part (ii) implies part (i), since parts (iii) and (iv) together imply part (ii). So,
we focus on showing that the last three parts imply the very first. Throughout, we will use
Gauss—Jordan elimination to write EA = U for some invertible £ and upper-triangular U.
Equivalently, A = E7'U, and so for A to be invertible, we just need U to be invertible. And
since U is upper-triangular, Theorem 19.1 says that we just need the diagonal entries of U
to be nonzero. That is what we establish.

(iii) = (i) We claim that C(U) = R™, too. If b € R™, then since C(A) = R™, there is
v € R™ such that Ax = E~'b. Then Ux = EAx = b. (This might feel like Problem 16.9.
What is different here?) So, C(U) = R™. Lemma 19.3 then says that all of the diagonal
entries of U are nonzero.

(iv) = (i) We claim that N(U) = {0,,}, too. If Ux = 0,,, then Ax = E~'Ux = 0,,, too.
So x = 0,,, as desired, and N(U) = {0,,}. Lemma 18.8 then says that all of the diagonal
entries of U are nonzero.

(v) = (i) We have known for a long time that independent columns imply that the null
space is as small as possible. Specifically, from Corollary 8.10, if the columns of A are
independent, then N(A) = {0,,}. (This, by the way, is true even when A is not square.) So
part (iv) is true, which implies the invertibility of A. (But when A is not square, it does not
make sense to talk about an inverse.) |

19.5 Problem (!). Reread the proof of the invertible matrix theorem and convince yourself
that any one part does imply the other four. For example, if you assume that (iii) is true,
why is part (v) true?

The invertible matrix theorem proves our longstanding Conjectures 7.1 and 8.15. We still
do not have the tools to prove Conjecture 11.7.

It should be surprising that, for square systems, existence and uniqueness by themselves,
separately, are enough to imply existence and uniqueness together! This is a special property
of square systems that nonsquare problems need not share, as we will see. We will give
examples of nonsquare problems for which existence is always true but uniqueness fails, and
for which existence sometimes fails but uniqueness is always true.

19.6 Problem (!). Uniqueness can never fail “only sometimes.” Let A € R™*" and let
b1, by € R™. Suppose that there are two different x;, x5 € R" such that Ax; = by and
Ax,; = b;. Explain why if the problem Ax = by has a solution, it really has infinitely
many solutions. [Hint: x; — x5 € N(A). Adapt the proof of Theorem 13.10.]
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19.7 Problem (%). Recall that a permutation matrix R™*"™ is a matrix in which each

standard basis vector for R™ appears once, and only once, as a column. Use the invert-
ible matrix theorem to prove that any permutation matrix is invertible. (Previously we
talked about the invertibility of the special permutation matrices F;;, for which PZ;I = /E;.
Subsequently we will develop a slick formula for the inverse of an arbitrary permutation
matrix.)

19.8 Problem (x). Let A € R™*™. Recall that £ € R™*™ is a LEFT INVERSE of A if
FEA =1, and F € R™™ is a RIGHT INVERSE of A if AF = [,,,. (Important: we are not
assuming that E or F is invertible here. Also, reread Corollary 16.3 right now.)

(i) Prove that if A has a left inverse, then A is invertible. [Hint: if Ax = 0,,, what is
EAx?|

(ii) Prove that if A has a right inverse, then A is invertible. [Hint: if b € R™, what is
AFb?

19.9 Remark. The nonzero diagonal entries of an upper-triangular matriz are sometimes
called its PIVOTS. The pivots of a general A € R™ ™ are the nonzero diagonal entries
of the upper-triangular matriz to which A can always be transformed by elimination and
row interchanges, i.e., by Theorem 15.7. This language s a little perilous, as we never
proved that the matriz U from Theorem 15.7 was unique—-could we write E1A = Uy and
EsA = U with Uy and Us both upper-triangular, Uy # Us, and Ey and Eo as the product
of elimination and/or permutation matrices? What is important from the point of view of
wnvertibility s not the exact value of these “pivots” but rather whether they are all nonzero
or not.

19.10 Problem (+4). Let A € R™*™ and suppose that E1, Fs € R™ ™ are invertible with
E1A and E5A both upper-triangular. Prove that if £;A has no nonzero diagonal entries,
then E5A also has no nonzero diagonal entries. [Hint: show that A is invertible.] We
will eventually prove that £1 A and F;A must have the same number of nonzero diagonal
entries, although we need more technology for that.

Content from Strang’s ILA 6E. Page 41 introduces the terminology “pivot.” I personally
feel that the phrase “nonzero pivot” is redundant. Informally, you should think of the
pivots as “the nonzero things that you multiply by when doing elimination.” Because we
can permute rows even when we don’t need to avoid zero diagonal entries, we can select
an “ideal” pivot at any state of elimination—see “‘Partial Pivoting’ to Reduce Roundoft
Errors” on p. 66 and think once more about taking a numerical linear algebra class after
this one.
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19.11 Problem (x). Give an example of an upper-triangular matrix U such that for some
J, column j is a pivot column, but the (j,j)-entry of U is 0. The point is that a pivot
column may not contain a diagonal pivot! Language is slippery.

Day 20: Friday, February 27.

Our best successes in this course arguably come from square systems: Ax = b with A €
R™*™ and b € R™, same number of equations as unknowns. We will see that it is with square
systems alone that we have a chance (not a guarantee) for both existence and uniqueness
of solutions—it is possible both to be able to solve the problem and have only one solution
for it. For nonsquare systems, we will show that either existence or uniqueness always fails
(maybe both). Understanding how to quantify and qualify our failures, and how to move on
from them, will be the central part of our forthcoming story. We can see this happen with
relatively small systems using relatively few numbers.

20.1 Example. We consider the problem Ax = b for the variety of A below.

(i) For

a=[y 1]
the problem Ax = b always has the unique solution x = b for any b € R?,
(ii) For

by

existence fails for Ax = b when b = (by,by) € R? with by # 0. Uniqueness also fails
because Ae, = 0.

(iii) For

1
A= |0
0

O = O

existence fails for Ax = b when b = (b, by, b3) € R® with b3 # 0. However, N(A) = {0,},
so if a solution to Ax = b exists, then it is unique.

(iv) For
10
A=10 0
00

both existence and uniqueness fail. We cannot solve Ax = b for b = (b, by, b3) € R?® with
by # 0 and b3 # 0, and A0y = 03, so uniqueness fails.
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(v) For

we have existence but not uniqueness: take x = (by, b2, 0) to solve Ax = (b1, b2). However,
uniqueness fails because A03 = 0,.

(vi) For

1 00
A=l 5 o]

both existence and uniqueness fail. We cannot solve Ax = b for b = (b;,by) € R? with

bQ 7é O, and Ae3 = 02.
Here is what the previous example suggests as we move beyond square systems.

20.2 Conjecture. Let A € R™*",

(i) If m > n (more equations than unknowns, more rows than columns, A is taller than it
is wide), then we will always fail to solve Ax = b for some b € R™. That is, C(A) # R™.
It may or may not be possible to get unique solutions.

(i) If m < n (more unknowns than equations, more columns than rows, A is wider than
it is tall), then we will never be able to solve Ax = b uniquely. Solutions may or may not
exist in the first place.

Additionally, unlike with the invertible matrix theorem for square matrices, neither exis-
tence nor uniqueness by itself is enough to guarantee the other condition.

Content from Strang’s ILA 6E. Now is a good time to reread p. 38.

Our goal is to prove Conjecture 20.2 and do a bit more: to qualify and quantify our
inherent failure to obtain existence and uniqueness for nonsquare problems. Previously, we
focused on existence first (the column space) and then uniqueness (the null space), the idea
being that it is more natural to have some solutions to work with first and then to ask if
they are the only solutions. Now that we are a little more experienced, we are going to do
the reverse. First we will study the specific problem Ax = 0,, for A € R™*" (usually with
m # n), and from that we will learn techniques for approaching the more general problem
Ax = b with b € R™ arbitrary.

The C'R-factorization makes null space calculations very easy. We first treat two “easy”
extreme cases and then focus on the interesting intermediate case. Let A € R™ ",

If rank(A) = 0, then A is the zero matrix, and Ax = 0,, for all x € R", thus N(A4) = R".
This is straightforward and boring.

If rank(A) = n and all of the columns of A are pivot columns, then the columns of A are
independent, so N(A) = {0, }. This is nice (solutions to Ax = b, if they exist, are unique),
but also boring.
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So, from now on we assume 1 < rank(A) < n. Then N(A) is both nontrivial and not
everything, and therefore interesting.

Put r := rank(A4) > 1, and write A in its C'R-factorization: A = C'R, where the columns
of C' € R™" are independent, and R € R"™". Suppose that Ax = 0,,. Then CRx = 0,,.
Insert parentheses: C'(Rx) = 0,,. Since the columns of C' are independent, if C'v = 0,,, then
v =0,. Thus Rx = 0,, and so x € N(R). Conversely, suppose that Rx = 0,. Then

Ax = (CR)x = C(Rx) = C0, = 0,,.

We have therefore proved that N(A) = N(R). This is good, because the structure of R
is probably simpler than the structure of A. In particular, at least r columns of R are the
standard basis vectors ey, ...,e, € R", so R has many zero entries, which is always helpful.
Now we will look further at the structure of N(R).

20.3 Example. Let

1023
A:{0104}'

From the point of view of the C R-factorization, we have C' = I, and R = A.
We study N(A). For x € R?*, we have Ax = 0, if and only if

T + 21]3 + 31’4 = 0
) + 4?[74 = 0.

This is not as nice as the square upper-triangular systems that we have previously studied.
Every equation here has at least two variables in it.

The right, if not immediately obvious, strategy is to solve for what we can easily solve
for. The unknowns x; and xo have coefficients of 1 on them, so solving for those two
variables in terms of x3 and x4 is easier, relatively speaking, than solving for x5 or z,. We
get

T = —21‘3 — 31’4
Ty = —41’4,

and if we put x = (x, 29, x3,14), then

1 —2x3 — 31y —2x3 —3x4 —2 -3
X — i) _ —4274 _ 0 + —4274 — 7 0 o —4
T3 T3 T3 0 3 1 1 0
T Ty 0 T4 0 1

We have shown that every x € N(A) is a linear combination of those two vectors on the
right. More compactly,

-2 =3

102 3 0 —4
v (Vo d)=el] 1 T
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(Strictly speaking, we have shown that if x € N(A), then x is in the column space of that
4 x 2 matrix. You should check your work and show that each column in that 4 x 2 matrix
isin N(A).)

It should look like there are two degrees of freedom in describing the null space, which
come from those two variables x3 and x4 whose values we did not (could not) specify. We
might call those “free” variables, because we were “free” to choose them, and once we did,
the values of x; and xo were specified. It cannot be an accident than our matrix has rank
2, as well.

Content from Strang’s ILA 6E. This example is basically the same as Example 1 on p.
93. Strang calls the columns of

=7 =3
0 —4
1 0
0 1

the “special solutions” for Ax = 0,. What is “special” about these solutions is that they
are linearly independent, and every solution to Ax = 05 is in the span of these solutions.

Here is the pattern from Example 20.3. The matrix A had the block structure

0 4

N(A):C([_f:D.

Here is how this generalizes. (Before proceeding, doing Problems 13.3 and 13.4 on block
matrices would be a very, very good idea.) Let A € R™" with r := rank(A) and suppose
1 < r < n. Suppose further that the C R-factorization of A is A = CR with R = [Ir F]
This is a special case without the permutation matrix that usually appears in R; we will
treat that shortly after another example. We know that N(A) = N(R).

If Rx = 0,, split up x into the block vector

)

X = )

X(n—r)

For example, if x = (z1, T2, x3, 4, x5) and r = 2, then x?) = (w1, 72) and x(3) = (23, T4, T5).
In the general case, we have

A=[L F], Fe F 3},

and its null space is

(")
0, = Rx=[I, F| LX } = Lx") + Fx(nry = x") + Fx(_p),
(n—)

and so
X(T) = —FX(n_T).
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Now put it back together:
(r) _ _ _
<= L) = ] = e =< ([22])
X(n—r) X(n—r) [nfr [nfr

20.4 Problem (). Let 1 <7 <nand F € R™™ ") Suppose that

vee(l21])

Prove that y € N([IT F}) [Hint: split'y up as
—Fv
=[]
for some v € R"™" and note that Fv € R" |

We conclude (using Definition 4.10 of set equality) that

N([1, F}):Cq];}:]). (20.1)

Thus in the special case that A € R™*" has the C' R-factorization A = C [[T F }, we can
write N(A) as the column space above.
More generally, however, the R-factor in a C'R-factorization need not have the identity

block first.
20.5 Example. Let

00014
Again rank(A) = 2 and the C'R-factorization of A uses C' = I, and R = A. We proceed as
in Example 20.3: assume Ax = 0, and write this as the linear system

$2+2£L‘3 +3$5:0
rs + 4dxs = 0.

A:{O 1 20 3}‘

We solve for the variables with the simplest coefficients of 1; these are now x5 and x4:

{ To — —2563 - 31‘5

T4 = —41’5.

Vectorizing, we have

T Ty T 0 0 1 0 0
To —2x3 — 315 0 —219 —3x5 0 -2 -3
X=|x3| = T3 =104+ zo |+ 0 =2z |0]| 423 1| +x5 0
Ty —41’5 0 0 —4ZE5 0 0 —4
Ts T5 0 0 Ts 0 0 1
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Thus
1 0 0
0 —2 -3
N({g é g ? iD:c 0 1 0 (20.2)
0 0 —4
0 0 1

Hopefully it looks like the columns of the 2 x 2 identity matrix I, are jumbled up in the
columns of A and the rows of the 3 x 3 identity matrix I3 are jumbled up in the column
space that now controls the null space.

Content from Strang’s ILA 6E. This was basically Example 2 on p. 94, except the matrix
in that example has a row of all zero entries, which cannot happen in the R-factor from
the C'R-factorization (Problem 12.13).

Recall that, in general, if A € R™" with rank(A) = r, and if 1 < r < n, then the
C R-factorization of A has R in the form

R=[I, F|P

where F' € R and P € R™" is a permutation matrix. The point of P is that
multiplying on the right by P jumbles up the columns of the r x r identity matrix I, among
the “junky” columns F. We still know that N(A) = N(R) = N([Z, F] P). What is this last
null space?

The good news is that things are not much more complicated than the case of P = I,
from before. What matters right now is much less than P is a permutation matrix than that
P is invertible by Problem 19.7. So, suppose that Rx = 0,,. Then [Ir F} Px =0,,. The
trick is to abbreviate y = Px. We then have

[Ir F] y =0,

(20.3)
Px=y.

[, F]Px=0, < {

If [I, Fl]y=0,, theny € N([/, F]), and so from (20.1) we know that

| —F
Y=L,
for some v € R"™". Then
Px = —F
I

and so

We have shown that if x € N([I, F] P), then
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The same idea as in Problem 20.4 then gives

N([I. F]P)=C (P—l [I:_FD : (20.4)

20.6 Problem (!). Use (20.4) and some related ideas in (13.1) to find a permutation
matrix P € R>*® and a matrix F' € R?*® such that

v o8 18- E):

Compare this to (20.2).

Content from Strang’s ILA 6E. The expressions (20.1) and (20.4) for the null space
appear in the box on p. 97 and the subsequent “Review” paragraph. Interpret P' there as
P~ for now.

Here is a summary of everything that we have learned about the form of the null space.

20.7 Theorem. Let A € R™" with r := rank(A).
(i) Ifr =0, then N(A) = R". In particular, N(A) = C(1,).
(i) If r = n, then N(A) = {0,}. In particular, N(A) = C(Z), where Z € R™ " is the

zero matrix.

(iii) If 1 <r <n and A has the CR-factorization A = CR with R = [I, F| P for some
F e R and some permutation matriz P € R™™, then

N(A) =N(R)=C (P—1 [I;FD :

20.8 Problem (!). Adding more rows of all zero entries to a matrix does not change its
null space.

(i) Convince yourself that this is true by finding the null spaces of

10 2 3 0120 3

010 4 and 00014

0000 00 00O
and comparing your results to Examples 20.3 and 20.5.

(ii) Now let A € R™ " and denote by 0 the zero matrix in RP*" for any p > 1. Prove that
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By now we should be convinced that the C R-factorization is not only a natural and
meaningful way to represent important data about a matrix. It is a useful tool for solving
Ax = 0. However, we still do not have an efficient or “easy” method for computing this
factorization other than a column-by-column examination of the matrix to identify its pivot
columns. The time has come to develop such a method.

_____________________________________________________________________________________________________________________________________________|]
Day 21: Monday, March 2.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Matrix in RREF (N), pivot/leading 1 for a matrix in RREF

We have given an “existential” construction of the C'R-factorization of a matrix that pro-
ceeded column by column. Now we develop the C'R-factorization in a row-by-row approach.
We return to the great algorithm of the course—Gaussian and Gauss—Jordan elimination—
and extend it to nonsquare matrices. Previously, we used Gaussian elimination (“downwards
elimination”) to reduce a square matrix to an upper-triangular matrix, and then we used
Gauss—Jordan elimination (“upwards elimination”) to convert an upper-triangular matrix
with nonzero diagonal entries to the identity matrix. Here we apply elimination to arbitrary
matrices; we will first obtain the C'R-factorization more transparently, and later we will ex-
tract the complete solution formula for a linear system. Gloriously, there is very little new
in the actual arithmetic.

21.1 Example. Let
7

01 21
A=10 2 4 2 14
0002 8
This matrix A appeared in Example 11.3. Previously we only performed elementary row
operations on square matrices, but they certainly work on nonsquare matrices, too. We
compute

0121 7 1217 100
024 2 14 B2R2R g 000 0|, Ey=|-210
0002 8 o 000 2 8 | 001
R3 — (1/2)xR3 L2 17 100
——="=10 0 0 0 0, Dyi={0 1 0

. 00014 0 0 1/2
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0120 3 11 -1
ReR 10 000 00, Es=101 0
Fs 0001 4 00 1
R2 — R3, R3 — R2 01203 1 00
- 0001 4|, Py:=1001
= 00000 010
That is,
0120 3
EFA=10 0 0 1 4, EI:P23E12D33E21.
00000

This matrix F'A appeared in Examples 10.5 and 11.11.
Abbreviate Ry := EA. This notation is meant to emphasize the block structure

01203 R 0120 3
00014 =/ R=|5001 4
00000

where 0 denotes the row of all zero entries. Here R is the R-factor in the C R-factorization
of both Ry (Example 11.11) and A (part (ii) of Example 12.7). That is, by doing Gaussian
and Gauss—Jordan elimination to A, we found an invertible matrix E such that

o[

reveals the R-factor in the C R-factorization of A.

The matrix FA = Ry in the preceding example has four defining characteristics.

21.2 Definition. A matriz is in REDUCED ROW ECHELON FORM (RREF) if it has
the following four properties.

Row Property 1. Any row whose entries are all zero is below any row with some nonzero
entries.

Row Property 2. If a row contains nonzero entries, the first nonzero entry of that row
1s 1, called the LEADING 1 or the PIVOT for that row.

Column Property 1. The other entries of any column containing a leading 1 are 0. That
18, a column containing a leading 1 is a column of the mxm identity matriz I,,, equivalently,
a standard basis vector for R™.

Column Property 2. If 1 <11 < j < m and rows © and j both contain nonzero entries,
then the leading 1 of row i appears in a column before the column containing the leading 1
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of row j. That is, the leading 1 of a given row is “to the left” of the leading 1’s in the rows
below. (Here is a more precise, and possibly more annoying, way of saying this. Suppose
that 1 < iy < ip < m and rows iy and 15 both contain nonzero entries. Let the leading 1
of row iy be an entry in column j;; and the leading 1 of row iy be an entry in column j,,.
Then ji, < ji-)

21.3 Example. We take another look at the matrix FA = Ry from Example 21.1:

EA=Ry=

o O O

1
0
0

S O N
S = O
S = W

is in RREF.

Row Property 1. There is only one row of all 0 entries, and at the bottom, below the
rows with nonzero entries.

Row Property 2. The rows with nonzero entries are rows 1 and 2, and their first nonzero
entries are 1.

Column Property 1. Columns 1 and 3 contain these leading 1’s, and the other entries
of columns 1 and 3 are all 0. (That is, columns 1 and 3 are columns of I3.)

Column Property 2. Last, row 2 contains nonzero entries, and the leading 1 of row 2 is
in column 3, which is after the leading 1 in row 1 (which is in column 1).

21.4 Problem (!). Explain all of the reasons why

SN OO
S OO WO
— O O O O
S O O OO
S O O = O

is not in RREF.

21.5 Example. For practice with the axioms of the RREF from Definition 21.2, we
construct all matrices R € R*** that are in RREF and that have leading 1’s in columns 2
and 4 only. We proceed via the following steps.

1. Start with the first column (a very good place to start). If any entry is nonzero, that
entry is the leading nonzero entry in its row (nothing comes before the first column), and
so column 1 has a leading 1. This is not allowed under the rules of our current game, so
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the first column is 03, and therefore

777
R = 777
777

o O O

2. The second column has a leading 1, so it is either e, ey, or e3. If column 2 is ey, then

R:

o O O
o = O

77
707
00

The other two entries in row 1 (in columns 3 and 4) can’t both be 0, as that would violate
Row Property 1. So, at least one of them is nonzero, thus a leading nonzero entry. But
then e, appears in column 3 or 4, contradicting Column Property 2.

3. We now know

0
0
0

177
R = 07?7
0o 7?7
Look at the third column. If it has a nonzero entry in rows 2 or 3, that is the leading
nonzero entry in that row, and so column 3 has a leading 1. This is not allowed in our

game. However, there does not appear to be any restrictions on the (1, 3)-entry of R, since
that would not be a leading nonzero entry in row 1. Write

R =

o oo
oo -
o o %
ECEECERN

We have upgraded the (1,3)-entry from ? to % to emphasize that it can be any number
right now, zero or not.

4. The fourth column is a pivot column, so it is e, e, or es. If it’s ey, then

o O O

1
0
0

S O ¥

1
0],
0
but then the 1 in the (1,4)-entry is not the leading nonzero entry in row 1, so column 4

doesn’t have a leading 1. If column 4 is e3, then

R:

o O O
o O =
O O *
= O O

and that contradicts Row Property 1. The only choice left is that column 4 is es.
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We conclude that all matrices R € R*** that are in RREF with leading 1’s in columns
2 and 4 only have the form

01 %« 0
R=10 0 0 1,
0000
where the (1,3)-entry is arbitrary. This is a pretty restricted family of matrices.

21.6 Problem (!). Write down all possible 2 x 2 matrices that are in RREF. How do you
know that you have found them all? (Some of the entries of your matrices will have to be
more or less arbitrary real numbers, but be sure to specify if certain values are excluded.)

Here is the first fruit of Gauss—Jordan elimination: we can reduce any matrix to RREF.

21.7 Theorem. Let A € R™*"™. There exist an invertible matrix E € R™™ and a matriz
Ry € R™*" such that EA = Ry and Ry is in RREF.

Proof. This is Gauss—Jordan elimination. Start with the first nonzero column from the left
(at least one column is nonzero since A is nonzero). If needed, multiply by a permutation
matrix so the first entry in this column is nonzero. If there are more zero entries in this
column, multiply by elimination matrices to make the entries in rows 2 and below all zero.
Then go to the first row below row 1 that has a nonzero entry; call that row i (so i > 2).
Go to the column that has the first nonzero entry in that row; call that column j (so j > 2).
Repeat the permutation (if needed) and elimination operations to make the entries in rows
7+ 1 and below of column j all zero. Continue until you have reached the last row of the
matrix or until all rows below have only zero entries.

Now start with the first nonzero row from the bottom; call this row 7. Multiply by a
scaling matrix so that the first nonzero entry in this row (starting from the left) is one. Say
that this first nonzero entry appears in column j. If ¢ > 2, multiply by elimination matrices
to make the entries in rows ¢ — 1 to 1 of column j all zero. Then go to the first nonzero row
above row i (if there is any such row) and the first nonzero element of that row, which will
be in column j — 1 or before. Go to the column that has the first nonzero entry in that row
and multiply by a scaling matrix so that the first nonzero entry is one. Use elimination to
create zeros in the entries of that column that fall in the rows above. Continue until you
have reached the first row of the matrix or until all rows above have only zero entries.

If the (1,1)-entry of the matrix is nonzero, multiply by a scaling matrix to make it one.
Finally, multiply the matrix by a permutation matrix so that all rows whose entries are only
zero are below all rows with nonzero entries. [ |

Content from Strang’s ILA 6E. A reduction to RREF is given at the top of p. 95 and
another is done in Example 2 at the bottom of the page. A third is Example 3 on pp. 97-98,
and this also includes a null space calculation and remarks on the C' R-factorization (which
we will revisit shortly). Page 96 gives the algorithm for computing the RREF column by
column. Read p. 142 up to but not including the “Factorization” box.
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21.8 Problem (). Find a matrix A € R*** whose entries are all nonzero such that

1
rref(A) = |0
0

O O =
O = O
O O =

Provide a matrix £ € R**® such that EA = rref(A); you may express E as a product of
elementary matrices, and you do not have to multiply that product out.

Day 22: Wednesday, March 4.

Theorem 21.7 does not say that we can reduce a matrix to only one kind of RREF. It would
be terribly awkward if Gauss—Jordan elimination could transform a matrix into two different
kinds of RREF. We do have some freedom in how we carry out the elimination, so perhaps
going in different orders could yield different RREFs. Of course, that cannot happen, but
it needs to be checked. Our approach is founded on the belief that the RREF and the
C R-factorization are best understood when they are put in dialogue with each other.

Matrices in RREF should look familiar because we have been seeing them since we met
the C'R-factorization.

22.1 Lemma. Let A € R™" with r := rank(A) > 1, and let A = CR be the CR-
factorization of A. Then R is in RREF.

Proof. Let (aj,,...,a;) be the pivot columns of A. By Theorem 12.11, we know that
r,=ecR fore=1,...,7.

1. No row of R has all zero entries by Problem 12.13, so R trivially satisfies Row Property
1.

2. For the other properties, we treat the first row as a special case.

Case 1: j; = 1. Then r; = e; € R", so the (1,1)-entry of R is 1. This proves Row Property
2 for row 1 and Column Property 1 for the leading 1 in row 1 in the case that j; = 1.

Case 2: j; > 2. Then the first j; —1 columns of A are 0,,, so Cr; =0,, for j =1,...,5; — 1.
By independence, r; = 0, for j = 1,...,j; — 1. The entries of row 1 in columns 1 through
j1 — 1 are therefore 0, but row 1 now has the entry of 1 in column j; since rj = e;. This
proves Row Property 2 for row 1 and Column Property 1 for the first leading 1 in the case
that j; > 2.

Finally, this also proves Column Property 2 for row 1 (i.e., for i; = 1 in Column Property
2), since the first nonzero column of R is e; in column j; > 1; thus all of the entries in rows
2 and below are 0 for columns 1 through j;. That is, the first nonzero entry in rows 2 and
below must appear in columns j; 4+ 1 or later.
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3. Now let ¢ > 2. Since r;, = e;, we know that row ¢ has a nonzero entry in column j;. If
we can show that the entries in row ¢ of columns 1 through j; — 1 are zero, then the first
nonzero entry in row ¢ will be the 1 from e;. Additionally, the other entries of the column
in which that 1 is located (column j;) will be zero, since that column is e;.

So, suppose that the first nonzero entry in row ¢ occurs in some column j with j < j;. We
know that a; € span(a;,,...,a;, ,)andalsoa; = Cr; € span(a;,,...,a; ). By independence,
rows ¢ through r of r; must be 0.

We have therefore established that the first nonzero entry in row ¢ is 1, that this entry
occurs in column j;, and that column j; is e;. This proves Row Property 2 and Column
Property 1.

4. Last, if 1 <47 < is < m, we now know that the leading 1 in row ; appears in column
Jiy, and the leading 1 in column ¢s appears in column j;,. By construction, j;, < j;, since
11 < i9. This proves Column Property 2. [ |

Not every matrix in RREF shows up as the R-factor in a C'R-factorization. A matrix in
RREF can have a row of all zero entries (provided that they are below rows with nonzero
entries), but Problem 12.13 forbids the R-factor in a C R-factorization from having a row of
all zero entries. However, up to the rows of zeros, a matrix in RREF has effectively the same
behavior as the R-factor in a C'R-factorization. In particular, the pivot columns of such an
R-factor are standard basis vectors, and the same is true for a matrix in RREF.

22.2 Example. Let

Ry =

o O O
o O =
O O N
o = O
S = W

The leading 1’s appear in columns 2 and 4, and, by long experience, these are the pivot
columns of Ry.

22.3 Lemma. Let Ry € R™" be a nonzero matriz in RREF. The pivot columns of Ry
are exactly the columns of Ry with leading 1’s.

Proof. As stated above, since Ry is a nonzero matrix, it has at least one nonzero entry, and
so at least one row has a nonzero entry. That row therefore has a leading nonzero entry,
thus a leading 1, and so Ry does have some columns with leading 1’s. Call those columns
rj,...,r; with j; < jig; for i = 1,...,r — 1. We show that this list of columns satisfies
the properties of pivot columns given precisely in Remark 10.7. We break the proof into the
following punishingly intricate steps.

1. For each ¢ = 1,...,r, there is k with 1 < k < r such that r;, = e;. Any column with
a leading 1 is a standard basis vector e, € R™ by Column Property 1. We need to show
1 <k <r. Suppose that for some 7, there is & > r + 1 such that r;, = e;. In particular, row
k > r + 1 has a nonzero entry.

However, rows 1 through r» now contain at most » — 1 leading 1’s, and so at least one
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row between rows 1 and r has no leading 1. Then that row must have all zero entries (as
otherwise it has a nonzero entry, thus a leading nonzero entry, thus a leading 1). But then
a row between rows 1 and r has all zero entries, whereas a row between rows r + 1 and m
has a nonzero entry. This contradicts Row Property 1.

So, for each ¢ = 1,...,r, there exists k; with 1 < k; < r such that r;, = e;,. We want to
show k; = 4. To be clear, saying r;, = e;, means that the leading 1 in row k; occurs in column
7i- Moreover, each row from row 1 to row r has a leading 1; otherwise, as demonstrated in
the paragraph above, that row would have all zero entries, whereas a row below it would
have nonzero entries.

2. If j < j1, then r; = 0,,. Suppose instead that r; # 0,, for some j < j;. Then row 7 of
r; is nonzero for some 4, and so row ¢ has a leading nonzero entry, thus a leading 1, in some
column k£ < j. But column j; is the first column with a leading 1.

3. rj, = e;. Suppose instead that r; = e; with £ > 2. Since Ry is a nonzero matrix, row 1
cannot have all zero entries, for then there would be a nonzero entry in row 2 or below, and
that would contradict Row Property 1. So, row 1 has a nonzero entry, thus a leading nonzero
entry, thus a leading 1. This entry cannot occur in column j with j < 77, as column j; is
the first column with a leading 1, and it cannot occur in column j;, since row 1 of column j
is zero. The leading 1 in row 1 therefore occurs in column j > j;.

Now take 11 =1, j;, = J, 12 = k, and j;, = 1. Then 43 < iy but j;, < j;;- The leading
1 of row 7; is an entry in column j;,; the leading 1 of row i is an entry in column j;,. This
contradicts Column Property 2. We must therefore have r;, = e;.

4. r; = e; for 2 < i < r. Suppose that this is not true and that ¢ is the first column for
which it fails. That is, ¢ > 2, r;, # e;, but

r;, =€y, 1 §€§z—1 (221)

We must have rj, = e, for some 1 <k <, so now k£ # i. Then the leading 1 of row k is in
column 7;. Let the leading 1 of row ¢ be in column j.

Case 1: 1 < k. Take 1y =1, i = k, 5;, = j, and j;, = 7; to find, from Column Property 2,
that j < j;. Since j is the index of a column with a leading 1, and j < j;, it must be the
case that j = j, for some 1 < ¢ <i—1. But then r; = r;, = e, by (22.1), and so the leading
1 in column j is in row ¢ < 7, not in row 1.

Case 2: k < i. Then r;, = e; by (22.1), but also r;, = e by the assumption above. This
says that columns 7, and j; both contain leading 1’s for row £, which is impossible, because
a leading 1 for a row can only appear in one column.

5. If j; < j < Jis1, then r; € span(r;,,...,r;). Since span(r;,,...,r;,) = span(eq,...,e;),
this is true if r; has zero entries in rows 7 + 1 through m. Suppose instead that r; has
a nonzero entry in one of those rows i + 1 through m. Suppose that this happens in row
¢ > 1+ 1, so row ¢ has a nonzero entry in column j and so it has a leading nonzero entry
in column j or before, thus a leading 1 in column j or before. As column j is not a pivot
column, it does not have a leading nonzero entry in any of its rows, and so the leading 1 in
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row { > 1+ 1 occurs in a column before column j. If this column is column j; < 7, then
rj = €. We now know that r;, = e, so k =¢ > i+ 1. Then jip1 = jr <J < Jiy1,
contradiction.

6. If j > j., then r; € span(ry,,...,r; ). First, the entries in rows r + 1 through m of
R are all zero. Otherwise, a row in rows r + 1 through m would have a nonzero entry,
thus a leading nonzero entry, thus a leading 1. But Ry already has leading 1’s in rows
1 through r, and so Ry would have at least r 4+ 1 leading 1’s, a contradiction. So, every
column in R; has zero entries in rows r + 1 through m, and so every column of Ry is in
span(eq,...,e,) =span(rj,...,r; ). [

We now have two notions of pivot columns. First, there is the original concept from
Definition 10.6 and Remark 10.7; this is a “dynamic” view of pivot columns, as it has them
talking to each other via spans. Second, there is the new idea that the pivot columns of a
matrix in RREF are those columns with leading 1’s; this is a “static” view, as the columns
are just sitting there, and we check which ones have leading 1’s. But this second perspective
is helpful because it reveals all of the pivot columns all at once if the matrix is in RREF. We
will soon generalize this to matrices not in RREF.

22.4 Example. (i) Let

7
4
8

We know from part (ii) of Example 12.7 that the C' R-factorization of A is

A:

o O O
—_

1 21
2 4 2
0 0 2

1
0120 3
A=CR=12 2 [ ]
0 2 00014
and that the RREF of A is -~

01 20 3

Ry=10 0 0 1 4

00000

Hopefully the connections between C, R, and R, are obvious. First, the pivot columns
of A occur in the same locations as the pivot columns of the RREF, and the latter are
easy to find, since they are the columns with leading 1’s. This gives us the factor C' in the
C R-factorization. Second, we obtain the factor R in the C' R-factorization by chopping off
the zero row(s) in the RREF.

(ii) Suppose that we only know the RREF of the matrix A above and the matrix E that
collects the elementary matrices whose action converts A to RREF. That is, we have

01
EFEA=10 0 = R07
0 0

S O N
S = O
S = W
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where E € R**® is invertible. Without even knowing the exact entries of E (which, in
Gaussian/Gauss—Jordan elimination, we typically would not want to compute), we can
recover the C' R-factorization of A. Let E~! = [c1 Co vl]. Then

A= EilRO = |:C1 Co Vl] = [03 C1 2C1 Co (3C1 +4C2)] .

The pivot columns of A are therefore columns 2 and 4. Here is why. Column 2 equals ¢4,
which is nonzero since it is a column of the invertible matrix £7', and so column 2 is the
first nonzero column of A. And column 4 is the first column of A not in the span of column
2. Now factor

0 3

1 4] '

1
A= [03 ci 2¢; ¢y (3C1+4C2)] = [cl CQ] [0 0

2
0 0

This is the C' R-factorization of A.

The perspectives of this example give us a strategy for accomplishing two things simulta-
neously. First, we will prove the uniqueness of the RREF of a matrix, which Theorem 21.7
did not provide. Second, in the process we will show how to extract the C'R-factorization
from the RREF.

We begin with an auxiliary result that gives a slightly different perspective on the C'R-
factorization.

22.5 Lemma. Let A € R™*". Suppose that A = CR for some C € R™" and R € R™",
where C' has independent columns and R is in RREF with no nonzero rows. Then the
columns of C' are the pivot columns of A, the pivot columns of A occur in the same locations
as the piwot columns of R, and A = C'R s the C R-factorization of A.

Proof. Since R has no nonzero rows, every row of R has a nonzero entry, thus a leading
nonzero entry, thus a leading 1. And since R has r rows, R has r pivot columns, which
we list as (r;,,...,r;,). And because R is in RREF, we know that r;, = e; € R". Finally,
because a;, = Cr;, = Ce;, the columns of C' are columns of A. We show that (a;,,...,a;.)
is the list of pivot columns of A by checking the four conditions of Remark 10.7.

(i) Let j < 1. Then r; = 0,, so a; = Cr; = 0,,. Since the columns of C' are independent
and r;, # 0,, likewise a;, = Crj, # 0,,.

(ii) Nowletr > 2andi > 2. Ifa;, € span(a,,,...,a;, ,), then Cr;, € span(Crj,,...,Cr;, ,).
Since the columns of C' are independent, it follows that r;, € span(r;,,...,r; ,), a contra-
diction.

(iii) Continue to assume r > 2 and ¢ > 2 and now suppose j < j;. Then a; = Cr; €
span(Crj,,...,Cr;, ) =span(a;,...,a; ).

(iv) Last, let j > j,. Then a; = Cr; € span(r;,,...,r;,) = span(a;,,...,a;,).

Since the columns of C' are therefore the pivot columns of A, the factorization A = CR
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is the C'R-factorization of A, by uniqueness of that factorization. [ |

Here is the improvement of Theorem 21.7.

22.6 Theorem. Let A € R™"™,

(i) There exist an invertible matriz E € R™*™ and a unique matriz Ry € R™*" such that

Ry is in RREF. We call Ry the RREF OF A and write Ry = rref(A).
(ii) Let A = CR be the CR-factorization of A. If Ry has no zero rows, then R = Ry. If

Ry has one or more zero rows, then Ry has the block structure

R
=[]
(iii) The pivot columns of A, R, and Ry all occur in the same locations. That is, if
columns j1,...,7, of A are the pivot columns of A, then columns ji,...,J. of R are the
pwot columns of R, and columns ji,...,j. of Ry are the pivot columns of Ry.

Proof. Theorem 21.7 gave the existence of the RREF: we can write EA = Ry, where E €
R™*™ is invertible and Ry € R™*" is in RREF. Since E € R™*™ is invertible, rank(E) = m,
and so Problem 13.8 tells us that the pivot columns of A and of Ry = E'A occur in the same
locations. We show below the uniqueness of Ry and the relation of Ry to the factor R from
the C'R-factorization of A; we already know from Theorem 12.11 that the pivot columns of
A and of R occur in the same locations.

If A is the zero matrix, then Ry = F A is the zero matrix, and this is the only choice for
Ry. So, assume that A is not the zero matrix and write A = E~'R,. Then R, is not the
zero matrix and so has at least one row with nonzero entries. We show that there is only
one possible choice for Ry in this case, too.

1. Ry has no zero rows. Put C := E~! and R := Ry,. Then A = CR, where the columns of
C' are independent and R = Ry is in RREF with no nonzero rows. Lemma 22.5 shows that
A = CR is the C'R-factorization of A, and so there is only one choice for R = Ry.

2. Ry has one or more zero rows. Write Ry in the block form

where R has at least one nonzero entry in each row, and where the symbol 0 denotes one or
more zero rows. Since Ry is in RREF, so is R.
Specifically, suppose that R € R™". Now write F~! = [C’ V}, where C' € R™" and
V € R™™™") Then
A=FE"'Ry=CR.

Again, we have written A in the form A = C'R, where the columns of C' are independent and
R is in RREF with no nonzero rows. Lemma 22.5 again applies to show that A = C'R is the
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C R-factorization of A, and so there is only one choice for R. This choice of R completely
determines Rj. |

Day 23: Friday, March 6.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Matrix with full column rank (N), matrix with full row rank (N)

Once we know the RREF of a matrix, it is easy to find its C' R-factorization. Since the null
space of a matrix and the R-factor in its C'R-factorization are the same, and since the data
in the R-factor is arguably less complicated than the data in the original matrix, having the
R-factor allows us to find the null space of a matrix more easily. However, the algorithmic
process of Gaussian and Gauss—Jordan elimination that reduces a matrix to RREF does not
merely give us the RREF and the null space. Rather, this process enables us to find all
solutions to the fundamental problem Ax = b.

23.1 Example. Let

01217
A=10 2 4 2 14
000 2 8

We study Ax = b for b = (b, by, b3) € R? arbitrary.

For a small problem like this, the most efficient approach is to put the augmented
matrix [A b} into RREF in the form [Ro Eb}, where Ry = rref(A) and EA = Ry with
E invertible. We basically repeat the steps of Example 21.1, where we were taking b = 03
throughout. This time, however, we skip writing out the elementary matrices that do all
the elimination; refer back to that example as needed. While there are many ways that we
could do the arithmetic, we follow here the pseudocode of the proof of Theorem 21.7.

0121 7| 01217 bn
02 4 2 14|by | B2R2RL L0 0 0 0 0]by— 20
000 2 8 |bs 0002 8| by

R3 — (1/2)xR3 00 0

]
]
e
—_
= O
S
[\
S
S
~
[N \)
S
My
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R2 +» R3, R3—R2 0 120 31b—bs/2
S 000 1 4| by/2
00 0 0 0] by—2b
Then Ax = b is equivalent to
To + 21‘3 + 31‘5 = b1 - b3/2
0 = b2 - 261

The third equation is a “solvability condition™ if Ax = b, then we must have by = 2b;.
This is not the first time that we have seen this condition, and it should be apparent from
the row structure of A (the second row is twice the first row). But here we emphasize that
we can solve Ax = b if and only if we can solve the (simpler) problem (23.1); this is just
because all of the row operations are reversible (elementary matrices are invertible!). And
if by = 2by, then we can solve (23.1). Thus C(A) ={b € R® | b, = 2b; }.

When the solvability condition is met, the solution is

T 0 1 0 0
l’; Z)L’l(bl - b3/2) - 2.173 - 3[E5 b1 . b3/2 0 _9 _3
X= |z3| = 3 = 0 +x1 [0 + 23 1| + 25 0
24 bs/2 = dzs by /2 0 0 —4
s g 0 0 0 1

This is a wonderfully transparent solution formula. The “free” variables x3 and x5
quantify the nonuniqueness: each choice of z3 and x5 gives a different solution. And the
solvability condition by = 2b; makes precise the lack of existence: if by # by, then there is
no solution. (By the way, only b; and b3 show up in the solution, since by = 2b;.)

Assuming b, = 2b; and taking 3 = x5 = 0, we conclude that one “particular” solution
to Ax = bis x, := (0,b; —b3/2,0,b3/2,0), while all other solutions are x = X, +¢121 + ¢229,
where z; = (1,0,0,0,0), z, = (0,—2,1,0,0), and z3 = (0, —3,0, —4, 1). By the way, taking
b =03 (i.e., by = by = b3 = 0), we obtain

1 0 0
0 —2 -3
NA=c||o 1 of],
0 0 —4
0 0 1

which is the same column space that appeared in Example 20.5. This is because the
R-factor in the C' R-factorization of this A is the same matrix from that example.
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23.2 Example. Let 23.2

N = O
N = DN O
N O OO

7 14 8

This is, of course, the transpose of the matrix from Examples 21.1 and 23.1. We study
Ax = b with b = (bl, bg, bg, b4, b5)

We have
0
1
[A b] =] 2
1
7

[S—
N

[N\ e

co N O = O

by
by
b3
by
bs

0
1
R3 — R3-2xR2 0
1
7
0
1
R4 — R4—R2 0
0
7
[0
1
R5 — R5—7xR2 0
0
| 0
[0
1
R5 — R5—4xR4 0
0
| 0
0
R4 — (1/2)xR4 1
— | 0
0
0

S OO

—_

co oo co oo Toono

S OO NN O

co N O OO

o N O OO

co N O OO

by

by
bs — 2b
by — by

o N O OO

SO = O OO

(bs — Thy) — 4(by — by)

by
by
by — 2by
(by — b2)/2
bs — 4by — 3by
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120 by
R2 R1, R1 R2 000 bl
T T 1000 1] (by—by)/2
00 0| by—2by
| 0 0 0]bs—4by — 3by |
(1.2 0 by T
00 1| (by—bo)/2
R3 — R2, R2 — R3 00 0 bl
00 0| by—2by
| 0 0 0] bs—4by—3by |

Along the way, we simplified
(bs — Tby) — 4(by — by) = b5 — 4by — 3bs.

The problem Ax = b is then equivalent to

Ty + 2.732 = bg
r3 = <b4 — bg)/2
0 = by
0 — bg - 2b2
0 = b5 — 4b4 — 352

We now have three solvability conditions:
b1 = 0, b3 - 2b2 = 0, and b5 — 4b4 - 3b2 =0.

If these are met, then the solution x has the form

T b2 — 2[E2 bQ —21’2 bg -2
X = |To| = i) = 0 -+ To| = 0 + X9 1
T3 (b4 — bg)/2 (b4 — bg)/Q 0 (b4 — bg)/2 0

We should see the same solution structure as in Example 23.1: taking x, = (b2, 0, (by —
by)/2) gives a solution Ax, = b when the solvability conditions are met, and then every
other solution is x = x, + 22z for some xy € R, where z; = (—2,1,0). A byproduct of
this calculation is that

-2 —2
N(A)=C 1| | =span 1]. (23.2)
0 0

By the way, we also figured out that

rref(A) =

o O O
S O O
o O = O
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23.3 Problem (!). Find elementary matrices that perform all of the row operations in
the previous example. Since A € R**3 in that example, all of the elementary matrices will
be 4 x 4.

Here is the structural pattern of solutions that we are seeing from Examples 23.1 and
23.2.

23.4 Theorem. Let A € R™" and b € R™. Suppose that x, € R" satisfies Ax, = b.
Then any other solution x € R™ to Ax = b has the form x = x, + z for some z € N(A).

23.5 Problem (!). Prove it. [Hint: what does x — x, do?)

It looks like we have a “decomposition” from Theorem 23.4 for solutions to Ax = b. Any
solution x is the sum of one “particular” solution and a vector in the null space. As in so
many other places in the course, we need to build some more tools, but eventually we will
be able to say a bit more about what that “particular” solution is doing, and maybe how to
choose it best when we have many options.

Content from Strang’s ILA 6E. Read all of p. 104 again and now read p. 105. Then
look at Figure 3.1 on p. 107 and think about how we are representing solutions to Ax = b
“parametrically” with parameters involving solutions to Ax = 0.

23.6 Remark. A column of a matriz that is not a pivot column is often called a FREE
COLUMN. In the problem Ax = b, we call the unknown x; a PIVOT VARIABLE of A if
column j of A is a pivot column, and call x; @ FREE VARIABLE if column j of A is a free
column. To solve Ax = b, convert the augmented matriz [A b} to RREF [RO c}, and
then solve the equation Rx = c for the pivot variables in terms of the free variables.

23.7 Problem (!). Explain why C(A) # C(rref(A)) in general. But explain why N(A) =
N(rref(A)) always.

First, we can use the RREF to get a sharper bound on rank. Let A € R™*" be nonzero.
Since rank(A) is the number of pivot columns of A, and A has n columns, there can be at
most n pivot columns, so rank(A) < n. We have known this since we first introduced the
concept of rank.

Here is what is new. Theorem 22.6 tells us that the pivot columns of A and rref(A) occur
in the same locations, so in particular rank(A) = rank(rref(A)). By Lemma 22.3, the pivot
columns of rref(A) are the columns with leading 1’s. Each leading 1 needs to occur in a new
row, and there are only m rows in rref(A). So, there can be at most m leading 1’s in rref(A),
thus at most m pivot columns in rref(A). Then rank(A) = rank(rref(A)) < m.

23.8 Lemma. Let A € R™". Then rank(A) < min{m,n}.
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Much of our work in this course focuses on the columns of a matrix. This estimate is
one of those times where knowledge of the rows is valuable. Of course we have seen this
computationally when using the dot product to obtain matrix-vector and matrix-matrix
products. The theoretical value of a “row perspective” will become more apparent when we
take up orthogonality and “fill in” what is “missing” from R" beyond the null space and from
R™ beyond the column space.

Examples 23.1 and 23.2 involved matrices A € R™*" with 1 < rank(A) < min{m,n}.
Some interesting things happen in the “extreme” case of rank(A) = min{m, n}.

23.9 Example. (i) Let

100
A_{Olo}

so rank(A) = 2, which is the number of rows of A. We can always solve Ax = b for
b = (b1, be) by taking z; = by, x9 = by, and x3 to be anything, although that freedom in
x3 means N(A) # {03}, so solutions to Ax = b are not unique. This is also not surprising,
as rank(A) # 3, so the columns of A must be dependent.

(ii) Let
10
A=10 1
0 0

Then rank(A) = 2, which is the number of columns of A, so every column is a pivot
column, and therefore N(A) = {0,}. (We have done this before.) Consequently, solutions
to Ax = b, if they exist, are unique; however, if b = (b1, by, b3) € C(A), then b3 = 0, so
C(A) #R°.

Content from Strang’s ILA 6E. Read Example 1 on pp. 105-106 and Example 2 on p.
107.

Here is what these examples teach us.

23.10 Theorem. Let A € R™*".

(i) Suppose that m < n and rank(A) = m. Then C(A) = R™. That is, we can always
solve Ax = b for any b € R™. In this case, we say that A has FULL ROW RANK.

(i) Suppose that n < m and rank(A) = n. Then N(A) = {0,}. That is, if we can solve
Ax = b for some b € R™, then the solution x is unique. In this case, we say that A has
FULL COLUMN RANK.

Proof. (i) Since rank(A) = m and rank(A) = min{m,n}, we have m < n here. If m = n,
then A € R™*™ is square with m independent columns and therefore invertible, so C(A) =
R™ by the invertible matrix theorem.

Otherwise, suppose m < n. (By the way, since m > 1, here n > 2.) Let A = CR be the
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C'R-factorization of A. Since rank(A) = m, the factor C' € R™*™ is square with independent
columns and therefore is invertible. To have Ax = b for some b € R™, it therefore suffices
to be able to solve Rx = C~'b =: ¢ € R™. And since m < n, we can write R = [Im F] P

for some F' € R™ (™™ and a permutation matrix P € R™".
We therefore have Rx = c if and only if [/,, F] Px = c. Inspired by (20.3), take y = Px.

Then
I, F} -
Rx=c «<— [ y=¢
Px=y.

To solve [Im F] y = ¢, one option is to take
| c
Y= 00

(ii) If rank(A) = n, then every column of A is a pivot column, so all of the columns of A
are independent, and therefore N(A) = {0,,}. |

and then put x = P 'y.

23.11 Problem (!). Let 1 <m < n, F € R™ ™™ and ¢ € R™. Check that taking
| c
i (7
does solve [Im F] y =c.

Content from Strang's ILA 6E. Read the rest of p. 106 starting from “This example is
typical....” Then read all of p. 108.

Content from Strang’s ILA 6E. Read all of the “Worked Examples” on pp. 109-110.

Day 24: Monday, March 16.

We finally resolve Conjecture 20.2 using the RREF.

24.1 Theorem. Let A € R™*™,

(1) If n <m, then C(A) # R™, and so we cannot always solve Ax = b.

(i) If m < n, then N(A) # {0,}, and so solutions to Ax = b, if they exist (and maybe
they do not), are never unique.

Proof. (i) If n < m, then rank(A) < min{m,n} =n < m. Let Ry = rref(A). Then R, has
fewer than m pivot columns, so Ry has fewer than m leading 1’s. That is, at least one row
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of Ry cannot have a leading 1, and so that row has all zero entries. To be specific, say that
row ¢ of Ry has all zero entries. Then there is no x € R" such that Ryx = e;.

Now let £ € R™ ™ be invertible with A = Ry. We claim that there is no x € R" such
that Ax = E~'e;. Otherwise, we would have Ryx = EAx = e;. So, E~'e; ¢ C(A), and
therefore C(A) # R™. This proves part (i) of the conjecture.

(ii) If m < n, then rank(A) < min{m,n} = m < n, and so not every column of A is a pivot
column. Then the columns of A are dependent, so N(A) # {0, }, and therefore solutions to
Ax = b, if they exist, cannot be unique. This proves part (ii) of the conjecture. [ |

Content from Strang’s ILA 6E. This is discussed in the “Important” box on p. 98 and
the two paragraphs preceding that. Now read Example 4 on p. 98.

24.2 Problem (!). Prove that any list in R" of length greater than n is dependent.

24.3 Problem (!). Let A € R™ " and let r := rank(A). What do you know about
existence and/or uniqueness of solutions to the problem Ax = b if r < n? If r < m?

We now, at last, have the technology (namely, Theorem 24.1, which we proved with the
RREF) to prove Conjecture 11.7. This conjecture posited that the rank of a matrix is a
critical threshold for efficiently describing the essential data in the matrix. We begin with
the last part of the conjecture.

24.4 Theorem. Let A € R™" with r :=rank(A) > 1. Any list in C(A) of length greater
than r is dependent.

Proof. We consider a special illustrative case and then give the general proof.

1. Suppose that A = [Om a; as ay a5] € R™5 and that columns 2 and 4 are the only
pivot columns, so r = 2 here. (The exact value of m is irrelevant.) Then the list ay, a4 is
independent, ag € span(ay), and a5 € span(as, ay). It suffices to show that any list of length
3 in C(A) is dependent, as then any longer list contains a dependent sublist (Problem 10.1).

Here is the trick. Let vy, vo, v3 be a list in C(A). Write vi = wjay + weay, vy =
T1ag + Tpay, V3 = y1ag + ypay. Put

V.= [Vl Vo V4} € RmX3 and C .= [8.2 a4] € RmXQ.

This matrix C' is, of course, the C-factor from the C'R-factorization of A, although (shock-
ingly) that factorization does not play an explicit role here.
Then

V= [(33182 +x3a4) (ag +ysas) (way +U3a4ﬂ = [32 34} {2 z; Zj =: CB.

The killer is that B € R**®, so B has more columns than rows. By Theorem 24.1, we
know N(B) # {03}. That is, there is z € R® such that Bz = 0, and z # 03. But then
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Vz = CBz = 03, so z € N(V) with z # 03. Thus N(V') # {03}, and therefore the columns
of V are dependent.

2. Here is the general proof. Let vq,..., v, be a list in C(A). We want to show that this
list is dependent.

Say that a;,,...,a;, is the list of pivot columns of A and put C' = [ajl ajr}. The
pivot columns span C(A), so we can write each v, as a linear combination of the pivot
columns: vy = Cx;, for some x;, € R". Then V = CX, where

V= [Vl V,n+1} and X = [Xl Xr—i—l] c RFX(r+1).

The matrix X has more columns than rows, so N(X) # {0,,1} by Theorem 24.1. Then there
is z € R such that Xz = 0, and z # 0,,;. We compute Vz = CXz = 0,, so z € N(V)
with z # 0,1. Then N(V') # {0,11}, and therefore the columns of V' are dependent. |

We prove the next part of the conjecture with a similar argument.

24.5 Theorem. Let A € R™" with r := rank(A) > 1. Then no list of fewer than r
vectors in C(A) can span C(A).

Proof. Let a;,...,a; be the pivot columns of A and put C' := [ajl ajr]. Let
vi,...,Vs be alist in C(A) that spans C(A), and suppose s < r. Put V = [Vl VS} €
RmXS.

Each aj, is a linear combination of vy,...,v,, so for ¢« = 1,...,r, there is x; € R* such
that a;, = Vx;. Put X = [xl XT} e R™*. Thus C =V X.

Since s < r, Theorem 24.1 implies N(X) # {0,}. Then there is z € R" such that z # 0,
and Xz = 05. Thus Cz = VXz = V0, = 0,,, so z € N(C) and z # 0,. So, N(C) # {0, },
which means that the columns of C' are dependent. This is a contradiction since the columns
of C' are the pivot columns of A and therefore independent. |

24.6 Problem (!). Why do you think people sometimes call the list of pivot columns
of a matrix both a “minimal spanning list” for the column space and a “maximal linearly
independent list” in the column space?

24.7 Problem (x). The proof of Theorem 24.5 contained a technique worth extracting.
Let A € R™" and B € R™? with C(A) = C(B). Prove that there exists a matrix
X € RP*" such that A = BX.
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Day 25: Wednesday, March 18.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Subspace of R? (N—be able to give examples and nonexamples for an arbitrary p)

Finally, we prove the first part of the conjecture.

25.1 Theorem. Let A € R™" with r := rank(A) > 1. Let vy,...,v, be an independent
list in C(A). Then C(A) = span(vy,..., V).

Proof. Problem 13.6 tells us that if v € span(vy,...,v,), then v € C(A). We need to show
that if w € C(A), then w € span(vy,...,v,). What goes wrong if there is w € C(A) such
that w ¢ span(vy,...,v,)?

Put v, ; := w. We show that the list vi,...,v,, v,y is independent. Here we use the
linear independence lemma. We know vy # 0,,, since the list vy, ..., v, is independent, and
we also know v; & span(vy,...,v;_1) for j =2,...,r, again by the independence of this list
Vi,...,V,. And the defining property of v, is that v,.; = w & span(vy,...,v,).

So, the list vy, ..., v,, v, satisfies vi # 0,, and v; & span(vy,...,v;_1) forj=2,...,r+
1. The linear independence lemma implies that the list vq,...,v,, v, is independent. But
this is a list of length 7+ 1 > r in C(A), and so it must be dependent by Theorem 24.4. W

It looks like we have accomplished the major goal of the course: solve Ax = b and
understand when we cannot. We apply Gaussian and Gauss—Jordan elimination to the
augmented matrix [A b] to convert it to [Ry ¢]| with Ry = rref(A), and then we study
Rox = c. The upshot is that Ax = b and Ryx = ¢ have the same solutions (if any at all),
but the structure of Ry is probably much simpler than the structure of A (specifically, there
are zero entries in strategic places in Ry).

For the problem to have a solution, if the ith row of Ry is all zero, then the ith entry of
c must be 0; this translates into a “solvability condition” on b. Assuming those “solvability
conditions” to be true, we then rewrite the system Ryx = c¢ as a system of equations and
solve for the “free variables” in terms of the “pivot variables” (recall Remark 23.6). In the
special case that A is square, we could just do Gaussian elimination to convert A to its
upper-triangular form U; if all of the diagonal entry of U are nonzero, then we can back-
substitute. If a diagonal entry is 0, then we probably should go all the way to RREF to have
some control over the null space.

Considering all of this good work, we are now pretty adept at solving Ax = b (especially
when A is square and invertible), but we could still be better at understanding Ax = b,
particularly at understanding failure. This good work motivates some more questions.

Question 1. If uniqueness fails and N(A) # {0,}, can we quantify and qualify how many
“degrees of freedom” the null space gives to the problem, and in particular how many “dif-
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ferent” solutions there are beyond “infinitely many?” Can we do this in terms of m, n, and
rank(A)? Is it possible to pick a “best” solution out of the infinitely many that exist?

Question 2. If existence fails and C(A) # R™, can we quantify and qualify how much of
R™ the column space “hits” versus “misses” Can we do this in terms of m, n, and rank(A)?
And can we solve a “related” problem that somehow “approximates” our unsolvable problem
in a meaningful way?

To answer these questions—and to ask them precisely—we need some new tools. The
overarching tool is abstraction: what are the really essential properties of the things that
we're studying?

Our successes going forward will hinge in no small part on a new perspective: how vectors
within a given set interact with each other. This may sound weird at first, but trust me
that it will feel completely natural soon. We pause from concrete numbers and focus on the
dynamic aspects of the null space.

Let A € R™ ™. The null space

N(A) ={veR" | Av=0,}
behaves well with respect to the fundamental objects of vector arithmetic.
1. Suppose vy, vo € N(A). Then Av; = 0,, and Avy = 0,,, so
A(vi +vg) = Avy + Avy, =0, + 0, = 0,,.

Thus v; + vo € N(A). Like the column space, the null space is “closed under addition”:
adding two vectors in N(A) yields another vector in N(A).

2. Similarly, if v € N(A) and ¢ € R, then since Av = 0,,, we have
A(ev) = c(Av) = 0, = 0y,

so cv € N(A). That is, the null space is “closed under scalar multiplication”: multiplying a
vector in N(A) by a real number yields another vector in N(A).

3. Finally, since A0,, = 0,,, we have 0,, € N(A). Thus the null space is never empty, and it
contains one of the most important vectors for vector and matrix arithmetic.

Content from Strang's ILA 6E. These properties of the null space appear in the very
last paragraph of p. 88.

The column space
C(A) ={Av | v e R"}.

also behaves well with respect to vector arithmetic.
1. Let wy, wy € C(A). Then there are vy, vy € R" such that w; = Av; and wy = Avs. So,

W1 —+ Wy = AVl —+ AVQ = A(Vl + VQ) € C(A)
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since vi + vy € R". That is, C(A) is “closed under addition™ adding two vectors in C(A)
yields another vector in C(A).

2. Similarly, if w € C(A) with w = Av for some v € R", and if ¢ € R, then
ew = ¢(Av) = A(cev) € C(A),

since cv € R". That is, C(A) is “closed under scalar multiplication”: multiplying a vector in
C(A) by a real number yields another vector in C(A).

3. Finally, since A0,, = 0,,, we have 0,, € C(A). Thus the column space is never empty, and
in particular it contains one of the most important vectors for vector and matrix arithmetic
alike.

Sets of vectors that have these properties—closure under vector addition and scalar mul-
tiplication and containing the zero vector—are among the most special and useful kinds of
sets. They do not just exist and contain things; they are dynamic with respect to vector
operations. We will see just how special these sets—these spaces—are in the context of
understanding, and maybe even solving, Ax = b for A nonsquare.

Subsets of R"™ (or R™) that have these three properties—closure under vector addition,
closure under scalar multiplication, presence of the zero vector—are just particularly “nice”
for linear algebra. They respect the fundamental arithmetic and algebra that we do, and they
arise often in connection with our fundamental problem of solving and understanding and
approximating Ax = b. So, they deserve a special name that reflects their dynamism—they
are not merely sets but spaces of vectors that interact well together.

25.2 Definition. A subset V of R is a SUBSPACE of R” if the following are true.

(i) [Closure under vector addition] If v, w € V, then v+ w € V.
(ii) [Closure under scalar multiplication] If v €V and ¢ € R, then cv € V.

(iii) [Presence of the zero vector] 0, € V.

25.3 Remark. We read 0, € V as “The zero vector belongs to V” or “The zero vector is
in V.” Students often like to write “The zero vector exists in V”; this is awkward, as the
zero vector always exists in the ambient space RP.

Content from Strang’s ILA 6E. Page 86 discusses the axioms for a subspace. Examples
1 and 2 on p. 87 present concrete (non)examples of subspaces of RP.

25.4 Example. Let A € R™*".

(i) The column space C(A) ={Av | v € R"} is a subspace of R™. We previously saw that
C(A) is a subspace; here we emphasize that C(A) is a subspace of R™ because every vector
in C(A) has the form Av € R™.
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(ii) The null space N(A) ={v € R" | Av =0,,} is a subspace of R". We previously saw
that N(A) is a subspace; here we emphasize that N(A) is a subspace of R" because, from
its definition, every vector in N(A) is a vector in R". Theorem 20.7 also tells us how to
write any null space as a column space, and eventually we will see that any vector space
can be written as a column space.

25.5 Problem (!). Let vy,...,v, € RP. Prove that span(vy,...,Vv,) is a subspace of R”.
[Hint: every span is a column space.]

Day 26: Friday, March 20.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Basis for a subspace of R?

26.1 Example. Let
U1
Y = va| €ER? | vy + 1, =0
U3

We can show that V is a subspace of R? in two ways.
(1) The first way is to practice the definition.

o Let v = (v1,v9,v3), W = (wy,wp,w3) € V, so v; + vy = wy +wy = 0. Then v +
w = (v] + wy, vy + Wy, v3 + w3). We want (v; + wy) + (vg + wy) = 0, and we rearrange
(v +wy) + (v +wy) = (V1 +v9) + (wy +wy) =0. Sov+w e V.

e Next, let v = (v1,v2,v3) € V, 80 v1 +v9 = 0, and ¢ € R. Then ¢v = (cvy, cvq, cv3), and
we want cv; + cvg = 0. We factor cvy + cvg = ¢(vy +v3) =0, so cv € V.

e Last, we want 03 = (0,0,0) € V, and we check 0 4+ 0 = 0, so, yes, 03 € V.

(ii) Here is the other, sneakier way. If v = (v1,va,v3) € V, then vy + vy =0, so v; = —vs.
V1 —Uy -1 0 v -1 0
v=|wn| =] n|= 10[U2]ec 10
U3 U3 01 5 01

Conversely, if v is in this column space, then v; + v = 0, and so v € V. (Check that,
please.) So V is a column space and therefore a subspace by the first part of this example.
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We will eventually show that every subspace is both a column space and a null space
(probably for different matrices). This is a miracle of definitions and algebra: the abstract
conditions of the definition of subspace realize themselves concretely in matrices. For the
purposes of this course, the only important subspaces that we will study will eventually be
column and null spaces. However, there will be times when working with the three axioms
for a subspace will be more convenient than representing the subspace as a particular column
or null space.

26.2 Problem (!). Check that both {0,} and R are subspaces of R”. These are “extreme”
subspaces: {0,} is contained in every subspace of R?, and every subspace of R” is contained
in R? itself.

26.3 Problem (!). Let
Zq

Y = zo| €R3 |z, 22 €R
1

Explain how each of the three conditions for a subspace fails for V.

26.4 Problem (!).

(i) Let A e R™" with m # n. Do N(A) and C(A) have any vectors in common?

(ii) Let A € R™ ™. What one vector do N(A) and C(A) definitely have in common?

il

show that perhaps N(A) and C(A) have only that one vector in common.

(iii) By considering the matrix

Content from Strang’s ILA 6E. Section 3.1 discusses the much more general, and hugely
important, concept of a VECTOR SPACE. This is a set of elements called VECTORS that
we can add together and multiply by scalars (real or complex numbers), and for which these
operations of VECTOR ADDITION and SCALAR MULTIPLICATION basically behave the
way that we expect arithmetic to behave. See the eight axioms on p. 89.

Maybe the two most important vector spaces are the column vectors with n entries,
which, of course, is R", and, from calculus, the space of continuous functions on an interval
I C R, which we denote by C(I). You know from calculus that if f and g are continuous
on I, then so are f + g and c¢f for any real c¢. (The space C(I) has the additional algebraic
operation of function multiplication, fg, whereas we cannot multiply vectors in R" in
any “natural” way to get another vector in R™.) The r-times continuously differentiable
functions (functions whose first r derivatives exist and are continuous) form the subspace
C"(I) of C(I), which is a natural player in differential equations.
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The structure of vector spaces transcends matrix problems and provide the “right” frame-
work for understanding the linear structure that pervades calculus. See pp. 84-85 for just
a little on this. We will focus mostly on subspaces of R", not general vector spaces, in this
course.

26.5 Example. Let

0121 7
A=10 2 4 2 14
000 2 8

We know from long experience going back to Example 11.3 that columns 2 and 4 are pivot
columns. Consequently, the list ay, a, is independent and C(A) = span(ag, ay). We also
saw in Example 23.1 that

1 0 0
0 —2 -3
NA=c|lo 1 o0
0 0 —4
0 0 1

1 0 0
0 —2 -3
C1 0] + Co 1| + C3 0 = 05,
0 0 —4
0 0 1
then

1

*

c2| = 05,

*

C3

thus ¢y = ¢ = ¢ = 0. What matters here are balance of 0’s and 1’s in the three vectors
above, not the other entries.

While C(A) and N(A) are very different spaces, we have described them in the same way:
as column spaces of matrices with independent columns, as spans of lists of independent
vectors.

26.6 Problem (!). Let A be as in the previous example. Example 23.1 showed that
b = (b1, b2,b3) € C(A) if and only if by = 2b;. Use this fact to show that

1 0
C(A) =span | |2], |0
0 1
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Check that the vectors in this span are also independent but only one is a column of A.
The new result here is that we have written C(A) as a span of independent vectors, not all
of which were columns of A. But the old result is that we still only needed two vectors to
do it. This is probably not surprising, since rank(A) = 2.

Content from Strang’'s ILA 6E. You should be very comfortable with the notion of
independence by now. Read pp. 115-117 thoroughly. Think carefully about the “guilty”
remark at the end of p. 117. Which way of saying that the columns of A € R™*" are
independent feels easier to you—that Ax = 0,, forces x = 0,, (the “democratic” way) or
that one column of A is a combination of other columns (the “guilty” way)?

You should also be very comfortable with the notion of span by now. Read ‘“Vectors
that Span a Subspace” at the start of p. 118.

Here is the pattern that we have seen throughout this course: writing column spaces and
null spaces as spans of independent vectors is an efficient way of describing them. It turns
out that we can always do this, which should not surprise us. An independent list of vectors
that spans a subspace has a special name.

26.7 Definition. Let V be a subspace of RP. A list of vectors vi,...,v, € V is a BASIS
for'V if the following hold.

(i) The vectors vy, ...,v, are independent.

(ii) V =span(vy,...,v,).

26.8 Example.

(i) The standard basis vectors for R" are a basis for R". (If they were not, it would be
a pretty awful use of the word “basis.”) Here is the proof for n = 3, which should feel
familiar. If v € R?, then
U1
vV = |[v2| = vie; + v2€y + vses.
U3

Thus R® = span(ey, e, e3). If x1e; + z9ey + w33 = 03, then with x = (1, 2o, 23), we have
x = 03, thus z; = x5 = x3 = 0. This is the linear independence of e;, e,, es.

(ii) The pivot columns of a matrix are a basis for that matrix’s column space. This
is unsurprising: the pivot columns are independent and they span that matrix’s column
space.

(iii) The columns of an invertible matrix A € R™*™ are a basis for R™. This is also
unsurprising: these columns are independent and C(A) = R™.

(iv) Let A € R™" with r := rank(A) satisfying 1 < r < n. If the C'R-factorization of A
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isA=C [[T F} P, then Theorem 20.7 gives

N(A):C(P—l [I;FD

If we can show that the columns of this matrix

—F
-1
o]

are independent, then they will be a basis for N(A), since they already span N(A).
So, suppose that
_F
-1 .
P { IR_J v=20,

for some v € R"". The goal is to show that v .= 0,_,. Since P! is invertible, we
immediately have
—F
|:[n7‘:| vV = 0n7

Doing the block matrix multiplication, we obtain

—Fv| | 0,
v B On—r ’
thus v=0,_,.

26.9 Problem (!). Explain why the subspace {0,} of R? cannot have a basis according
to our definition of basis. This is not as serious an issue as it might sound; some people
define the “empty list” to be a basis for {0,}, with the idea that a linear combination of
no vectors is defined to be 0,,.

Content from Strang’s ILA 6E. Read all of “A Basis for a Vector Space” on pp. 118-119.
Every single thing here is important. Then read Worked Example 3.4 A on p. 122. This is
a very important example that you should know how to prove.

26.10 Problem (!). Let V be a subspace of RP. Prove that vy,...,v, € V are a basis for
V if and only if the following are both true.

(i) The matrix [vy --- v,] € RP" has full column rank.

(i) V=C([vi - wv,]).

We made the definition of a basis as a consequence of our observations that the most
efficient way to describe subspaces was as spans of lists of linearly independent vectors. We
can be a little more dynamic. A basis is fundamentally a “coordinate system” for a subspace:
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we can ‘“reach” every vector in the subspace in a unique way “via” the basis. We know this
in our hearts with the standard basis e;, e, for R*: any x = (z,y) € R? has the unique form
X = xe; + yes.

26.11 Problem (!). Which of the two conditions in Definition 26.7 do you think encodes
this “reaching” property and which encodes the uniqueness?

Here is the rigorous proof.

26.12 Theorem. LetV be a subspace of RP. A list vq,...,v, €V is a basis for V if and
only if for any v € V, there are unique cy,...,c, € R such that

V =CV]+ "+ CqVy.

Proof. (=) Let v € V. Then v € span(vy,...,Vv,), so there are ¢y, ...,c, € R such that
vV = c¢1v1 + - + ¢ v,. What if there is another way to write v as the span of vy,...,v,?
Then v = dyvy + - -+ + d,v,, too. Do a little arithmetic and algebra:

0, =v—-v=(avi+-+¢v,)—(divi+---+dv,)=(c—di)vi+--+ (¢, —d,)V,.

The independence of vy,...,v, means ¢; —d; =0,...,¢, —d, =0, so ¢; = d; for all 5. So,
there is only one way to write v as a linear combination of vy,...,v,.
(«<=) We already know V = span(vy,...,v,). To check independence, suppose ¢;vy + - - +

¢, v, = 0,. We already know that we can get 0, in the span by writing 0, = Ovy +-- -+ 0v,.
So we have
avi+--+ev,=0vi+ -+ 0v,,

and since we are assuming that coefficients are unique, this gives ¢; = 0 for all j. [ |

Day 27: Monday, March 23.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Dimension of a subspace of R? (for 0 < k£ < p, be able to give an example of a
k-dimensional subspace of RP)

27.1 Lemma. Let V be a subspace of RP. If vi,...,v, € V and ¢1,...,c, € R, then
vy + -+ cpvy € V. That is, span(vy, ..., v,) is contained in V.

Proof. This is really an induction argument on n. Here is the proof for n = 3. Since vy, vo,
vy € V, the subspace axioms guarantee c;vy, cova, cgvy € V. Then the axioms guarantee
c1v1 + cavy € V, and so (c1vy + cova) + c3vs € V. [ |
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27.2 Theorem. LetV # {0,} be a subspace of RP. Then V has a basis.

Proof. This is a proof by exhaustion, which means that we exhaust all possible cases and
also ourselves. Since V # {0,}, there is v; € V such that v, # 0,. One of two things is true:
either V = span(vy) or V # span(vy). In the first case, vy by itself is a basis for V since it’s
nonzero and therefore independent and also spans V.

In the second case, there is vo € V such that vy & span(vy). Since vy # 0,, the list
Vi, Vo is independent. Once again, one of two things is true: either V = span(vy,vy) or
V # span(vy, Vo). In the first case, vy, vq is a basis for V. In the second case, there is v3 € V
such that v & span(vy, vy). Turn the crank and keep going.

Assuming V # span(vy), one of two things has to happen in the end. First, we could have
a list vq,...,v, € V such that V = span(vy,...,v,), vi # 0, and v; & span(vy,...,V,_1)

for j = 2,...,r. This list is therefore independent and so is a basis for V.
The other possibility is that we have turned the crank far enough to have an independent
list vyi,...,v, € V of p (necessarily distinct!) vectors. Put A = [vl vp}, so A € RP*P

has independent columns and therefore is invertible. Thus C(A) = R?. This means V = R?:
if b € R?, then b € C(A) since C(A) = R?. And Lemma 27.1 says that if b € C(A), then
beV. [

27.3 Problem (!). This problem revisits the proof of Theorem 27.2.

(i) Rewrite the proof in the specific case of p = 4. In place of the vague sentence “Turn
the crank and keep going,” continue going explicitly until you reach “The other possibility”
with p = 4.

(ii) Reread the proof and identify exactly where the assumption that ) was a subspace
was used.

The point of a basis is efficient representation. Theorem 26.12 gives us part of that
efficiency: there is only one way to represent vectors with respect to a basis. And now we
know there is always a basis. One more big thing remains: the amount of data in a basis is
effectively always the same in that any basis contains the same number of vectors. (Deeper
question: is there a “best” basis for a subspace? What more could we want? Think about
it...)

27.4 Theorem. LetV # {0,} be a subspace of RP. All bases for V have the same length.

Proof. We know that at least one basis for V exists by Theorem 27.2. Call that basis

Vi,...,v, for some r > 1. Put A := [Vl VT} € RP*". So ¥V = C(A).

The columns of A are independent, so rank(A) = r. Now let the list wy,..., wy also be a
basis for V. We want to show s = r. This list wy, ..., wy is therefore independent in C(A),
so it cannot be longer than r» by Theorem 24.4. Thus s < r. This list wq, ..., w, also spans

C(A), so it has to be at least as long as rank(A) by Theorem 24.5. Thus s > r. Since both
s <rands>r, we have s = r. [ |
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Content from Strang's ILA 6E. Page 120 proves Theorem 27.4. Read the paragraphs
after the boxed “Definition.” Then read Worked Example 3.4 B on p. 122.

Since any (nontrivial) subspace has a basis, and any basis for a (nontrivial) subspace has
the same length, it’s fair to give a name to that length.

27.5 Definition. Let V be a subspace of RP. If V # {0,}, then the DIMENSION of V,
denoted dim(V), is the length of any basis for that subspace. We define dim({0,}) := 0.

27.6 Example. (i) Since the standard basis eq,...,e, for R"™ contains n vectors,
dim(R") = n.

(ii) Let A € R™ " have rank r > 1. Then dim(C(A)) = r, since A has r pivot columns,
the pivot columns are independent, and the pivot columns span C(A). That is, rank is the
dimension of the column space.

There are a lot of useful properties of bases and dimension that are basically analogues
of things that we figured out for column spaces relative to rank.

27.7 Problem (x). Let V be a subspace of R” with dimension dim(V) =r > 1.

(i) Show that r < p. [Hint: if r > p, what contradicts Problem 24.27|

(ii) Explain why any list of more than r vectors in V is dependent. [Hint: write V as the
column space of a matrixz of rank r. Then use Theorem 24.4.]

(iii) Explain why any list of 7 independent vectors in V is a basis for V. [Hint: write V as
the column space of a matrixz of rank r. Then use Theorem 24.5.]

(iv) Explain why any list of r vectors in V that spans V is a basis for V. [Hint: if the list
is dependent, apply Lemma 10.2. What contradiction results?|

27.8 Problem (%). It is useful to be able to compare dimensions of related subspaces.

(i) Suppose that ¥V and W are subspaces of R” such that every vector in V is also in W.
(We might think that V is a subspace of the subspace W!) Prove that dim(V) < dim(W).
[Hint: if dim(W) = r < p, what goes wrong, per part (ii) of Problem 27.7 if there is a list
of more than r independent vectors in V9|

(ii) In the previous part, if dim()V) = dim(W), explain why V = W. [Hint: use part (iii)
of Problem 27.7 to explain why any basis for V is then a basis for W.]

27.9 Problem (%). It is also useful to see how a subspace does, or does not, “change”
under the “action” of a matrix. Let V be a subspace of R? with dim()) > 1. Let A € RP*?
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be invertible and let
W={Av | v e V}.

We can think of W as the part of C(A) where the inputs (the v) are “coming from” V.

(i) Prove that W is a subspace of RP. [Hint: modify the proof that C(A) is a subspace of
R? |

(ii) Prove that dim(W) = dim(V). [Hint: let vy,...,v, be a basis for V. Why is
Avy, ..., Av, a basis for W7

27.10 Problem (x). And it is useful to be able to compare ranks of related matrices. Let
A e R™™ and B € R™P.

(i) Prove that rank(AB) < rank(A). [Hint: Problems 12.4 and 27.8.]

(ii) Prove that if B is invertible (so here we’re assuming n = p), then C(A) = C(AB) and
so rank(AB) = rank(A). [Hint: this is one of the rare times when we need to work at both
parts of Definition 4.10. For one part, use Problem 16.9; for the other, consider the trick

of rewriting Av = (AB)(B~'v).]

(iii) Give an example to show that if B is not invertible, then we may have rank(AB) <
rank(A).

(iv) Prove that rank(AB) < rank(B). [Hint: let r := rank(B). If r = 0, then B is the
zero matriz. If r > 1, suppose that rank(AB) > rank(B) and find vectors vq,..., V41
that are columns of B with Avy, ..., Av, 1 independent. Find something that goes wrong
if vi,..., V.11 15 dependent, which is what you expect since this is a list of columns of B
longer than rank(B).]

(v) Prove that if A is invertible (so here m = n), then rank(AB) = rank(B). [Hint: apply
Problem 27.9.]

(vi) Give an example to show that if A is not invertible, then we may have rank(AB) <
rank(B).

Content from Strang’s ILA 6E. Look at the matrix Ry on p. 130. Then read #2 and #3
on pp. 130-131 on the dimensions of its column and null spaces. Next, look at the matrix
A at the bottom of p. 131 and read about its column and null spaces in #2 and #3 on
pp. 132-133. We'll come back to the row space and left null space shortly. Read Worked
Example 3.5 B on p. 137.

27.11 Problem (!). You might wonder why, in considering the “size” of a subspace, we
never just try to count its elements. Explain why if V # {0,} is a subspace of R”, then V
contains infinitely many vectors. [Hint: explain why there is v € V with v # 0, and then
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cv eV forallce R\

Now we can answer our lingering questions on how to quantify and qualify failure for the
problem Ax = b.

27.12 Theorem (Rank-nullity). Let A € R™*". Then

rank(A) + dim(N(A)) = n.
Proof. Let r := rank(A).

1. r = 0. Then A is the zero matrix, so Ax = 0,, for all x € R". Thus N(A) = R", so
dim(N(A)) = n, and we have

rank(A) + dim(N(A)) =0+n =n.
2. 7 = n. Then the columns of A are independent, so N(A) = {0,}, and therefore
dim(N(A)) = 0. Thus

rank(A) + dim(N(A)) =n+0 = n.

3. 1 <r < n. From the C R-factorization of A, we can write

N(A):C(P—l [[;_FD

Part (iv) of Example 26.8 showed that the columns of

—F
-1
sl

are a basis for N(A), and there are n — r such columns. Hence dim(N(A)) = n — r, and so
rank(A) + dim(N(A)) =r+ (n —r) =n. [

The point is that if you know one of the dimensions rank(A) = dim(C(A)) or dim(N(A)),
then we know the other. It should be interesting, and maybe a bit weird, to realize that
even though C(A) is not a subspace of R" (it is a subspace of R™), its dimension still talks
to the dimension of N(A) (which is a subspace of R") and the dimension of R" itself.

27.13 Example. Let

121 7 0
A=12 4 2 14 0
002 80
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We know that A has two pivot columns, so rank(A) = 2, and Example 23.1 gave

—2 -3 0
1 00
NA=C|| 0 -4 0
0 10
0 01

We showed in Example 26.5 that the columns of the matrix on the right are independent,
so dim(N(A)) = 3. As rank-nullity promises,

rank(A) + dim(N(A)) =2+ 3 =5.

Here are some ways to interpret rank—nullity and the quantitative (and morally qualita-
tive) extents to which solutions to Ax = b exist and are unique.

o If A € R™" with m # n (so A is not square), then either existence or uniqueness of
solutions fails. Of course, either or both could fail even when A is square! But there is just
a little more hope to avoid failure in the square case. Rank-—nullity allows us to quantify this
failure.

e First, if existence fails and C(A) # R™, then dim(C(A)) is not as “large” as it could
be. If dim(C(A)) is “too small,” then dim(N(A)) will have to be “large enough’ to make
dim(N(A)) + dim(C(A)) = n true. This means that if existence fails “sufficiently much,”
then uniqueness also fails with a “certain large degree of freedom.”

e Second, if uniqueness fails and N(A) # {0,}, then dim(N(A)) is not as “small” as it could
be. If dim(N(A)) is “too big,” then dim(C(A)) will have to be “small enough” to make, again,
dim(N(A)) + dim(C(A)) = n true. This means that if uniqueness fails with a “certain large
degree of freedom,” then uniqueness also fails “sufficiently much.”

27.14 Problem (x). Let A € R™*™. In this problem we will assume that the rank-nullity
theorem is true (it is, by the work above), but that we do not know that some of our prior
results are true.

(i) Use rank-nullity to prove that N(A) = {0,,} if and only if C(4) = R™. This gives

another proof of some parts of the invertible matrix theorem.

(ii) Use rank-nullity to give another proof of the result from Theorem 23.10 that if A has
full row rank, then C(A) = R™. [Hint: if rank(A) = m, what do you know about N(A")
from rank-nullity applied to AT ? Use this in conjunction with R™ = C(A) @& N(AT").|
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Day 28: Wednesday, March 25.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Transpose of a matrix, orthogonal vectors (N)

The notion of dimension allows us to quantify how much of R™ the column space of
A € R™™ misses: it misses m — dim[C(A)] “dimensions” of R™. But what is going on
elsewhere in R™ beyond C(A)? How does C(A) “fit into” or “subsist within” the whole of
R™? Often C(A) # R™, and so we cannot always solve the fundamental problem Ax = b;
here the deeper question is not just how much of R™ does C(A) miss but rather what exactly
in R™ does C(A) miss. Are there other meaningful, useful ways to characterize and describe
C(A) beyond just the definition?

We could also ask about R" and N(A). When v € N(A), we have Av = 0,,; the action
of A on such v is therefore pretty simple. For what w € R" does A “act nontrivially” with
Aw # 0,7 On what parts of R" is A “more interesting”? How does N(A) “fit into” the whole
of R"?

It turns out that these questions are “dual” to each other in that if we know how to handle
one of them, we can understand the other pretty quickly.

At the start of the course, our focus was on the column space. We prioritized existence
of solutions to Ax = b first, and then we thought about uniqueness. This is natural—
talking about the uniqueness of something that may not exist in the first place is unnatural.
Conversely, we eased our way into the RREF by thinking about the null space first; solving
Ax = 0 was (probably) easier than tackling the full problem Ax = b. We will take a morally
similar approach here and ask first how the null space of A € R™*" fits into R"; many results
for the column space will then follow with pleasantly little effort.

28.1 Example. Let

00 1
A‘{o 0 0}'

Then N(A) = span(ey, ;). Hopefully what is missing from N(A) is obvious: e3 € R®.
More precisely, any x € R* can be written as

T 1 0
X= |xa| = |x2| + 10
XT3 0 xs3

That is, any x € R® can be written (or, more evocatively, “decomposed”) in the form
x =v+w for ve N(A) and w € span(e;). And there is only one way to choose these v
and w.

Put W := span(es). Can we see W directly from A itself, without passing to the null
space? Certainly: e3 appears in the first row of A. We are more used to thinking about
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columns than rows, so we flip every row of A to a column and every column of A to a row
by taking the TRANSPOSE:

00
AT:=10 0
0 1

Then we see

W = C(A").

And so we have written—*“decomposed” —any x € R® uniquely as a sum of the form x =
v+ w with v € N(A) and w € C(AT).

The vectors v and w “talk” to each in a special way. Here, v = (21,29,0) and w =
(0,0, z3) for some x1, x9, x3 € R. We compute

v-w =21(0) + 22(0) + 0(x3) = 0.

We will view this dot product relation as encoding our physical intuition that N(A), which
is effectively the zy-plane in three-dimensional space, is perpendicular to C(AT"), which is
effectively the z-axis in three-dimensional space.

Did we just get really lucky, since the bases for N(A) and C(AT) in the previous exam-
ple just involved the coordinate axes for three-dimensional space? Here is what might be
possible.

28.2 Conjecture. Let A € R™" and x € R". There exist unique v € N(A) and w €
C(A") such that x = v +w and v-w = 0. (More precisely, by “unique” we mean that if
we can write x € R™ as both x = v+ w and x =V +w for some v, v € N(A) and w,
w € C(A"), thenv =V and w = w.)

Here is the fundamental interaction between vectors that dot products encode.

28.3 Definition. The vectors v, w € R" are ORTHOGONAL if v-w = 0.

28.4 Problem (!). Let 2, y € R be nonzero and let v = (z,y) and w = (—y, z). Check
that v-w = 0. Then draw v and w in the zy-plane (here you will have to pick some
specific nonzero values for x and y) and convince yourself that v and w are perpendicular.

We will use the dot product in more calculations than we have before. It has many
algebraic properties that resemble the familiar algebraic properties of multiplication of real
numbers. One moral difference: the product of real numbers is a real number, while the dot
product of vectors is a real number, not a vector.

28.5 Problem (%). Prove the following. All vectors below are in the same space, e.g.,
RP. (If it makes things more concrete for you, do it for p = 3.)
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(i) [Commutativity] v -w =w-Vv.
(ii) [Distributivity]| v - (w; + wa) = (v - wy) + (v - Wa).
(iii) [Factoring] v - (cw) = ¢(v - w).
The properties above are equalities. Here is an inequality: if v = (v1,...,v,) € RP, then
vVov=0{4---+0v > 0.
Suppose that v-v = 0. Then
OSU%SU%—F"-—FUi:V'V:O,

and so v? = 0. Then v; = 0. Replace v; with vj for j =1,...,n to conclude v; = 0 for all j,
thus v = 0,. This is important enough to record by itself.

28.6 Theorem. Letv € RP. Thenv-v >0 and v-v =0 only when v = 0,.

We have learned several major operations involving matrices, chiefly matrix multiplication
(when matrix-matrix products are defined, which is not always) and matrix inversion (when
the matrix under consideration is invertible, which is not always). The key matrix operation
that interacts best with the dot product and orthogonality is the transpose.

28.7 Definition (What the transpose is). The TRANSPOSE of A € R™*" is the matriz
AT € R™™ such that the (i, j)-entry of A" is the (j,1)-entry of A. We write

.
AL =A

ji-

28.8 Remark. Recall that we write v € R" as

U1

v= || =(v1,...,0n).

Un

If we think of v as an n x 1 matriz, which is sometimes convenient, then

vl = [vl vn},

but we never write v

of notation!

= (v1,...,v,). Parentheses and square brackets are different kinds

28.9 Example. If
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then

N
_'
I
W N
SIS N

28.10 Problem (%). Suppose that P € R™ ™ is a permutation matrix. Prove that P is
also a permutation matrix. [Hint: what are the columns of P' 9|

Now we can generalize how N(A) and C(AT) interact in general.
28.11 Theorem. Let A€ R™" v € N(A), and w € C(AT). Then v-w = 0.

Proof. If v.€ N(A), then Av = 0,,. One way to compute Av is by taking dot products of v
with the rows of A viewed as columns in R". That Av = 0,,, says that each such dot product
is 0. Say that the ith row of A, viewed as a column in R", is b; € R". Then v -b; = 0 for all
i. Any vector in C(A") is a linear combination of the rows of A viewed as columns in R™.
Say that w € C(AT) has the form

w=cby+---+c,bn,.

Then
v-w=v-(e/bi+ - +cubn)=c(v-b)+ -+ cn(v-by,) =0. m

This theorem allows us to prove the uniqueness result in Conjecture 28.2.

28.12 Corollary. Let A € R™" and suppose that z € R" satisfies both z € N(A) and
z € C(A"). Thenz =0,,.

28.13 Problem (!). Prove it: what is z - z?

Suppose that we have written x € R" as both
x=v+w and X=V+Ww

for some v, v.€ N(A) and w, w € C(A"). We are going to show that

v=v and w=w.

First, we rearrange
V+W=X=V+W
into

V-V =W-—W.

Then v — v € N(A), since v, v.€ N(A) and N(A) is a subspace of R". And, likewise,
w—weC(AT). So,v—-v=w-—weC(AT).
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But then both v—v € N(A) and v—v € C(AT), so by Lemma 28.12, we have v—v = 0,,.
This gives the desired equality v = v. And this also gives w —w = v—v = 0,,, thus w = w.
And there we are: we have the uniqueness part of the decomposition in Conjecture 28.2.

28.14 Lemma. Let A € R™*". Suppose that
V+W=V+W

for some v, v € N(A) and w, w € C(AT). Thenv =V and w = W.

Onwards to the existence part of the decomposition part of Conjecture 28.2, which will
take somewhat more effort than uniqueness. Our first step is to think more about AT. Our
proof of Theorem 28.11 was a perfectly adequate proof based on what AT is: the matrix
formed by swapping the rows and columns of A. This is a “static” way to think about A':
it is an array of data, and there is nothing wrong with that.

But we can be dynamic: what things do defines what things are. Here is what AT does.
Let eq,...,e, be the standard basis vectors for R" and ey,...,€,, be the standard basis
vectors for R™. For example, if n = 4 and m = 3, then

1 0 0 0
e = 0 ey = L e; = 0 and ey = 0
0f’ 0f”’ 117 0]’
0 0 0 1
while
1 0 0
61 =10 s 62 = |1 s and 65 = |0
0 0 1

Now recall that multiplying a matrix by standard basis vectors extracts its columns, while
taking the dot product of a vector with standard basis vectors extracts its entries. Since
A € R™" the jth column of A is Ae; € R™, and then Ae; - €; is the ith entry in that
column. That is,

Aij = Aej - €.

28.15 Problem (!). Here is a test for matrix equality. Suppose that A, B € R™*". Prove
that if
Av-w=Bv-w (28.1)

for all v.e R" and w € R™, then A = B. [Hint: the generous “for all” quantifier allows
you to take v and w to be standard basis vectors.|

Likewise, since AT € R™™ the jth column of AT is AT&; € R", and then AT¢; - e; is the
1th entry in that column. That is,

A;I; = ATEj - €.
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Thus
Ang € = A;I; = Aji = Aei . gj,

and so
Aei . Ej = ATEj - €.

The commutativity of the dot product (v-w = w - v) gives
Aei : Ej =€e; - ATEJ’. (282)

This is what AT does: it pops across the dot product.

28.16 Remark. There are actually two dot products in (28.2). The one on the left is in
R™, since Ae;, €; € R™. The one on the right is in R", since e;, ATEj e R".

This “popping” behavior of the transpose is not limited to standard basis vectors.

28.17 Theorem (What the transpose does). Let A € R™" v € R", and w € R™.
Then

Av-w=v- -A'w.

Moreover, the transpose is the only matriz in R™*™ to do this: if B € R™™ satisfies
Av-w =v: - Bw

for all v € R™ and w € R™, then B = AT.

28.18 Problem (4). Prove it. Let ey,..., e, be the standard basis vectors for R" and
€1,...,€,, be the standard basis vectors for R™.

(i) Fix v € R" and expand v = vie1+- - - +v,e,. Use (28.2), the linearity of matrix-vector
multiplication, and dot product arithmetic from Problem 28.5 to show

Av.-e;=v-ATe, i=1,...,m. (28.3)
(ii) Fix v € R" and w € R™ and now expand w = wi€; + -+ + w,,€,,. Use again the
linearity of matrix-vector multiplication and dot product arithmetic from Problem 28.5,
now in conjunction with (28.3), to show
Av-w=v-ATw. (28.4)
(iii) Suppose that B € R™™ satisfies
Av-w =v-Bw (28.5)

for all v.€ R" and w € R™. Combine (28.4) and (28.5) (and use the commutativity of the
dot product) to obtain Bw-v = ATw-v for all w € R™ and v € R". Then apply Problem
28.15 to obtain B = A",
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28.19 Problem (x). Here are some nice properties of the transpose that can easily be
deduced from what it does, rather than what it is.

(i) Let A € R™". First explain why (AT)T € R™ " too. Then use Problem 28.15 to
prove that (AT)T = A by showing that

(ANTv-w=Av-w
for all v € R" and w € R™.

(ii) Let A € R™" and B € R™ . First explain why (AB)", BTAT € RP*™. Then show
that
(BTAT)v-w =v-ABw

for all v. € R™ and w € RP. Use the uniqueness result of Theorem 28.17 to conclude
(AB)T = BTAT,

(111) Let A € R™™ be invertible. Prove that AT is also invertible with inverse (AT)™' =
(A™)T by computing (AA™)T = IT and (AA )T = AT(A™")T. What does this tell y0u7

(iv) Let P € R™ ™ be a permutation matrix, so P contains all of the columns of the
identity matrix I,, (each column appearing once, and only once) in some order. Argue
that

Pv-Pw=v-w, v, weR" (28.6)

Conclude PTPv-w = v - w for all v, w € R™. Why does this imply that P is invertible
with P~' = PT?

Content from Strang’s ILA 6E. Pages 67-68 discuss fundamental properties of the trans-
pose. Pages 6869 show how the transpose interacts with dot products (I wholly disagree
that - is “unprofessional”—I like that it emphasizes how the dot product takes in two inputs
and how it’s “linear in each input.” I like dot products.). If you have seen integration by
parts in calculus, read Example 2 on p. 69.

Day 29: Friday, March 27.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Row space of a matrix

Now we can give another proof of Theorem 28.11 that relies on what the transpose does,
rather than is. Let A € R™" v € N(A), and w € C(A"). Then Av = 0,, and there is
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y € R™ such that w = ATy. We compute
v-w=v-Aly=A4v.-y=0,,-y =0. (29.1)

So slick! By the way, the first two dot products in (31.1) were dot products in R", but the
second two were in R™.

Content from Strang’s ILA 6E. Read p. 144 starting with the box “The nullspace of
A...” Then read the “Important” paragraph on p. 145 about the orthogonality of C(A)
and N(AT), which we will discuss in greater detail later, and Example 1. Note that Strang
typically likes to write the dot product as x'y, not x - y.

29.1 Problem (!). Let

1 7
2 14
2 8

A=

o O O

1
2
0

O = N

Use results from Examples 21.1 and 23.2 to give bases for N(A) and C(A"), and check
directly that the vectors in the basis for N(A) are orthogonal to the vectors in the basis
for C(AT).

29.2 Problem (+). Here is a much less slick way to show the orthogonality of vectors in
N(A) and C(A") that reinforces properties of the C'R-factorization. Let A € R™*" with
r = rank(A). We show again that if v.€ N(A) and w € C(A"), then v - w = 0.

(i) If » = n, why do you have very little work to do? Do it.

(ii) If » = 0, again, why do you have very little work to do? Go forth and do it.

(iii) Suppose for the remainder of the problem that 1 < r < n. Write A = C'R in its CR-
factorization with C' € R™*" R = [IT F} P for some F € R™ (™) and some permutation
matrix P € R"*". First show that

e[

For w € C(AT), there is y € R™ such that w = ATy; put z = CTy € R” to have

w=P' [;’}1 z.

(iv) Use part (iii) of Theorem 20.7 (now with P~* = PT by part (iv) of Problem 28.19)
to write any v € N(A) as
v=P" [ _F} X.

Infr

(v) Use (28.6), with PT in place of P (this is allowed, since P is a permutation matrix
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when P is a permutation matrix, by Problem 28.10) to compute

o= (09 (1)

Break x and z into appropriately sized blocks to do the matrix-vector multiplications; then
compute the dot products.

We are working enough with C(AT) that we should give it a special name to reflect the
fact that the columns of AT come from the rows of A.

29.3 Definition. The ROW SPACE of A € R™ " js C(AT).

We are very close to proving the existence part of the decomposition in Conjecture 28.2.
We need one more fact: rank(A) = rank(AT).

Here is one way to develop this. Let A € R™*" have the RREF Ry, so there is £ € R™*™
invertible such that EA = Ry. Then A = E~'R, and so

AT =(E'Ry)" = Ry (E~HT.
Since F~! is invertible, so is (E~*)T by part (ii) of Problem 28.19, and then
C(AT) = C(RI(E)T) = C(R])
by Problem 27.10. Thus
rank(A") = dim(C(A")) = dim(C(R;)) = rank(R;).

If rank (R, ) = rank(A), then we are done.

29.4 Remark. A nice consequence of the identity C(AT) = C(R,) is that if we know a
basis for C(R,), then that is also a basis for C(AT). Annoyingly, a basis for C(Ry) still
does not have to be a basis for C(A)!

29.5 Example. Here is a way to “see” why rank(R;) = rank(A) should be true from a
specific situation. Suppose that rank(A) = 2 and the RREF has the form

0 1 % 0 =%
Ry=1(0 0 0 1 = (29.2)
0 00O0O0
Then
1 00
* 0 0
Ry=10 10 (29.3)
¥ x 0
¥ x 0
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The first two columns of R] are then the pivot columns of Rj, and so rank(R;) = 2.

29.6 Problem (!). By considering (29.2) and (29.3), explain why rref(A)T # rref(AT) in

general.

______________________________________________________________________________________________________________________________________________________|
Day 30: Monday, March 30.

It is somewhat more annoying to prove that rank(A) = rank(R]) in general, but the CR-
factorization gives a related proof, albeit with less visualization of rows turning into columns.

30.1 Theorem. Let A € R™ ™. Then rank(A) = rank(AT).

Proof. Let rank(A) = r. If » = 0, then A is the zero matrix in R™", so A" is the zero
matrix in R™™. Then C(AT) = {0,}, so rank(A") = 0.

Otherwise, suppose r > 1, and let A = CR be the C'R-factorization of A. We have C' €
R™" and R € R™" so R" € R™". Then AT = (CR)" = R'CT, so rank(A") < rank(R")
by Problem 27.10. And since R"T € R™", we can estimate rank(R") < min{n,r} < r.

All of this is to say that rank(A") < rank(A). This is true for any matrix A, so replace
A with AT:

rank(A) = rank((A")") < rank(AT).
Put the inequalities rank(A") < rank(A) and rank(A) < rank(A") together to get rank(A) =
rank(A"). |

Now we can make precise the observations about how the rows of the RREF become a
basis for the row space.

30.2 Corollary. Let A € R™*" with rank(A) > 1 have the C R-factorization A = CR.

(i) C(R") = C(A"). In particular, the columns of R" are a basis for C(A"); equivalently,
the nonzero rows of rref(A), viewed as vectors in R"™, are a basis for C(AT).

(ii) N(AT) = N(CT).
Proof. Suppose r :=rank(A) with 1 <r <n, so R € R™".

(i) Since AT = RTCT, every vector in C(AT) = C(RTCT) is in C(R") by Problem 12.4. We
know that rank(A") = rank(A) = rank(R) = rank(R"); the first and third equalities are the
new result of Theorem 30.1, and the second is the long-familiar result of Problem 12.13. That
is, every vector in C(AT) is in C(R"), and dim(C(A")) = dim(C(R")), so C(AT) = C(R")
by Problem 27.8. Any basis for C(R") is therefore a basis for C(AT). Now, RT € R™*" and
rank(RT) =1, so every column of R' is a pivot column of R, and therefore the columns of
RT are a basis for C(R"), thus for C(AT).
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(ii) We have ATy = 0, if and only if RTC"y = 0,. Since the columns of RT € R™*" are
independent, N(R") = {0,}, and so R"C"y = 0,, if and only if CTy = 0,,. Thusy € N(A")
precisely when y € N(CT), so N(AT) = N(CT). |

Here is a summary of this corollary, Problem 12.13, and the work preceding Example
20.3:

A=CR =

Content from Strang’s ILA 6E. Read #1 on p. 130, #4 on p. 131, #1 on p. 132, and #4

on p. 133. Actually, probably best to reread all of pp. 130-133 and see all four subspaces
talk to each other.

Now we are ready to prove the existence part of the decomposition in Conjecture 28.2. We
do so by building a special basis for R", and here is where the abstract tools of subspace, basis,
and dimension really shine. Suppose that A € R™*" has rank r. Then dim(N(A)) =n —r
by rank-nullity and dim(C(AT)) = r by the result above. Since (n —r) +r = n, this should
make us feel optimistic.

30.3 Problem (!). We first handle two “easy” and “extreme” cases.

(i) Prove that if A has full column rank (r = n), then every x € R" can be written
uniquely in the form x = v + w for v € N(A) and w € C(A"). [Hint: there are not many
choices for v.|

(ii) What happens if r = 07

Going forward, suppose 1 < r < n. Let vq,...,v,_, be abasis for N(A) and let wy, ..., w,
be a basis for C(A"). The list vy,...,Vv,_, is independent with length n — r, and the list
Wi, ..., W, is independent with length r. Our optimism should be growing to the point that

we consider the list
Viyeo s Vi, Wi, 0oy Wy

as a possible basis for R". Since this list has length n, we just have to check that it is
independent. So, suppose that

Yivi+ -+ Yn—r Vi +\21W1 +ee err; =0,

A% W

for some scalars yi,...,Yn—r, 21,..., 2 € R. We want to show y; = 2z; = 0 for all j.
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Since vq,...,v, € N(A) and N(A) is a subspace of R", we have v.€ N(A). The same
reasoning gives w € C(A"). And so v and w relate to each other in two ways:

v+w=0, and v-w=0.
Now here is the great trick: take the dot product. We have
(v+w)-v=0,"v,

and so
(v-v)+(w-v)=0,

and therefore

v-v=0,
and so finally
v=0,
Then
0,=v+w=0,+w=w
as well.

This is both true and useful, for now we know

nvi+- o+ YoV, =v=0, and z;w;+---+zw,=w=0,.

Independence of the lists vq,...,v,_, and wy,..., w, forces all of the coefficients y; and z;
to be 0, as desired.
Thus the list vq,...,v,_,,W1,..., W, is a basis for R", so for each x € R", there are

(unique) Y1, .-, Yn—r, 21, - - -, 2 € R such that

X=1Y1Vi+ FUYnsrVpr +21W1 + -+ 2, W,
N —~ - ~ Vv -~

\% W

With v € N(A) and w € C(AT) as just defined, this gives the existence of the decomposition
in Conjecture 28.2.

30.4 Remark. This is one of those times when having a basis for a subspace in the abstract
was very useful. Without knowing precisely the forms of the bases for N(A) (which we could
extract from the RREF of A) or C(A") (which we could extract from the pivot rows of the
RREF of A), we built a basis for R™ and used that to get our desired decomposition.

Here is the confirmation of Conjecture 28.2.

30.5 Theorem. Let A € R™". For each x € R" there exist unique v.€ N(A) and
w € C(AT) such that x = v+w and v-w = 0. We summarize this symbolically by writing

R™ = N(A) © C(AT),
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and we call R" the ORTHOGONAL DIRECT SUM of N(A) and C(AT).

Content from Strang’s ILA 6E. “Combining Bases from Subspaces” on p. 147 contains
these “counting” arguments that lead to a basis for all of R" out of bases for N(A) and
C(A"). Read Examples 3 and 4. Then go back to the box on p. 145 with the inequality
dim(V)+dim(W) < n. Can you prove this? [Hint: start with bases for V and W, and show
that together, the vectors in both bases are still independent.] Can you give an example of
orthogonal subspaces for which the inequality is strict? [Hint: look at some, but not all, of
the standard basis vectors.]

30.6 Problem (!). Let A € R™*". Prove that we can write any b € R™ uniquely in the
form b = v + w for some v € C(A) and w € N(A"), and that v - w = 0. We summarize
this symbolically by writing

R™ = C(A) & N(AT).

[Hint: replace A in Theorem 30.5 with AT

We should not interpret the dual results R" = N(A) @ C(AT) and R™ = C(A4) & N(AT)
as saying that any vector in R" or R™ is in one or another of these FOUR FUNDAMENTAL
SUBSPACES N(A), C(AT), C(A), and N(AT) associated with A. Rather, we can build R"
and R™ out of the four fundamental subspaces.

30.7 Example. Let

0121 7
A=10 2 4 2 14
000 2 8

Over the course of many examples, we have already found bases for the four fundamental
subspaces of A.

(i) Example 26.5 showed that a basis for N(A) is the list

1 0 0

0 -2 -3

0], 1, 0

0 0 —4

0 0 1

We found this by computing

0120 3
Ry =rref(A)=({0 0 0 1 4
00000

in Examples 21.1 and 23.1 and then (in the latter example) solving Ryx = 0s.
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(ii) Example 11.3 showed that a basis for C(A) is

17 1
2|, |2
ol |2

because these are the pivot columns of A. Of course, we can also get this from the RREF.

(iii) Corollary 30.2 tells us that a basis for C(AT) consists of the “pivot rows” of Ry. That
is, a basis for C(A") is

SN = O
_ =0 O O

3

However, in Example 23.2 we computed rref(A") and read from it that the pivot columns
of AT are columns 1 and 3, so a basis for C(A") is also

)
0
0
0
2
8

R

(iv) Finally, Example 23.2 also showed that a basis for N(AT) is the list of length 1

-2
1
0

We found this by computing Ry = rref (AT) and solving Rox = 05.

We combine the bases for N(A) and C(AT) to obtain the basis

1 0 o] [o] [o
ol -2 [-3] 1| |o
ol, | 1|, | of, |2], |0
0 ol [-4| [1] |2
0 0 1 |7] |8

for R®, and we combine the bases for C(A) and N(AT) to obtain the basis

17 1] [-2
2, 12|, | 1
o |2 0

for R3. We could check, with some effort, that these are bases from the definition of
basis—or we could use the procedure that proved Theorem 30.5.
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30.8 Problem (x). Let A be as in the previous example (as A almost always is). Give
an example of a vector v € R® such that v ¢ N(A) and v ¢ C(AT). Then give an example
of w € R® such that w & C(A) and w ¢ N(A"). [Hint: add some nonzero vectors chosen
from the right places.|

Day 31: Wednesday, April 1.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Orthogonal complement

We started our study of orthogonality with how the null space of A € R™ " fits into
R". After a lot of work on the null space, we quickly extracted information about how the
column space fits into R". Now we will focus on the column space and obtain an alternate
characterization of this valuable object that goes beyond its original definition.

We need two auxiliary results. First we demonstrate another way that the dot product
extracts information about vectors. If we test or measure a given vector against all vectors
under the lens of the dot product and we always get 0, then that given vector is the zero

vector.

31.1 Problem (!). Suppose that v € R" satisfies v- w = 0 for all w € R". Prove that
v = 0,,. [Hint: take advantage of that generous quantifier “for all” and let w be one of the
standard basis vectors.|

Next, we revisit and reinterpret a familiar result.

31.2 Lemma. Let A e R™*",

N(AT) ={veR™|v-w=0 for all w € C(A)}. (31.1)

Proof. Let
W:={veR"|v-w=0forallweC(A)}.

1. The proof of v.€ N(AT) = v € W. Suppose A'v = 0, and let w € C(A). Then
w = Ax for some x € R", and we compute

vw=v-Ax=ATv.-x=0, -x=0.

2. The proof of ve W = v € N(A"). Now suppose v -w = 0 for all w € C(A). We want
to show A"v = 0,,. Any w € C(A) has the form w = Ax for some x € R", and so

0=v-Ax=ATv-x
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for all x € R™. Problem 31.1 tells us that A™v = 0,,. [ |

The equality (31.1) motivates a new kind of structure.

31.3 Definition. LetV be a subset of R? (not necessarily a subspace). The ORTHOGONAL
COMPLEMENT of V in R? is

VEi={weRl | v-w=0 foralveV}.

We pronounce the symbol V* as “vee perp.”

Content from Strang’s ILA 6E. The last paragraph on p. 145 defines orthogonal com-
plements.

31.4 Problem (x). Let V be a set of vectors in R?. Prove that V* is a subspace of RP.
Did you need V to be a subspace?

31.5 Example.
(i) The equality (31.1) says that

C(A)*r =N(4") (31.2)
for any A € R™*".

(ii) Let V = R” and suppose that w € R” with v-w = 0 for all v € RP. Problem 31.1
says that w = 0,, so (RP)* = {0,}.

(iii) Let V = {0,}. Then 0, -w = 0 for any w € R”, s0 {0,,}* = R”.
31.6 Problem (!). For A € R™*", prove that N(A4) = C(A")".
We just saw the extreme cases of (RP)* = {0,} and {0,}* = R”. Thus
(R} ={0,)* =R and  ({0,}*)" = (R")* = {0},

31.7 Problem (!). Here is a less extreme case in R%. Let V = span(e;). Draw pictures
to convince yourself that (V*)* =V and then prove it.

These examples might make us wonder the following.

31.8 Conjecture. (V') =V for any subspace V of RP.
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In particular, if true Conjecture 31.8 would imply
C(A) = (C(A)")" = N(AT)™. (31.3)

That is,

CA)={beR™|ATz2=0,=b-z=0}.
This would give us a new way of deciding solvability of Ax = b: check that b is orthogonal
to everything in N(A"). Or, and this might be faster, just check that b is orthogonal to a
basis for N(AT).

31.9 Problem (!). Let V be a subspace of R? and let vy, ..., v, be a basis for V. Suppose
that v € R” satisfies v-v; =0 for j =1,...,r. Prove that v € Vi

The point is that if (31.3) is true, then it would give us a different way of describing the
column space. In particular, we might get an easier way of checking that a vector is not in
the column space than doing elementary row operations and going to the RREF. We would
still have to solve ATz = 0,,, but that is probably easier than solving Ax = b, since 0,, is a
much simpler vector than an arbitrary b.

Day 32: Friday, April 3.

32.1 Example. We check that (31.3) is true for the familiar matrix

01217
A=10 2 4 2 14
000 2 8

Example 23.1 gave us the “solvability condition” by = 2b; for the problem Ax = b. That is,
b = (b1, b9, b3) € C(A) if and only if by = 2b;. Actually, since the second row of A is twice
the first, we have known that if b € C(A), then by = 2b, for as long as we have known how
to multiply matrices and vectors. The other direction, that if by = 2b;, then b € C(A),
was a consequence of elimination.

Now we develop this solvability condition from (31.3). Example 30.7 showed that a basis
for N(A") is the very short list consisting of the single vector z := (=2, 1,0). Consequently,
if b € C(A) = N(AT)*, then b-z = 0, since z € N(AT). We have b -z = —2b; + by, so
b -z = 0 means by = 2b;.

Conversely, if by = 2b;, then

0:b2—2b1:(—2>b1+(1b2)+<0b3):Zb
Then for any y € N(AT), we have y = cz for some ¢ € R, and then
b-y=b-(cz) =c(b-2z)=0.

That is, if by = 2b;, then b € N(AT)* = C(AT).
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32.2 Problem (x). Assuming Conjecture 31.8 to be true, prove the FREDHOLM AL-
TERNATIVE: if A € R™" and b € R™, then one, and only one, of the following is true.

(i) b € C(A) and so the problem Ax = b has a solution.

(ii) There is v € R™ such that A'v =0, and b - v # 0.

The second condition gives us a test for b € C(A) that does not actually require us to fail
explicitly at solving Ax = b.

Now we prove Conjecture 31.8. For a subspace V' of R?, we want to show that if v € V,
then v € (V)4 and if x € (V1)*, then x € V. The first of these is fairly straightforward.

32.3 Lemma. LetV be a subspace of RP. If v €V, then v € (Vl)L.

Proof. Let v € V. We want to show v-w = 0 for all w € V. And that is exactly what it
means for w to be a vector in V! [ |

Showing that any vector in (V) is also in V is a bit harder, and we need a trick.
(Actually, two tricks.) Any subspace V of R”, other than {0,}, has the form V = C(B) for
some matrix B € RP*" where r = dim(V). Let A = B",s0 A € R”? and V = C(A"). Then

Yt =C(AT) = N(A) (32.1)

by Problem 31.6. And by Theorem 30.5, we can write any x € R as x = v + w for unique
v e C(AT) =V and w € N(A) = V*. Here is what we have proved.

32.4 Lemma. LetV be a subspace of RP. For each x € RP, there exist unique v € V and
w € V! such that x = v +w. We might go so far as to write RP =V @ V' in the style of
the orthogonal decompositions with fundamental subspaces.

32.5 Problem (!). If V is a subspace of R, prove that dim(V*) = p — dim(V). [Hint:
write V = C(A) where A has full column rank; use rank-nullity.|

Here is why all of this jumping around between subspaces and matrices matters. Start
with a subspace V of R? and x € (V*+)*. We want to show x € V. Lemma 32.4 tells us that
x =v+wiforsomeveVandwe V. Ifw= 0,, then x = v € V), as desired. Since
W = X — Vv, we have

w-w=x—-V)w=(x-w)— (v -w). (32.2)

Since x € (V*+)* and w € V*, we have x - w = 0. And since v € V and w € V*, we have
v-w = 0. Thus from (32.2) we find w-w =0, so w = 0,,.

This completes the second proof of Conjecture 31.8, which we now upgrade to a theorem.

32.6 Theorem. LetV be a subspace of RP. Then (VY): = V.
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32.7 Problem (*). Prove that if V is a subspace of R” and v € R? with both v € V and
v € V*, then v = 0,. Draw a picture illustrating this phenomenon in R?. How does this
result imply Corollary 28.127

It is also possible to prove Conjecture 31.8 by focusing more on matrices first and counting
dimensions. The value of the following proof is that it gives the essential characterization
C(A) = N(AT)* of the column space directly by working at the level of matrices, without
passing to abstract subspaces.

32.8 Theorem. Let A€ R™™. Then C(A) = N(AT)*.

Proof. 1. The proof of w € C(A) = w € N(AT)*. Let w € C(4), so w = Ax for some
x € R™. We want to show w € N(A")*, so we need to prove that w-v = 0 for all v € N(AT).
That is, we want to show that if ATv = 0, then Ax -v = 0 for all x € R". Assuming

this, we have
Ax - v=x-A"v=x-0,=0.

2. The proof of w € N(AT)T = w € C(4). Now let w € N(AT)*. We want to show
w € C(A). This is harder: we know that if ATv = 0,,, then w-v = 0, and somehow we want
to use this to summon up x € R" such that Ax = w. And this is the fundamental problem
of the course.

The trick here is contradiction. What goes wrong if w-v = 0 for all v € R™ with
A"v =0, but w ¢ C(A)? Consider the matrix B = [A w] € R™ "+ Since w ¢ C(A),
the independent columns of B are the independent columns of A along with w. So, if
rank(A) = r, then rank(B) = r + 1.

Now we consider the transpose:

N
BT — {AT] € R+)xm.
w

Here we are thinking of w € R™ as an m x 1 block in B, so w' is a 1 x m block in BT. We
know rank(B') = rank(B) = r + 1, too. And we know

rank(BT) 4 dim[N(BT)] = m,
dim[N(B")] =m — (r +1).

We will show N(BT) = N(AT). (Recall that AT € R™™ so both N(BT) and N(AT) are
subspaces of R™, so it is reasonable to ask if they are equal.) Assuming this to be true, we
have

m = rank(A") + dim[N(A")] = r + dim[N(BT)],

and so
dim[N(B")] =m —r.

This is the contradiction and another illustration of the power of abstract dimension counting.

We conclude by proving N(BT) = N(AT).
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(i) The proof that v.€ N(BT) = v € N(A"). If v € N(B"), then B'v = 0,,,; and so

-85 3]

W'V V-WwW

Comparing components, we get AT'v = 0,, so v € N(A").

(ii) The proof that v € N(AT) = v € N(BT). Conversely, suppose v € N(AT), so both
ATv =0, and w-v = 0. Then

T
BTV: [A V:| _ |:%n:| :0n+17

sov e N(BT). [

32.9 Problem (x). Here is a proof of Conjecture 31.8 starting from Theorem 32.8. We
already know that the conjecture is true if V = {0,}, so assume that V is any subspace
of R? with r := dim(V) > 1. Then V = C(A) for some A € RP*". Combine (31.1) and
Theorem 32.8 to get (C(A)5) = C(A).

Here is a summary of all of our work. This answers the question “What is missing beyond
the null space or the column space?” and provides a complete overview of how a matrix in
R™*™ determines the structure of R™ and R™.

32.10 Theorem (Fundamental theorem of linear algebra). Let A € R™*".

(i) R" = N(A) @ C(AT).

(ii) R™ = C(A) @ N(AT).

(iii) N(A) = C(AT)*.

(iv) C(A) = N(AT)*.

(v) dim[N(A)] = n — rank(A).

(vi) rank(A) = rank(AT).

Content from Strang’s ILA 6E. Figure 4.1 on p. 146 says all of this. Study the figure
carefully and read the paragraph following its caption. I like to start reading the figure by

beginning with b, then tracking it back to x, and x,. (The subscript n there is for “null
space,” not the n in R".)

There is just one major problem with our fundamental theorem: all of these results are
highly existential. We developed those existential results by starting with the null space and
asking “What else is missing from R"?” Then we proceeded to the column space and gave a
new characterization of it.



Day 32: Friday, April 3 164

But the results are still existential. Specifically, while we can say that R™ = C(A)®N(AT)
in the sense that each b € R™ can be written uniquely as b = v+ w for some v € C(A) and
w € N(AT) and that v-w = 0, how do we find those v and w explicitly and easily? First,
we only need one of them. For if we know b = v+ w, then w = b —v. So how do we get v?

How do we do anything? We multiply by a matriz. Can we find P € R™ ™ such that if
b € R™, then Pb € C(A) and b — Pb € N(A")? Then we have b = Pb + (b — Pb) as our

decomposition.

Content from Strang’s ILA 6E. Read all of pp. 151-152 up to, but not including, “Pro-
jection Onto a Line.” This is the mission statement of Section 4.2, and it’s a very helpful
overview of where we're going.

It turns out to be very helpful to assume that A has full column rank. This is not as
huge a restriction as we might initially think. After all, C(A) = C(C'), where C is the matrix
containing just the pivot columns of A, and C' has full column rank. So, if we are going to
understand the decomposition R™ = C(A) @ N(A"), we may as well do it when A has full
column rank.

Assume A € R™" with rank(A) = n and let b € R™. We want to find v € C(A) and
w € N(AT) such that

b=v+w and v-w=0.

Since v € C(A), we have v = AX for some X € R”. Then v € R” and w € N(AT) must
satisfy

b= A%
{ xtw (32.3)

a;-w=0,7=1,...,n.

That second (set of) equation(s) is the orthogonality of w to everything in C(A), equivalently,
to the columns of A.
This reduces to n equations:

O=a;-w=a; - (b—4X), j=1,...,n.
And now for the trick: rewrite a; = Aej, so
0=(4e;)- (b—AX)=¢;- AT(b - 4AX), j=1,...,n.
The powerful Problem 31.1 implies that
AT(b — AX) = 0,,,

which rearranges to
ATAX = ATb.

If only AT A were invertible, we could peel it off to solve for X:

% = (ATA)'Ab.
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If only. Then we would have
v=AX = A(ATA)"'ATD,

and so putting
P:=AATA)AT

would give Pb € C(A), b— Pb € N(A"), and b = Pb + (b — Pb).

Day 33: Monday, April 6.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Projection matrix, orthogonal projection matrix

Good news: ATA is invertible here, and this is exactly why we assumed that A has full
column rank.

33.1 Lemma. Let A € R™" with rank(A) = n. Then AT A is invertible.

Proof. We might initially think AT A = independent rows in AT dotted with independent
columns in A has to give us something good. It does, but the trick is to show N(ATA) = {0, }.
For if ATAx = 0,,, then

0=x-0,=x-(ATAx) = (Ax) - (Ax),

and so Ax = 0,,, thus x € N(A). Since A has full column rank, N(4) = {0,},sox=0,. W
Content from Strang’s ILA 6E. This lemma is proved on p. 157. Read the warning at

the top of the page and then the calculations at the bottom of the page of how this breaks
when A has dependent columns.

33.2 Problem (x). Let A € R™*" with rank(A) = m. Show that AAT is invertible. [Hint:
either mimic the strategy of Lemma 33.1 or apply that lemma to B'B with B = A" ]

33.3 Problem (x). Let A € R™™ with rank(A) > 1 have the C'R-factorization A = CR.
Prove that CTC, RR", and CTAR" are invertible.

Bad news: getting to the application of Lemma 33.1 was a lot of working backward, and
some gaps need filling.
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33.4 Problem (x). Let A € R™" have full column rank and set
Py:=A(ATA)AT,
(i) Show that if v € C(P4), then v € C(A). [Hint: use the formula for Py.|

(ii) Show that if b € C(A), then P4,b = b, and so b € C(P4). [Hint: again, use the
formula for Ps.| This, combined with the previous result, gives C(A) = C(Py).

(iii) Show that P2 = P,
(iv) Show that P; = P,.
(v) Justify each of the following equalities:
N(P4) = N(Pj) = C(P4)* = C(A): = N(4T). (33.1)

(vi) Show that b — Psb € N(P,) for each b € R™. [Hint: compute Ps(b — P4b). What
is P37 Conclude that b — P4b € N(AT).

The fruit of this problem is that we can write any b € R™ as
b=v-+w, v = Pyb, w =b — Psb, (33.2)

and we will have v € C(A) and w € N(AT). Lemma 28.14 assures us that this decomposition
is unique.

Content from Strang’s ILA 6E. Pages 155-156 develop all of this. I don’t think memo-
rizing equations (5), (6), and (7) is a good idea, or even memorizing the structure of our

P4 above. I think it’s more important to be able to replicate the derivation of P4 on your
own. Check Worked Example 4.2 A on p. 158.

33.5 Example. Let

0
B= 12 0|,
1

SN =

so B has full column rank. Then we can write any b € R? uniquely as b = Pgb + w,
w =b — Pgb € N(B"), where P = B(B"B)'B".
Now we figure out Pg. We compute

10
o 120 50
BB_{OOJ%?‘[O 1}’

wrar - )
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and

_;8 1/5 0] 1 2 0
- 0 1/]0 0 1

0 0 1

_ L 8 {1/5 2/5 0]

[1/5 2/5 0
= 12/5 4/5 0
0 0 1

It was nice that B'B turned out to be diagonal, as that made computing its inverse
very easy.

33.6 Problem (!). With B from the previous example, show that
PBb s €9 = 2<PBb 0 el).
How does this relate to Problem 26.6

The situation in which A € R™*" has only one column, so n = 1, is worth considering.
Suppose that A = [a}, where a € R™ is nonzero. Given b € R™, there are (necessarily
unique) v € C(A) = span(a) and w € N(AT) such that b = v +w with v-w = 0. Since
v € span(a), we can write v = ca for some ¢ € R; we will have v.-w =0 if a- w = 0. Then

b=ca+w.

Here is a picture when m = 2 and a is a multiple of e; = (1,0).

£2Y +Y

op
op

g

------------.)

A

> T

A

> T

oY

@)

Q
oY

<4 v

Now we slightly reinterpret the formula for the projection Py = A(ATA)"*AT onto C(A) =
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span(a). If
ay
a—= c ]Rm — Rmxl)
am,
then
ATA = [a1 am] [‘Ch] = [af—i----—i—afn} = [a-a] e R,
Wy,

We follow the convention established long ago in Undefinition 2.13 that 1 x 1 matrices are
just numbers, and so we conclude here that

ATA=a-a.

In particular, since a # 0,,, we have a-a # 0, and so

1
ATA) = — .
(A7) = —
We simplify notation further by putting
a = [al am] e R>m,

We only defined the transpose for a matrix, not a vector, earlier, so we do need to single out
this special case. We also write a in lieu of [a] € R™. Then

Py=A(ATA)TIAT = L aaT e rmm, (33.3)

a-a

33.7 Problem (!). Continuing to identify m x 1 matrices with vectors in R™ and 1 x 1
matrices with real numbers, check that if x, y € R™, then x'y = x - y, but describe the
entries of the m x m matrix xy' .

What is the action of P4 as defined in (33.3)? We have
1 1 1 .
Psb = (—aaT) b= (—) a(a'b) = —a(a-b) = (ﬂ> a. (33.4)

a-a a-a a-a a-a

The last equality presented us with the uncomfortable situation of scalar multiplication with
the scalar on the right of the vector. (Remember that we always write ca, never ac.) From
(33.4), the action of P4 here is really “take a dot product and do scalar multiplication,”
which should sound like matrix-vector multiplication, but a little easier.

We could also obtain (33.4) without using the prior formula for P4. The situation is that
we have a € R™ with a # 0,,, and we want to write b € R™ as b = ca+ w with a-w = 0.
Now we have two equations and two unknowns:

(33.5)

a-w=0.

{b:ca—l—w
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This is (32.3) withn =1, A= [a] =a, and X =c.
As before, a little algebraic trickery will reduce (33.5) to one equation: rewrite

w=Db—ca

and plug in to get
0=a-(b—ca).

Rearrange a little:
0= (a-b)—c(a-a),

and a little more:
cla-a) =a-b,

and divide:
a-b
c=—-"-:
a-a
This division is perfectly legal since a # 0,,,, and therefore a - a # 0.

We worked backwards, so we should check our work. Certainly

(g) a € span(a).

-b
web- (22
a-a

Check that a-w =0, so w € C(A)" = N(AT).

33.8 Problem (!). Let

33.9 Example. We check how this one-dimensional result respects our intuition. Say
a = e; in R?. Of course, we expect

|| 0
SR

(el'b) b1
e = —€e; — blel.
€€ 1

We compute

How nice it was that e; - e; = 1.

Content from Strang’s ILA 6E. Read “Projection Onto a Line” from pp. 152-154. Check
Examples 1 and 2.

The matrix P, that we cooked up to achieve the explicit decomposition (33.2) deserves a
special name.
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33.10 Definition. Let P € R™*™,

(i) P is a PROJECTION if P> = P.
(ii) P is an ORTHOGONAL PROJECTION if P> = P and P"T = P.

(iii) Let V be a subspace of R™. The matriz P is an ORTHOGONAL PROJECTION ONTO
V if P is an orthogonal projection with C(P) =V .

33.11 Example. (i) The zero matrix in R™*™ and I,,, are both orthogonal projections.

(ii) Problem 33.4 shows that Py = A(ATA)™ AT is an orthogonal projection onto C(A)
when A € R™*" has full column rank.

(iii) Let V be a subspace of R™. If V = {0,,}, then the matrix P € R™*™ whose entries
are all 0 is an orthogonal projection onto V. Otherwise, let » = dim(V) and let A € R™*"
be a matrix whose columns are a basis for V. Then P4 = A(ATA)™'AT is an orthogonal
projection onto V.

33.12 Problem (!). Without doing any matrix calculations, in R?, what do you expect
an orthogonal projection onto span(ej, e;) to be? Now do those calculations.

33.13 Problem (%). Let V be a subspace of R™*™ and let P € R™*™ be an orthogonal
projection onto V.

(i) Show that if v € V, then Pv =v.
(ii) Explain why I, — P is an orthogonal projection onto V*.

(iii) Show that if w € V*, then Pw = 0,,.

After all of our work, we probably want to call P4 the orthogonal projection onto C(A)
when A has full column rank. Is it unique? What an insult it would be if it were not. This
is asking if there is only one P € R™*™ such that P> = P, PT = P, and C(P) = C(A). And
this is true.

33.14 Problem (!). Let P € R™ ™ be an orthogonal projection. Show that for each
x € R™, there is w € N(P) such that

X = Px+w.

[Hint: the equality suggests taking w = x — Px; show that with this definition of w, we
have w € N(P).]
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33.15 Problem (+4). Let P, P, € R™*™ be orthogonal projections with C(P;) = C(2).
We prove P, = P, by showing Pix = Pox for all x € R™. (What things do defines what
things are.)

(i) Show that N(P;) = N(R,). [Hint: N(P) = C(P")* for any P € R™ ™. What does the
equality C(Py) = C(P,) and the assumption that Py and P, are orthogonal projections say
about C(P") and C(P;) and thus about their orthogonal complements?|

(ii) Use Problem 33.14 to explain why we can write any x € R™ as both
Xx=Px+w; and x=PFXx+w,
for some w; € N(P;) and wy € N(P,). Conclude that
Px—Px e C(P) and Px— PxeN(P).
Then invoke Problem 32.7.

We have so far found orthogonal projections onto column spaces of matrices with full
column rank only, but we can practically accomplish the orthogonal decomposition R™ =
C(A) @ N(AT) for A € R™"™ whether or not A has full column rank. The decomposition for
the zero matrix is easy, since then C(A) = {0,,} and N(AT) = R™. So, assume rank(A) =
r > 1. Let B € R™*" be a matrix whose columns form a basis for C(A), so C(A) = C(B) and
B has full column rank. (For example, we could choose B = C' from the C R-factorization,
but this may not be the ideal choice.) The orthogonal projection Pz = B(B'B)'BT is
defined since B has full column rank. Every b € R™ can therefore be written in the form
b = Pgb + w, where Pgb € C(B) = C(A) and w € N(B"). And

N(BT) = C(B)* = C(A)* = N(AT).
Thus every b € R™ has the form b = Pgb 4+ w with Pgb € C(A) and w € N(AT).

33.16 Problem (!). Let

17
2 14
2 8

A:

o O O

1
2
0

O =N

Use Problem 26.6 and Example 33.5 to find an orthogonal projection P € R**? such that
every b € R? has the form b = Pb 4+ w for some w € N(AT).

We now possess a much deeper understanding of how a matrix induces structure from the
decompositions R" = N(A) @ C(AT) and R™ = C(A) @ N(A") for A € R™", and how to
perform those decompositions via matrix multiplication. We also have the characterization
C(A) = N(AT)* and the resulting “solvability conditions” from the Fredholm alternative
(Problem 32.2).
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Day 34: Wednesday, April 8.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Norm of a vector

What else do we gain from these results? There has been something of a dichotomy in
our approach to linear systems. Let A € R™" and b € R™. Either we can solve Ax = b
(uniquely or not) or we cannot We have focused on the solving part. Otherwise, if Ax = b
has no solution, what is the point in talking about it?

Very often in life, mathematically or otherwise, we cannot solve the problems that we
face. The next best thing is to solve an easier problem. (If the question is too hard, give up
and ask a different question.) If we cannot solve Ax = b, could we find X € R" such that AX
is “as close” to b as possible? This hinges in part on having a suitable definition of “close”
for vectors.

Any vector of the form AX will be in C(A). Desiring AX to be as close to b as possible is
then equivalent to picking p € C(A) such that p is as close to b as possible (for if p € C(A),
then p has the form p = AX). That is, we approximate the unsolvable problem Ax = b by
AX = p. Once we know how to find p, then we can use prior techniques to solve AX = p.
Finding p is something of a miracle, and we have already done most of the hard work with
projections.

We first make precise these notions of “close” and “approximation.” Both require a new
concept: the notion of size, which is really a notion of length. The following definition
generalizes the notion that the length of the line segment in two dimensions from the origin

(0,0) to a point (z,y) is /22 + 2.

34.1 Definition. The NORM of v = (v1,...,v,) € R™ is

v := (v%+---+v72n)1/2 =+\Vv-v.

34.2 Example. If v =(1,2,3), then

v|=vV12+22 4+ 32 =1 +4+9=+14.

34.3 Problem (!). Let ¢ € R and v € R™. Prove that ||cv|| = |¢|||v]| and interpret this
as a statement about “stretching” vectors.

Content from Strang’s ILA 6E. Reread all of p. 9 right now. There are plenty of other
meaningful ways of measuring the length of a vector in R™ that we won’t need. You might
enjoy reading pp. 355-356 up to and including Figure 9.8.
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Length and orthogonality interact in a helpful way. We know this already because we
believe the Pythagorean theorem, which the definition of ||-|| is basically designed to respect.

&
Q
K

2N
NS

34.4 Theorem (Pythagorean theorem). Letv, w € R™ withv-w =0. Then
2 2 2
v+ wl” = [Iv[™ + [lwl]]"

34.5 Problem (!). Prove it. [Hint: use the definition ||x||> = x - x to compute ||v + w||”
and get v-w =0 to show up somewhere.|

34.6 Problem (). Let v, w € R™ with v - w = 0. Prove that
VIl < flv+wl.

Draw a picture illustrating this in R%. [Hint: square both sides and use the Pythagorean
theorem, to get an expression for ||v + w]|* .|

Here is how we use this new tool of the norm. We think that two vectors v, w € R are
“close” if the difference ||v — w|| is “small.”

34.7 Remark. And what exactly does “small” mean? Say ||v| < € for some ¢ > 0. Then
since the square root is increasing,

lv;| = ,/UJQ» <y vi4+02 =|v| <e

So if ||v|| is “small” in the sense that it is less than some threshold ¢ > 0, then each
component v; is “small” in the same way: |v;| < € for all j. A vector with small components
15 probably a small vector.

Given A € R™™ and b € R™ with b ¢ C(A), can we find p € C(A) such that b and b
are “close”? Then maybe solving AX = p will be an adequate substitute for failing to solve
Ax =b.

Gloriously, finding this p is quite easy when we have the orthogonal projection Psb. Here
is a picture that we drew before, more or less, when finding the projection onto the column



Day 35: Friday, April 10 174

space of a matrix with a single column.

Y 1Y -
b ~
1
1
:
+b—Pb
1
1
'
yl : \ S T
y) \ \ A 7 7
A) > L a
N a ¥ Pa

Here
A= [a] eR™, a#0,, and P=DP,= P[a].

Hopefully the picture makes it clear that the closest vector in C([a]) = span(a) to b is Pb.
Here is the general result. Going forward, as before, we assume that A € R™*" has full
column rank. This is what makes the projection P, exist. And, as before, we will handle
the case rank(A) < n later.
Take any v € C(A). The following inequality encodes the idea that Psb is the closest
vector in C(A) to b:
|Ib — Pab|| < ||b —v] for all v &€ C(A). (34.1)

Our goal is to prove (34.1).

Day 35: Friday, April 10.

You took Exam 2.

Day 36: Monday, April 13.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Least squares solution

The inequality (34.1) is equivalent to
b —v[[* > b~ Pab|”, (36.1)

and so this is what we will really prove. The upshot to (36.1) is that the square roots from
the norm are gone.
We can make P4b show up on the left side of (36.1) by adding and subtracting:

b —v|>=|b—Psb+Psb—v]|>. (36.2)



Day 36: Monday, April 13 175

Now we group terms cleverly:
b — Pab + Psb — v||> = ||(b — Pab) + (Pab — ). (36.3)

We know b — P4b € N(AT) by (33.1), Pab € C(A), and v € C(A). So, P4b —v € C(A) =
N(AT)*. That is, b — P4b and P4b — v are orthogonal. The Pythagorean theorem implies

I(b = Pab) + (Pab = V)| = |[b = Pab||* + [ Pab — v|* > b — Pab]*. (36.4)
Combining (36.2), (36.3), and (36.4) gives (36.1).

36.1 Theorem (Least squares). Let A € R™*" have full column rank. Then for any
b € R™, the closest vector in C(A) to b is Pab:

b — P4b|| < ||b—v]|| for all v e C(A). (36.5)

No other vector in C(A) is “as close” to b as P4b in the sense that the inequality in (36.5)
is strict for v # Pyb. Moreover, with X := (ATA)"'A"b, we have

|A% — b|| < || Ax — b|| for all x € R". (36.6)

The LEAST SQUARES SOLUTION X is the best “approzimate solution” to the (possibly
unsolvable) problem Ax = b, and X solves

AR = Pyb, (36.7)

which is the “best approximation to” the (possibly unsolvable) problem Ax = b.

Proof. We proved this in the discussion above, but here is a terser recap. Let b € R™ and
v € C(A). Then
Ib = vI[* = [|(b = Pab) + (Pab —v)|
= ||b — Pab]|* + [ Pab — v]*
> |[b — Pabl|”.
If v # P4b, then |[P4b —v||*> > 0, and so the inequality above is strict, which gives the

strict inequality in (36.5).
The second inequality (36.6) is just (36.5) with

P4b = AX, X:=(ATA)'ATD,
and v € C(A) replaced by v = Ax for any x € R". |

We use the phrase “least squares solution” because the sum of the squares in ||AX — b|| is
the smallest of all sums of squares of the form ||Ax — b||. More euphemistically, we might

write
|A% — b|| = min ||Ax — b]|.
xER™
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36.2 Problem (!). If A € R™*™ is invertible, what are P4 and X? Are you surprised?

Content from Strang's ILA 6E. Read p. 163 up to and including the box before Example
1. Then read “Minimizing the Error” on pp. 164-165. Skip the “By calculus” section on
pp. 165-166 if you haven’t taken multivariable calculus. Then read “The Big Picture for
Least Squares” on pp. 166-167. Spend some time contrasting Figure 4.7 on p. 166 with
Figure 4.1 back on p. 146. How is b behaving differently between the two figures?

36.3 Remark. Let A € R™" have full column rank. The closest vector in C(A) to b is
Pab, but can another vector v, € C(A) be “equally closest” to b with v, # Pab? That is,
we know that

lb — Psb|| < ||b—v| for allve C(A) with v # Pab, (36.8)
but can v, € C(A) satisfy
|lb—vi|| < |lb—wl| forallw e C(A) with w # v,? (36.9)
No. For then we could take v = v, in (36.8) and w = Pab in (36.9) to find

b = Pabl| < |[b— v, <[[b— Pabl|,

and that is impossible.

Here is the lesson of least squares: when we cannot solve Ax = b because b ¢ C(A), we
first find the best approximation to b € C(A), which we call p, and then we solve AX = p.
So far, this approach requires A to have full column rank.

36.4 Example. Let
1

and b= 10
0

If y € C(A), then yo = 2y;; here b € C(A). We could just use the formula from Theorem
36.1 to find the least squares solution X € R? that makes || AX — b|| as small as possible, but
here it might be enlightening to see how the structure of P4b allows us to solve AX = Psb
directly.

From Example 33.5, the orthogonal projection onto C(A) is

1
A= 12
0

_ O O

1/5 2/5 0
Pi=|2/5 4/5 0
0 0 1
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We compute

1/5 2/5 0] [1 1/5
Psb=|2/5 4/5 0] |0]| = |2/5
0 0 1] ]o0 0

Then the problem AX = P4b becomes

/.fl - 1/5
27 = 2/5
a:\2 - 07

which gives 7; = 1/5 and 73 = 0, so the least squares solution is

% — {165] |

We can overthink this. Saying that this is the least squares solution means ||AX — b|| <
|Ax — b|| for all x € R*. We are never going to make ||Ax — b|| smaller than when we
choose x = X. We compute (squaring for simplicity)

2 2

T 1 r — 1
|Ax —b||* = || [221 ] — |0 = 21 = (z1— 1)+ (221)* + 23 > (2, — 1)? +4a7.
T2 O T

That last inequality holds because z2 > 0. What this says is that ||Ax — b]||* is always
at least as large as (z; — 1)® + 427. And what is that? A function of x; alone! A little
calculus, or graphing the parabola, will show that the minimum of f(x,) = (z; — 1)? + 427
occurs at 1 = 1/5. Thus

IAx = bl* > (1/5 — 1)* + 4(1/5)* + 0° = | Ax — b]|*,

exactly as least squares predicts.

36.5 Problem (!). Use the formula for X from Theorem 36.1 to compute X in the previous
example directly, and check that the result is, indeed, X = (1/5,0).

The following is probably the most legitimate “application” of linear algebra that we will
ever do, beyond the overarching application of solving and understanding the fundamental
problem Ax = b.

36.6 Example. We can find a line between any two points in the plane, but no line is
guaranteed to exist between any three or more points. Suppose that we have p sample
points of data: (x1,v1), ..., (%, yp). If we try to find a single line y = mx + b on which all
of the points lie, we will need m and b to satisfy yp, = maxyp +b for £k =1,...,p. This will
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probably fail if p > 3. For example, when p = 4, we want m and b to meet

mx; + b =
mxy + b = s

36.10
mx3 + b = 3 ( )
mxy + b = 1y,

Four equations, two unknowns (note that here x; and y; are given, and in particular x is
known)—mnot a recipe for success.

But think about this from the point of view of linear algebra: the problem (36.10) is
the matrix-vector equation

T 1 (0
To 1| |m| |
T3 1 b o Ys
xg 1 Y4

Again, remember that in the notation of this problem, x; and y, are given, while m and b
are unknown.
Let

A:

—_ = = =

That is, A = [X 1}, where x is the vector with the xz-coordinates of our data points, and
1 is the vector whose entries are all 1. We want to do least squares, so A better have
independent columns. For that, the first column should not be a multiple of the second.
The first column s a multiple of the second precisely when all of the x,’s are the same
number. (Check that.) But in that case, all of the data points have the same z-coordinate,
in which case they all lie on the same vertical line, and that is boring.

So, assume that at least one of the x;’s is not equal to the other. Then we can do least
squares and say that the best choice of slope and y-intercept is

R hn

m
= ATA flAT Y2
[b] ( ) Ys
Yy

We could compute what m and b are explicitly, or we could go to a computer and replace
thinking with typing.

This has been a very algebraic treatment of the problem. (The course is called linear
algebra.) How does the line y = mx +b interact geometrically with our original data points
(xk,yx)? Lety = (y1,...,¥p), and recall that x = (z1,...,2,) and 1 = (1,...,1). Least
squares tells us that the vector (T?Lﬁ) € R? satisfies

- aff] < [
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for any (m,b) € R2. If we square (for notational convenience) and expand this, we get
(g1 = (M1 +0)° + o+ (g — (7 +8)° < (2 — (man +0)* + o+ (g — (may + 1))’

for all m, b € R. R
Each difference |y, — (mxy + b)| is the vertical distance between the data point (z, yx)

o~

and the line y = max + b, since the point on this line with z-coordinate equal to xj is
(2, mxy+0b). Likewise, each difference |y — (mxy +0)| is the vertical distance between the
data point (xy,yx) and the line y = ma + b, since the point on this line with z-coordinate

equal to zy, is (zy, mzy + b).

AY y:m$+b

> T

A

g

So, the least squares line y = max + is the line such that the sum of the squares of the
vertical distances between the data points (zy,y) and the points on the line is as small
as possible. (Since we usually think of distance in the plane as perpendicular distance, we
might wonder how to minimize that. . .)

This example suggests that an extremely natural, and important, application results in a
matrix A that transparently has full column rank but not full row rank. This justifies our
emphasis on A having full column rank in the least squares developments so far.

Content from Strang’s ILA 6E. Least squares for data fitting to lines appears in Example
1 on pp. 163-164, Figure 4.6, and pp. 167-168. Pay careful attention to the utility of
orthogonal columns in A in Example 2 on p. 168. There’s no reason to stop with lines.
What if you wanted to find the “best” parabola approximating a set of data? Add one
more column to A to account for the extra coefficient in the parabola and read p. 170.

Nonetheless, a careful review of the work leading to Theorem 36.1 will indicate that we
did not need A to have full column rank to find a best approximation to b.

36.7 Problem (x). Let V be a subspace of R™ and let b € R™. Find v, € V such that
b= vl < |lb—v]
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for any v € V. [Hint: if V = {0,,}, there are not many options for v,. Otherwise, start by
writing YV = C(A) for some A € R™ " with rank(A) =r > 1]

So, if A does not have full column rank, we could still find the closest point p € C(A) to
b and then try to solve AX = p. We will definitely succeed in solving this because p € C(A)!
The challenge is that because A does not have full column rank, we will succeed with too
many degrees of freedom: N(A) # {0,}, and so we have many choices for X. Which is best?

36.8 Remark. Here is one way of proceeding, motivated by the notion that less complicated
data is probably better than complicated data.

Let A € R™" and b € R™, and let p € C(A) be the closest point in C(A) to b. Let
X € R" satisfy AX = p. By Theorem 30.5, write X = V + W, where Vv.€ C(AT) and
w € N(A). Then AV = p, and so by Theorem 23.4 any other solution ¥ to Ay = p also
has the form'y =V +z for some z € N(A).

By Problem 34.6, ||v|| < ||¥]]. That is, V has the smallest norm of any solution'y to
Ay = p. We might call V the MINIMUM-NORM LEAST SQUARES SOLUTION.

But how do we find Vv? This requires first finding that X that solves AX = p, which
requires knowing p; this requires the orthogonal projection onto C(A). Then to get vV from
X, we need the orthogonal projection onto C(AT) This seems like a lot of work.

It would be nice if there were a simpler formula for v in terms of A and b, and experience
teaches us that such a formula probably involves multiplying b by a special matriz. This
turns out to be true: there is a matrix AT € R™™ such that v = A™b, and this AT is the
PSEUDOINVERSE of A.

Content from Strang's ILA 6E. Page 169 gives a concrete example of what to do when A
doesn’t have full column rank. The construction of the pseudoinverse is best resolved via
the glorious tool of the singular value decomposition. Read the comment at the bottom of
p. 169 for a nice review of the three possibilities for solutions to linear systems.

Optionally (this is wholly, totally optional), read Section 4.5, which details what the
pseudoinverse does. You can skip the example from the “Incidence Matrix of a Graph” on
p. 194. Ideally we will develop the SVD, so the formula for AT on p. 195 will eventually
make sense.

36.9 Problem (). Here is the opposite question: what is the best solution when we have
too many solutions? Suppose that A € R™*" has full row rank, so we can always solve
Ax = b. However, perhaps A is not square, in which case A won’t have full column rank as
well, and so solutions are not unique. This resembles the situation in Remark 36.8, which
floated the idea of choosing the “minimum norm solution.”

First reread that remark carefully. Since b € C(A) here, we can assume p = b through-
out, and we may as well dispense with the hats since there is actually a solution to Ax = b
now; call this solution x = xg, so Axy = b. Use Problem 33.4 to get the orthogonal
projection P, onto C(AT). Write x, = P4Xo. Check the following.
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(i) x, = AT(AAT)'b € C(AT). [Hint: what is Ax,?
(i) Ax, = b.

(iii) If Ax = b, then ||x,|| < ||x||. [Hint: use Theorem 23.4 to write x = Pyrx + z for
some z € N(A); show Pyrx = x, and then use Problem 34.6 to estimate ||x|| > ||x,||.]

Day 37: Wednesday, April 15.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Orthogonal list (N—be able to give an example of an independent list that is not
orthogonal), orthonormal list (N—be able to give an example of a list that is orthogonal
and not orthonormal), orthogonal matrix (N), orthonormal basis

We continue to accumulate victories. We know how the fundamental subspaces associated
with a matrix fit into the surrounding Euclidean spaces, and we know how to compute
explicitly orthogonal decompositions of vectors. Unfortunately, “explicitly” does not mean
“easily.” Actually calculating the orthogonal projection onto the column space of A € R™*"
can be annoying, because we have to invert a matrix of the form B'B (where B = A if A
has full column rank). This could make solving a least squares problem hard, and we know
anyway that numerically computing inverses is rarely a good idea.

There is actually a way to avoid inverses if A € R™*" has full column rank. Per Theorem
36.1, if we cannot solve Ax = b, we consider the approximate problem AX = P,b with
Py = A(ATA)"'ATb, and the least squares solution is X = (AT A)"'ATb. This is equivalent
to the so-called NORMAL EQUATION

ATAX = A™b. (37.1)

And the normal equation is just a matrix-vector equation, which we could solve with Gaussian
elimination and back-substitution, or perhaps an LU-factorization; the point is that we do
not really have to compute (ATA)™ to get X if we are open to exploring other avenues of
solution. By the way, since A € R™" we have AT € R™™ and thus AT A € R™" is square;
square systems may be easier than nonsquare ones.

Content from Strang’s ILA 6E. Reread the first three paragraphs on p. 163.

It turns out that if we ask a little more of our matrix, the projection onto its column space
becomes much nicer, and the solution to the normal equation effectively writes itself. We
saw a hint of this back when we calculated projection for the well-chosen matrix of Example
33.5. The ease of that example arose from having (in our current notation) the product AT A
as a diagonal matrix. Such a matrix is so easy to invert (presuming that its diagonal entries
are nonzero, of course).
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If we want AT A to be diagonal, what does that say about A? The matrix AT A is diagonal
if and only if the (i, j)-entry of AT A is 0 for i # j, but this entry is also the dot product of
the ith row of AT and the jth column of A. Since the ith row of AT is really the ith column
of A, this says that the dot product of the ith and jth columns of A is zero for ¢ # j. This
motivates the following definition.

37.1 Definition. A list uy,...,u, € R™ is ORTHOGONAL if

u;-u =0

for j # k.

Definition 28.3 was the special case of n = 2 from the definition above. Our argument
above says that if the columns of a matrix A are orthogonal, then AT A is diagonal, and the
normal equation ATAX = Ab is easy to solve.

37.2 Example. (i) The list

17 [o] [-2
2, lol, | 1
ol |1 0

is orthogonal, as can be verified by a direct calculation (do it). By the way, the first two
columns are a basis for the column space of our favorite matrix (recall Problem 26.6), while
the third basis is a (very short) basis for the null space of its transpose (Example 30.7),
so this is not wholly surprising. Note, though, that nothing guarantees that any arbitrary
basis is an orthogonal list.

(ii) The list of standard basis vectors ey, ..., e, in R™ is an orthogonal list. Actually, this
list is a bit nicer, since
1, j=k
e -e, =
P0Gk
and so here we know the actual value of e; - e;, not just e; - e; for j # k.

Since our study of least squares was motivated by the failure of certain column spaces to
be as large as possible, and since matrices with orthogonal columns appear to make least
squares easier, studying the column spaces of matrices with orthogonal columns might be
worthwhile. This is equivalent to studying spans of orthogonal lists (why?).

The nicest orthogonal list is the list of standard basis vectors, and we saw long ago (in
Problem 3.14) why they are so nice from the point of view of spans: if v.€ R™, then

v=(v-ee +---+(v-ey)ey,

for any v € R™. Something similar happens for any orthogonal list. To keep things simple,
look at the short orthogonal list uy, uy, ug € R™ and say v € span(uj,us,uz). Then
V = c1uy + ey + c3ug for some ¢, o, c3 € R. The trick is to compute

v-u; = (cjug + couy + c3ug) - ug
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= ((c1w) - w) + ((cou2) - uy) + ((c3us3) - uy)
=ci(ug-uy) +c(ug - wy) + e3(ug - uy)

= cl(ul . 111).
If uy # 0,,, then uy - uy = |Juy||> # 0, and so we have
V-
Cl = 5"
[

Assume that none of the u; are 0,,; otherwise, they contribute nothing worthwhile to the
span. Taking dot products of v against the other u; then yields

V'u]'

SR §
[l

CGj
This generalizes to an arbitrary orthogonal list.

37.3 Theorem. Letuy,...,u, € R™ be orthogonal and let v € span(uy,...,u,). If none
of the vectors u; are zero, then

V- v-u,
vV = <—2)u1+---+ <—2)un.
[ [

A nice consequence is that any orthogonal list of nonzero vectors is independent. For if
cug + -+ -+ cu, = 0y, then each ¢; must be 0. (In the theorem above, take v = 0,,, so the
dot products collapse to 0.)

37.4 Problem (!). What is the maximum length of any list of orthogonal vectors in R™?

All that division, however, gets annoying, and it is much more efficient to assume ||u;|| =1
for all 7.
37.5 Definition. A list qi,...,q, € R™ is ORTHONORMAL if
1=k
R O 3

The 7 # k condition means that an orthonormal list is orthogonal, while the 7 = &
condition gives ||q;|| = \/q; - q; = 1.

37.6 Problem (!). How does Theorem 37.3 simplify if the list is orthonormal, not just
orthogonal?
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37.7 Problem (x). Let qi, g2 € R™ be orthonormal and let v € span(qi,qs). Use the
Pythagorean theorem (Theorem 34.4) to show that
° %

IVI* = vl + v

This generalizes: if qi,...,q, € R™ are orthonormal and v € span(qy,...,q,), then

IvIP= v+ +|v-ql

We work with matrices and column spaces as much as we do with lists of vectors and
spans, so we put those orthonormal vectors into a matrix and get an unfortunate definition.

37.8 Definition. A matriz Q € R™*" is ORTHOGONAL if the columns of Q are orthonor-

mal.

37.9 Example. (i) The identity matrix is always orthogonal.

(ii) Let 6 € R and [ o (9)}
o — [c0s(0) —sin(0)]

sin(f)  cos(6)
The Pythagorean identity sin®(#) + cos®() = 1 says that @ is orthogonal.

Content from Strang’s ILA 6E. Everything on pp. 176-178 is important. I am being
a little more general and calling any matrix, square or not, with orthogonal columns an

“orthogonal matrix.”

Now we begin to return to least squares. We revisit a recent calculation. Let @) =
[ql e qn] € R™" be orthogonal. Then

1=
U= V0, 25

Row i of QT is just column i of @, and that the (i, j)-entry of QTQ is the dot product of row
i of QT and column j of Q. That is, the (i, j)-entry of QT Q is q;-q;, and so this (7, j)-entry is
1 when i = j (= on the diagonal) and 0 otherwise (= off the diagonal). This sounds a lot like
an identity matrix, and it is! Since @ € R™ ", we have Q7 € R™™ and so QTQ € R™".

37.10 Theorem. Let Q € R™ " be orthogonal. Then QTQ = I,,.

37.11 Example. Let @ € R™ " be orthogonal. We can recover Theorem 37.3 (more

precisely, Problem 37.6) using some ideas from matrix-vector and matrix-matrix multipli-

cation. This should be a nice review of fundamental techniques in a new context.
Suppose that b € C(Q). That is, if Q = [ql qn}, then b € span(qy,...,q,), and
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so, by orthonormality,

What if we did not know this, but we did know b = Qx for some x € R"? Then Qb =
QTQx = x, and so
b=0Qx=QQ"b.

Now we think about matrix multiplication. One way to compute the entries of Qb
is to take the dot product of the rows of QT with b. (This is probably how we usually
compute matrix-vector products by hand.) And the rows of QT are the columns of @Q, so

q-b
Qb= :
an - b
Next, one way to compute QQ b is to take the linear combination of the columns of Q
weighted by the entries of Qb:
qi-b
b=QQb=[a -~ a,] | : | =(q-b)ar+aqi-+ (q, b)q,.

This is exactly what we obtained from Theorem 37.3 and Problem 37.6.

37.12 Problem (!). Is every orthogonal matrix invertible?
37.13 Problem (!). If Q@ € R™*" is orthogonal, how do m and n compare?

37.14 Problem (!). Is every orthogonal projection (Definition 33.10) an orthogonal ma-
trix?

Here is what is really new, and useful: orthonormality and orthogonal matrices make
least squares so much easier. Suppose that @@ € R™*" is orthogonal and we want to solve
@x = b, but b € C(Q). Then we would solve the least squares problem

Q% = Pyb,

where
Po=QQ'Q)'QT = QL,'QT =QQ". (37.2)
Look at that: the orthogonal projection onto C(Q) collapses to QQT. No inverses needed.

37.15 Theorem. Let Q = [ql qn] € R"™ ™ be orthogonal. Then the orthogonal
projection onto C(Q) is QQ", and every v € C(Q) has the form

v=QQ'v=(v-q)ai+ -+ (Vv d)dn.
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Content from Strang’s ILA 6E. You should hold the answer to Worked Example 4.4 B
on p. 185 deep within your heart.

Then the least squares problem is just
QX =QQ™.

Since @ has full column rank, N(Q) = {0,}, and so the only solution X to QX = Q(Q"b) is,
basically by design, and that says
X=Qb.

Computing the least squares solution requires no inverses, only transposing.

37.16 Problem (!). Reread Example 33.5 and explain how orthonormality made calcu-
lating the projection operator easier. How would things have been more complicated there
if we used the pivot columns of A as the basis for the column space, not the columns of B?

Content from Strang’s ILA 6E. Page 179 through the top of p. 180 discuss least squares
with orthogonal matrices.

We conclude with a special, and hugely important, case. Every orthonormal list is an
orthogonal list with no zero vectors in it. And every orthogonal list with no zero vectors is
independent. So an orthonormal list of length m in R™ is an independent list of length m:
thus a basis for R™. (No need to check spanning because we can count.) This is the best
basis.

37.17 Definition. LetV be a subspace of RP. A list qq,...,q, inV is an ORTHONORMAL
BASIS for V if it is both a basis for V and an orthonormal list.

Since orthonormality implies orthogonality, and orthogonality implies independence, to
check that a list is an orthonormal basis for a subspace, we just have to check that the list
is orthonormal and spans the subspace; we get independence for free from orthonormality.
Theorem 37.3 gives us a really slick way to represent a vector v.€ R™ in terms of an
orthonormal basis qy, . .., q,, for R™: since v € span(qy,...,qm), we get

V:<VQ1)Q1++(qu)Qm

This is so great because we explicitly have the coefficients for v with respect to this basis.
Just take the dot product.

37.18 Problem (x). Let qy,...,q, be an orthonormal basis for R™ and let 1 < r < m.
Put V = span(qi,...,q,) and explain why V* = span(q,i1,...,qm). [Hint: we need
Definition 4.10 here. If v € span(qyi1, ..., Qm), use Problem 31.9 to show that v € Vi-.
Next, if w € V-, we knoww = (W-q)qy+ -+ (W Q) and w-q; =0 forj =1,...,r.
What goes away in that expansion of w?|
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Day 38: Friday, April 17.

Life is best when the vectors under consideration are orthonormal. Often they are not.
How do we turn a problem governed by “ordinary” vectors into a problem controlled by
orthonormal vectors? Of course this depends on the exact problem, and the problem that
we have most recently studied is least squares.

Let A € R™". How can we find an orthonormal basis for C(A)? This will make com-
puting the orthogonal projection P4 onto C(A) easy. The hard way to find P, is to start
with a matrix B € R™*" such that the columns of B are independent and C(A) = C(B) and
then compute P4 = B(BTB) 'BT. But if we have an orthogonal matrix @ € R™*" such
that C(A) = C(Q), then Py = Py = QQT, per (37.2). (Why do we have Py = Py? This is
the uniqueness result for orthogonal projections from Problem 33.15.)

We therefore may as well just start with an independent list vy,...,v, in R™. Here is
our goal: given an independent list vq,...,v, in R™, find an orthonormal list q1,...,q, in
R™ such that

span(vy,...,v,) = span(q, ..., qn)-

We will figure out a very transparent, iterative algorithm for doing this. It is less important
to be able to perform this algorithm by hand than it is to understand how to figure it out in
the first place. We look at three increasingly more complicated cases on n to get some ideas.

A notational remark: we will be multiplying vectors by reciprocals of positive numbers,
and it will occasionally be convenient to write things like

v 1
— instead of -—v
c c

when ¢ € R is nonzero and v € R™.

1. n = 1. We start with the very small independent list v; (so v # 0,,), and we want the
very small list q; to be orthonormal with span(v;) = span(q;). We therefore want ||q;|| = 1,
and we will get the spanning property if q; = ¢;v; for some nonzero ¢; € R. How should we
choose ¢;7 All that we know is

= llaull = llervall = fe fvall -

Since vy # 0,,,, we have ||vy|| # 0. Then we may solve for

o = o
C1| = .
[[va
This suggests taking
1
= )
[[va]|
SO
Vi
q -
[V

satisfies ||q1|| = 1 and span(v;) = span(q).
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2. n = 2. We start with the independent list v;, vo, and we want an orthonormal list q1, q
with span(vy, vy) = span(qi, qz). Since declaring q; := v1/ ||v1|| was enough in the n =1
case, we might try doing that here, too. (As before, v; # 0,, since vy is a vector in a basis.)
Then we want

Q2 € span(qy, q2) = span(vy, va),

and so we want to be able to write
Q2 = C1V1 + C2V2
for some ¢q, co € R. We also want
Q-9 =0 and q2-q2=1

There are two equations here, and we have two unknowns (¢; and c¢), so we might feel
optimistic.

We first need

0=qz-qi = (c1vi+cave) a1 =c1(vi-q1) + ca(ve - ap).
We have

2
Vi > __Vi-Vp HVlH

= = [l
[[val] ’

Vv q = Vi - = =
S ( vl vl

and so ¢; and ¢ must satisfy
e ||vill + ca(va - q1) = 0.

This is one equation with two unknowns (not a recipe for success), but remember that we
have not yet used the other condition qs - qo = 1. Since ||v|| # 0, we can solve for ¢; in
terms of ¢y as

Then
V2
[Vl
We might recognize the vector (vs - qi)q; as the orthogonal projection onto span(qy), a
version of which we developed in (33.4).
We also want qs - q2 = 1, which is the same as ||qz|| = 1. So, we want

Qo = C1V1 + C2Vy = —C9 ( ) Vi + CVy = Cy (V2 — (V2 . ql)ql).

ol [[ve — (Vo - ar)an || = [lea(ve — (Vo - ar)an)|| = 1.

This suggests taking
1
lve = (vo - a)an||”
There is just one possible snag: could we have vy — (vo - q1)q; = 0,7
No. For if vy — (v2 - q1)q1 = 0,,, then

Ca

VoV
OmZVQ—(VQ'OH)(h:—<L

5 > Vi + Vo,
[l
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which would mean that the list v, vy is dependent and not a basis.
To summarize, setting

qu = vi/ [[vi]|
wy = vy — (Vo - q1)qu (38.1)
Q2 = wa/ [[wa|
yields an orthonormal list q;, g2 with the desired property that span(vy, vy) = span(qi, qa).
Here the intermediate vector ws is just for notational convenience.
There are two other features of (38.1) that are worth noting. First, we have span(v,) =

span(q ) in addition to span(vy, vy) = span(qy, q2). This will be important later. Second, we
emphasize that the intermediate vector ws is the orthogonal projection of v, onto span(q).

3. n = 3. We start with the independent list vy, v, v3, and we want the list qi, qq2, q3 to
be orthonormal with

span(vy, va, v3) = span(q, q2, qs)- (38.2)
Based on our prior success, we might use (38.1) to define q; and qs. In particular, the sublist
d1, g2 is already orthonormal. We then want

q;-q1 =0, q3-q2=0, and q3-q3=1. (38.3)
Since
q3 € span(qu, gz, qs) = span(vi, va, V),
we need
q3 = C1V1 + C2V2 + C3V3,
and we could use the desired relations (38.3) to obtain values for ¢y, ¢2, and c3. (There are
three equations in (38.3), and we do have three unknowns here.)

We will do just this, but it will be helpful for the ultimate, general algorithm to think
in terms of matrices. One way to achieve q3 - q2 = q3 - q; = 0 is to find a nonzero vector
w; € C(Q2)", where @ := [q1 q2] and then put g3 = w3/ [|ws||. The matrix Q, is
orthogonal since its columns are orthonormal. Then we can summon up the projection F,
onto C(Q)2). Motivated by n = 2 case, we put w3 := vy — Pp,vs to find ws € C(Q2)™" by,
say, Problem 33.4. Since ()3 is orthonormal, we have Py, = Q2Q, and

Pg,vs = Q2Q;V3 = (v3-q1)q1 + (V3 - q2)qq,
all by Theorem 37.15. That is,
W3 = V3 — (V3 : (h)Oh - (V3 : Q2)QQ-

Checking that w3 # 0,, is somewhat annoying, and as the point is just to get a sense of how
to construct this orthonormal basis, we avoid that check.
To summarize, we put

~

a1 :=vi/ v

Wy 1=V — (V2 : Q1)<11

Q> = w2/ |[ws

w3 = V3 — (V3 - q1)dq1 — (V3 q2)q2
qs = w3/ ||ws]|

Ve
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and expect that this yields an orthonormal list qq, q2, q3 with the desired property that

span(vl, Va, V3) = Span(qla q2, Q3)7

and the added bonus that

span(vy) = span(q;) and  span(vy,vy) = span(qi, qs).

Content from Strang’s ILA 6E. Pages 180-181 do Gram—Schmidt for three vectors. See
in particular the 3D drawings in Figure 4.10 on p. 181.

We are almost ready for the general result and need one auxiliary tool first.

38.1 Problem (x). Let A, B € R™*" with C(A) = C(B) and rank(B) = n. Let v € R™.
Show that
C([A v])=C([B (v—Ppv)]).

[Hint: let ¢ € R and x € R" and write Ax + ¢cv = Ax + ¢(v — Ppv) + c¢Ppv. FEzplain
why Ax 4+ cPgv € C(B). Neat, let ¢ € R and x € R" and write Bx + ¢(v — Pgv) =
(Bx — ¢Ppv) + c¢v. Explain why Bx — cPgv € C(A).]

38.2 Theorem (Gram—Schmidt procedure). Suppose that the list vy, ..., v, in R™ is in-
dependent. There exists an orthonormal list qu, ..., q, i R™ such that span(vy, ..., v;) =

span(qy, . ..,q;) for j =1,...,n. Specifically,

qi == vi/ [[vi]]
wi = v — (v a)an+ -+ (v gy-1)g-1), =2 (38.4)
q;j :==w;/ |lw;ll, j =2
With
Qj-1:= [011 %—1}

for j > 2, we can also write

{q1 = v/ |v1]]

wj = (I, — Q;1Q_1) vy, j =2.q; :=w;/|lw;|, j>2.

Proof. This is really a proof by induction, but the key ideas are outlined in the n = 3 case
above. The point is that we know how to construct q;, and then we assume that we have
constructed through q; with span(vy,...,v;) = span(qi,...,q;) and qi, . . ., g, orthonormal.
Then we check that the algorithm above defines q;4; correctly.

1. We put Wiyl = (]m - Qj+1Q;!—+1)Vj+1-
2. By Theorem 37.15, the matrix Qj+1Q;r+1 is the orthogonal projection onto

C(Q;+1) =span(qy, ..., q;) =span(vy,...,Vv;).
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And by Problem 33.13, I,, — QjHQLl is the orthogonal projection onto C(Qj+1)L. Thus

w41 is orthogonal to every vector in C(();41), in particular the vectors q, ..., q;.
3. To show that span(vy,...,v;,vj+1) = span(dqy, ..., q;j, Wjt1), invoke Problem 38.1 with
A]: [Vl oo Vji|7 BZQ]? a,ndV:W]+1

4. We check that w;1 # 0,,: if w;;; = 0,,, then v, = Q]Q;rvjﬂ € C(Q;) = C(A,) with
A;j defined above. This contradicts the independence of vy, ..., v,.

5. And so we can renormalize q;+1 = W;11/ ||w;41| and obtain

Span(vl) <oy Vi, Vj+1) = Span(qlv -5 95, Wj+1) = Span(qh -5 4y, qj+1)-

Since this was true for an arbitrary 7 > 1, we can “turn the crank” and keep going to get
the full list qq, ..., q,, regardless of the value of n. [ |

Content from Strang’s ILA 6E. Page 183 presents some pseudocode for computing Gram-—
Schmidt. See also the confession on p. 184. Read it and take a numerical linear algebra
class.

To write things out concisely, the projection QijT condenses notation, and the formula
W, = (]m—Qj_lQJTfl)vj is an instance of our course’s theme that we do things by multiplying
by matrices—in this case, the matrix I,,, —Q;_; QjT_l. To do calculations by hand, the formula
for w; and q; in (38.4) is probably more transparent.

38.3 Problem (%). Using the hypotheses and notation of the Gram—Schmidt procedure,
prove that v; - q; > 0 as follows.

(i) Show that vy - q; > 0.
(ii) To show v, -q; > 0 for j > 2, explain why we just need to show that v; - w; > 0.

(iii) For j > 2, rewrite
Vi =W; + Qjm1Q]_1V;.

Explain why Qj_lQ;r_lvj -w; = 0. [Hint: Qj_lQ}—_lvj = Qj_l(Q;r_lvj) and w; €
C(Qj-1)" ]

(iv) Conclude that v; - w; = [|w,]*.
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_________________________________________________________________________________________________________________________________________________|
Day 39: Monday, April 20.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

() R-factorization of a matrix with full column rank

39.1 Example. Let

-2
, and v3= 1
0

NN

1
vi= 2], Vo =
0

The list vy, vo is the list of pivot columns of the long-suffering matrix

1 7
2 14|,
2 8

A:

o O O

1
2
0

O =N

SO V1, Vo is a basis for C(A). From Example 30.7, the (short) list v3 is a basis for N(AT).
When we combine a basis for C(A) with a basis for N(AT"), orthogonality gives us a basis for
the whole space. That is, vy, Vo, V3 is a basis for R®. In particular, this list is independent,
so we can apply Gram—Schmidt to it.

1. Start by computing

Vil = V12 +22+02 = V5

and put

v 1 1/v/5
PR B PN
TV o] T

2. Then we want to set

We compute

SO
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Then
[wal| = V0% + 02 + 22 = 2,
SO we put
Wo 1 0 0
= =510 =0
[wal| 2 9 1

3. Last, we want to set

W3 = V3 — (V3 : (h)(h - (V3 : Q2)QQ-

We have
—21 [1/v5 5
vicqr=| 1| |2/V5|=—-"F7+—F==0
0 0 5 5
and
—2 0
V3 - (o = 1 0 :O,
0 1

so there is not much work to do here: w3 = v3. Compute

lws ]| = [[vall = V(=22 + 12+ 0 = V5,

and set
—2 —2//5
W3 1

. I YN
"l VB | b

The result is that the list qi, g2, q3 is orthonormal and preserves spans in the sense
that

span(vy) = span(q), span(vy, vg) = span(q, qz),
and  span(vi, vy, v3) = span(qi, gz, qs3).
In particular, since there are three vectors in the list qi, g2, qs3, it is an orthonormal

basis for R®. The best basis. Also, since span(vy, vy) = span(qy, qz), the list q;, q is an
orthonormal basis for C(A) with A from above.. Again, the best basis.

39.2 Problem (x). Let vy,...,v, € R™

(i) Suppose that for some integer j with 1 < j <n — 1, the list vy,...,v; is independent
but v;11 € span(vy,...,Vv;), so the list vy,...,v,41 is dependent. What happens at the
(7 + 1)st step in the Gram—Schmidt process? [Hint: reread the proof of Theorem 38.2.|
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(ii) Let j be an integer with 1 < j < n — 1, and now suppose that the list vq,..., v
is independent, so we can do Gram-Schmidt through the (j + 1)st step. Suppose that
Vit -vy =0for k=1,...,7. What now happens at this (j + 1)st step in Gram-Schmidt?
[Hint: think about the third step in Example 39.1.]

A consequence of Gram—Schmidt is that every subspace has an orthonormal basis. Start
with a subspace V of R? and a basis vy, ..., v, for V. Apply Gram-Schmidt to this basis (it
is independent, after all) to get an orthonormal list qy, ..., q, such that

span(qy, . ..,q,) = span(vy,...,v,) = V.

So, qi, . . ., q, definitely spans V, and we know it is independent (since orthonormality =—-
orthogonality = independence), so it is a basis for V. Equivalently, qy, ..., q, is a spanning
list for V of length r = dim()), thus a basis.

That the Gram—Schmidt procedure “preserves spans” is probably not a consequence that
we expected when we originally started out with an independent list and wanted to get an
orthonormal list with the same span as the whole list. Sometimes accidental consequences
are nice.

Look at the n = 3 situation. We have an independent list v, vo, v3 in R™ and orthonor-
mal vectors qi, g2, q3 € R™ such that the spans are preserved:

v1 € span(qy)
Vo € span(qi, qz)
V3 € span(qy, gz, q3).

Since the qj are orthonormal, we have the expansions

Vi = (V1 ‘OI1)011
(vo-qi)ar + (V2 - q2)Q2
vy = (Vs qi)ar + (Vs - d2)q2 + (Vs - g3)qs.

Vo

The very intentional typesetting should reveal a “triangular” structure.
Work backwards:

Vi Qi
vi=(vica)a=[a q qs] | 0 |,
0

V .
vo=(Vvoraq)ai + (Vo @2)q2 = [a1 92 q3] {Vz . gj :

and
V3 - Qi
vs = (v3-aqi)ai + (v3-q2)ds + (v3 - q3)qs = [(h q2 Cls} V3 - Q2
V3 - Q3
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Then
(vicai) (va-ai) (vs-ai)
[Vl Vo Vs} = [Oh q2 Q3} 0 (vara2) (vs-q2)
O O <V3 . q3)
Put
(vi-ai) (v2-ai) (vs-ai)
A= [Vl Vo Vs} ) Q= [Oh Q2 CIS} , and R= 0 (vara2) (vs-q2)

to see that we have factored the matrix A (which has independent columns) into the product
A = @R, with @) orthogonal and R upper-triangular. In fact, the diagonal entries of R are
positive (not just nonzero) by Problem 38.3.

We have a lot of recent knowledge about why orthogonal matrices are nice, and we have
a lot of past knowledge about why upper-triangular matrices with nonzero diagonal entries
are nice. We put all of that together with this “Q R-factorization” to obtain the ultimate
form of least squares.

Content from Strang's ILA 6E. Page 182 develops the @ R-factorization for a matrix
with three independent columns.

39.3 Theorem (@ R-factorization). Let A € R™*" have independent columns (so A has
full column rank: rank(A) = n). There exist an orthogonal matriz @@ € R™ ™ and an
upper-triangular matriz R € R™"™ such that A = QR. Specifically, the columns of QQ are
the wvectors constructed from the columns of A by the Gram—Schmidt procedure, and the
(1,7)-entry of R is a; - q;, where a; is the jth column of A, and q; is the ith column of Q.

We proved the n = 3 case of this. The general proof just hinges on (1) the orthonor-
mality of the vectors produced by Gram—Schmidt, (2) the “span preservation property” that
span(vy,...,v;) = span(qi,...,q;) for each j, not just j = n, and (3) Problem 38.3 to get
the positive diagonal entries in R.

We proved the n = 3 case of this. The general proof just hinges on (1) the orthonor-
mality of the vectors produced by Gram—Schmidt, (2) the “span preservation property” that
span(vy,...,v;) = span(qy,...,q;) for each j, not just j = n, and (3) Problem 38.3 to get
the positive diagonal entries in R.

39.4 Example. Let

1 1 -2
A=12 2 1
02 0

We performed Gram—Schmidt on the columns of A in Example 39.1. Collect the Gram—
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Schmidt output in

1/vV5 0 —2/V/5
Q=1(2/vV5 0 1/V5]|.
01 0

If we have forgotten the coefficients from the Gram—Schmidt work, we can compute them
quickly (and we only do this for R;; with j > 1):
Rn:al'%:\/a

Rip =as-q; = V5,
Rz =a3-q1 =0,
Ry =ay-qy =2,
Rys =a3-q2 =0,
R33:a3-q3:\/3.

Then
V5 V5 0
R=|0 2 0],
0 0 Vb

and we have

11 -2 1/vV5 0 —2/V5] [Vs V5 0
22 1|=|2/v50 1/V5/|0 2 0
02 0 0 1 o] Lo 0 V5

39.5 Problem (). The @ R-factorization is our third major matrix factorization, after
CR and LU.

(i) Let A € R™ " have independent columns. What is the C'R-factorization of A7 When
is the R in that factorization the same as the R in the () R-factorization?

(ii) Trefethen & Bau’s beautiful Numerical Linear Algebra describes Gaussian elimination
and the LU-factorization as “triangular triangularization” and the () R-factorization as
“triangular orthogonalization” (p. 148). Why do you think Trefethen & Bau chose those
phrases to describe LU and QR?

(iii) Given A € R™* " briefly summarize what guarantees the existence of the CR-, LU-,
and @) R-factorizations. Does a factorization always exist, or do A, m, and n need to satisfy
some extra hypotheses?

Here is how the @) R-factorization is useful for least squares. Start with A € R™*" with
independent columns and factor A = QR with Q € R™*" orthogonal and R € R™" upper-
triangular with positive diagonal entries.

If b ¢ C(A), then solving AX = P4b is the next best thing to solving the unsolvable
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problem Ax = b. While we do have a formula for X, the annoying thing is that it requires
computing the inverse (AT A)™'. Better to solve a linear system than compute an inverse,
and, from (37.1), solving AX = Psb is equivalent to solving the normal equation

(ATA)X = ATb. (39.1)

We could always use Gaussian elimination to solve (39.1). Again, better to solve a linear
system than compute an inverse.

But this system (39.1) is pretty nice after the () R-factorization. Since A = QR, we have
AT = (QR)" = R"QT, and since @ is orthogonal, we have Q'@ = I,,. Then

ATA = (RTQ")(QR) = RT(Q'Q)R = RTI,R = R'R.
The problem (39.1) now reads
R"RXx = R'Q™b. (39.2)

This is great! Since R is upper-triangular with positive diagonal entries, R' is lower-
triangular with positive diagonal entries.

39.6 Problem (x). Prove that. [Hint: recall that R}, = Ry;. Since R has positive diagonal
entries, R; > 0. Since R is upper-triangular, R;; = 0 for ¢ > j. To show that RT is lower-
triangular, you want R;';» =0 for j > i. Is this true?|

Any triangular matrix with nonzero diagonal entries is invertible, so R' is invertible.
Then (39.2) is just
Rx=Q"b.
Again, R is upper-triangular with positive diagonal entries, so we can solve this system by
back-substitution (no need even for Gaussian elimination!) No inverses anywhere in the
actual calculations, just in the theory.

Content from Strang’s ILA 6E. Pages 182-183 discuss how to use the () R-factorization
in least squares. Read the second half of p. 185, which summarizes everything. You don’t
need to read about the pseudoinverses.

Then read about the “victory of orthogonality” on p. 197. Stop with #5 for now, and
there just be able to explain why if Q € R™" is orthogonal, so is any power Q" for k > 1.

In the paragraph after that, note the “sum of squares definition of length.” There are
many valid, meaningful ways of defining the length of a vector (pp. 355-356), but the way
that interacts best with the dot product is saying length is ||v|| = /v - v. As you think
about least squares, keep in mind how length and dot product interact so nicely.

39.7 Problem (!). Let A € R™*" have full column rank, and let A = QR be its QR-

factorization.

(i) Suppose that Ax = b. Show then that Rx = Q"b, as expected.
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(ii) Conversely, we can always solve Rx = Q"b. (Why?) Why does multiplying by @ not
necessarily get us back to Ax = b?

Day 40: Wednesday, April 22.

Vocabulary from today

You should memorize the definition of each term, phrase, or concept below and be able
to provide a concrete example of each and a nonexample for those marked “N.”

Eigenvalue of a matrix, eigenvector of a matrix

Courses tell stories, and sometimes stories have abrupt plot twists. Most of the story of
this course has been solving, then understanding, and finally approximating Ax = b. We
have introduced a significant amount of vocabulary, notation, and technology to do this.
Now the time has come to ask a different question, mostly about A, and less about Ax = b
(although we will still think about that).

Matrices are static and dynamic: they encode data and they act on data. Namely, matrices
act by multiplying other matrices and vectors (matrix-matrix multiplication is, of course,
matrix-vector multiplication done repeatedly). When we have to choose between what is
right and what is easy in math, we always want what is easy. What is the easiest action of a
matrix? This is a little subjective, perhaps the easiest action involves as little multiplication
involved as possible. What if A = AI,, for some A € R? (The Greek letter \ is culturally
traditional.) Then multiplying by A is just scalar multiplication by A.

The matrix A, is diagonal with constant diagonal. Maybe the next simplest matrix is
still diagonal but has a nonconstant diagonal, say,

A 00
A=10 X O
0 0 As

If v.=ce; for some c € R and j = 1, 2, 3, then Av = c)\,e;. For these special vectors, A
still acts like scalar multiplication.

The right question to ask in our search for simple matrix operations is where/when /how
does the matrix act just as scalar multiplication? If A € R™", are there v.€ R” and A € R
such that

Av = A\v?

40.1 Problem (!). Explain why the equality above only makes sense for square A.

The boring answer is yes when v = 0,,. For this reason, we make the following restriction.

40.2 Definition. Let A € R™". A nonzero vector v € R" is an EIGENVECTOR of A
corresponding to the EIGENVALUE X\ € R if

Av = \v.
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40.3 Remark.

(1) Here is some linguistic commentary from a footnote on p. 69 of the excellent Linear
Algebra by Meckes and Meckes: “[The words ‘eigenvector’ and ‘eigenvalue’] are halfway
translated from the German words “Eigenvektor” and “Eigenwert.” The German adjective
‘eigen’ can be translated as ‘own’ or ‘proper,” so an eigenvector of [a matriz| is something
like ‘the matrixz’s very own vector.”’ Because of these German origins, Tefethen and Bau’s
equally excellent Numerical Linear Algebra suggests abbreviating “eigenvector” by “ev” and
eigenvalue” by “ew.”

(ii) We are back to square matrices now (Problem 40.1). Earlier in the course, when we
focused on elimination and inversion, we said that our square matrices were m X m. That
notation was helpful because we were working row-by-row with elimination, and there are
m rows. Now we are thinking about matrices very dynamically (not the first time we’ve
done that, to be fair), and so we emphasize that the matrices are n X n because matrices
act on other matrices by acting on the columns.

The eigenvalues and eigenvectors of a square matrix encode a huge amount of information
about it, and this will become apparent over time. Here is one quick application. Say that
we want to compute “matrix powers” A* for k > 2. Here A2 = AA, A3 = A?A = AAA, and

so on. If v is an eigenvector corresponding to A, then
A’v = A(Av) = AOW) = MAV) = A\(Wv) = My,

and, more generally,
APy = Ny,

This is vastly easier than computing A* and then multiplying A*v.

Content from Strang’s ILA 6E. Read the first two paragraphs on p. 216 and then all of
p. 217.

To warm up, we think computationally and just try to find eigenvalues and eigenvectors.
Our computations will not exactly be profound. To be fair, all of our matrices in this course
have been “toys,” and their entries have been rigged so that relevant arithmetic is very easy
to do by hand. But, in the end, it is all arithmetic. All of the elementary row operations
and the calculations in the Gram—Schmidt procedure have been, fundamentally, arithmetic:
adding and multiplying numbers. Finding eigenvalues, however, will fundamentally be a
transcendental operation that we will not be able to resolve, except in very special cases,
with a neat and finite algorithm.

Our first impression might be that the “eigenproblem” Av = Av is too hard because it
contains two kinds of unknowns: the vector v € R" and the scalar A € R. What usually
happens is that we find the eigenvalues first and then Av = Av becomes the matrix-vector
equation

(A—AL)v =0,. (40.1)
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We know how to check if this has a nonzero solution. The greater utility of (40.1) is that
is tells us what happens when A\ is an eigenvalue: N(A — A[,,) # {0,}, so A — AL, is not
invertible.

40.4 Example. Let
11
A= {0 2} .
We want to find A € R such that A — A5 is not invertible. We have
11 1 0] |11 A0 [(1=X) 1
R R R e R (0 R RS

This last matrix is upper-triangular, so we know it not invertible (precisely) when a
diagonal entry is zero. This happens when 1 — A =0 or 2 — A = 0. Thus the eigenvalues
are A = 1 and A = 2. Surely it no coincidence that the diagonal entries are the eigenvalues.

Just for practice, we find eigenvectors corresponding to the eigenvalue 1. We want to
find v € R? such that (A — I)v = 0y, and we want v # 0, to keep things interesting. We

look at
01 _ 1
01 v =1v.

Vg = V1
Vo = V.
The second equation tells us nothing useful (of course vy = vq, what else would it equal?),

while the first tells us
v — (%1 . (%) . 1
o V2 N Vo - 1]

So, the eigenvectors corresponding to the eigenvalue 1 are all scalar multiples of v = (1,1).

This becomes the linear system

Here is the generalization of the eigenvalue result from this example.

40.5 Theorem. Let A € R™" be triangular. Then the eigenvalues of A are the diagonal
entries of A.

40.6 Problem (x). Prove this theorem when A is upper-triangular.

40.7 Problem (x). Prove that A € R™™" is not invertible if and only if 0 is an eigenvalue
of A.

The eigenvector calculation in Example 40.4 revealed the eigenvectors corresponding to
a particular eigenvalue as the vectors in a certain span. This generalizes nicely.
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40.8 Problem (%). Suppose that A € R is an eigenvalue of A € R"*". The EIGENSPACE
of A corresponding to A is

E(AN) :={veR"| Av = Av}.
The GEOMETRIC MULTIPLICITY of A as an eigenvalue of A is g(A, \) := dim[E(A, \)].

(i) Prove that E(A,\) is a subspace of R". [Hint: for extra practice, try proving this in
two ways: from Definition 40.2 alone and by thinking about null spaces.]

(ii) Is every vector in E(A, \) an eigenvector of A?
Now for some bad news.
40.9 Problem ().
(i) By considering
=[5 3]
explain why A and its RREF need not have the same eigenvalues.

(ii) Suppose that A, E € R™" and U = F A is upper-triangular. Do you expect A and U
to have the same eigenvalues?

Day 41: Friday, April 24.

41.1 Example. Let
2 2
P
We could think about A — A5, or we could think about what an eigenvector v and an
eigenvalue A do. They satisfy Av = Av. We compute

Av — E g} m = 2(v1 + ) m .

This almost looks like Av = Av, if we pick A and v correctly. The vector on the right is
(1,1), so if we try v = (1,1), then we get Av = 4v. This says that 4 is an eigenvalue with
eigenvector (1,1).

Is this the only one? We think about (40.1) now. We want A— A/ to fail to be invertible,
and it looks like A is already not invertible, since its columns are dependent. We can get
just A to show up in A — Ay by taking A = 0. Will this be an eigenvalue? Does Av = 0,
have a nontrivial solution? Sure: v = (1,—1). This says that 0 is an eigenvalue with
eigenvector (1, —1).
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Here are more generalizations of the previous example.

41.2 Problem (x). Let A € R™" such that the sum of the entries in any row of A is
always the same value s € R.

(i) Prove that s is an eigenvalue of A. [Hint: for what v € R" does Av involve adding the
entries in each row?|

(ii) Is 0 always an eigenvalue of A?

Content from Strang’s ILA 6E. Read Examples 2 and 3 on pp. 221-222.

We have seen some special cases of eigenexistence. (Every word is better with “eigen” in
front.) It turns out that every matrix has at least one eigenvalue. . .it just may not be real.
This is easiest to see at the 2 x 2 level. Let

_|a c 2x2
A_{b d}eR )

Then A € R is an eigenvalue of A if and only if A — Aly is not invertible. While we have
not stressed determinants in this course, a 2 x 2 matrix is not invertible if and only if its

determinant is 0:
poql)_
det ([r s}) =ps —1rq.

So, A — Ml is not invertible if and only if

O:det(A—)\IQ):det([m;)\) (de)D = (a—A\)(d—\) — cb.

The product (a — A\)(d — A\) — ¢b is just a quadratic in A, and we have years of experience
studying that:

(a=MN(d—=X) —cb=ad—a\—d\+ N> —cb= )\ — (a+d)\ + (ad — bc).

This has a nice structure: the coefficient a + d is the sum of the diagonal entries of A,
which is its TRACE, denoted tr(A). And ad — bc is its determinant. So, A is an eigenvalue
of A if and only if

A —tr(A)\ + det(A) = 0. (41.1)
This is the CHARACTERISTIC EQUATION of A, and the quadratic on the left is the CHAR-
ACTERISTIC POLYNOMIAL of A.

41.3 Problem (!). Revisit the matrices in Examples 40.4 and 41.1 and compute their
eigenvalues by finding the roots of their characteristic polynomials.
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Content from Strang’s ILA 6E. Read pp. 220-222 on determinants. For now, just assume
that A is 2 x 2 throughout. Then read Worked Example 6.1 A on pp. 224-225. Can you
prove in general the statements about the eigenvalues and eigenvectors of A%, A~' and
A+ cl (with ¢ € R), relative to the eigenvalues and eigenvectors of A?

We have years of painful experience with solving quadratic equations. In particular, they
may not always have two distinct real solutions, and so we should not expect a 2 x 2 matrix
always to have two distinct real eigenvalues.

"l

This is upper-triangular with only 1’s on the diagonal, so the only eigenvalue is 1. If
Av = v, then

41.4 Example. Let

U1+U2:U1
Vg = U9

The second equation tells us nothing useful, but the first collapses to vy = 0, so
v = V1| _ |V1] _ v 1
L e
We can see this at the level of the characteristic equation by computing
det(A— L) =det (|T=N 1 1) 2 -y
2 0 (1= ’

which has only A = 1 as its (repeated real) root.

41.5 Problem (!). For an arbitrary integer n > 1, give an example of a matrix A € R™*"
with only one eigenvalue A € R but such that dim(E(A4,\)) = n.

And quadratic equations may not always have real roots, even when the coefficients are
real.

41.6 Example. Let
a0 -1
1ol
det(A — ) = det ({_? jD =\ +1.

The quadratic equation \> + 1 = 0 has A\ = =+ as solutions. Here i is the COMPLEX
NUMBER such that > = —1.

Then
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We can find an eigenvector for ¢ just as before: solve Av = ¢v. This becomes the system

—Vy = 1
(%1 = ’ivg.

The second equation is slightly easier and gives

VvV = = —_= ’[)2 .
V2 (%) 1
So, all eigenvectors of A corresponding to i are scalar multiples of (i, 1).

41.7 Problem (!). With A from the previous example, find all eigenvectors corresponding
to —i.

These examples demonstrate the need for a more generous notion of eigenvalue and eigen-
vector than afforded by Definition 40.2. Let

C:{x—l—iy‘x, yeR, 2'2:—1}.

We add and multiply numbers in C by following our noses, combining like terms, and using
i =—1:
(1+2)+3+4i)=(1+3)+ (20 +4i) =4+6i
and
(1+2i)(3+4i) = 1+ 4i + 6i + 8> = (1 — 8) + 10i = —7 + 10i.
If x € R with x < 0, we follow the convention that

Vv i=i/|z|
For example,
V=1 =i/ — 4] = iv4i =2i.
This is how we will use the square root in the quadratic formula with negative input.

Let C" be the set of all column vectors with entries in C. We add vectors in C" compo-
nentwise and multiply by scalars in C componentwise, too. Let C™*" be the set of all m x n
matrices with entries in C. For A € C™*" and B € C"*?, we still multiply AB as we did
when the entries were real (except now i> = —1). We define a subspace of C" exactly as
we did a subspace of R", except we replace any use of the symbols R or R" with C or C".
Column and null spaces of a matrix in C™*" are still subspaces.

Nothing changes in the arithmetic.
Except i = —1.

41.8 Definition (Improvement of Definition 40.2). A scalar A € C is an EIGENVALUE
of the matriz A € C™" corresponding to the EIGENVECTOR v € C" if

Av = \v.




Day 41: Friday, April 24 205

Content from Strang’s ILA 6E. For a refresher on complex numbers, look at pp. 262—-263.
Then Read “Imaginary Eigenvalues on p. 223 and Worked Example 6.1 B on p. 225.
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